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PREFACE

THB second volume of this work, the first of thejnore detailed volumes

planned to follow the general account of the subject given in Vol. I, is

intended to provide an outline of the general optical principles under-

lying the diffraction of X-rays by matter, which may serve as a

foundation on which to base subsequent discussions of actual methods

and results. Accordingly, reference has been made to experiments

only where these illustrate principles, and all details of actual techniques,

and of their application to specific problems, have been considered as

lying beyond the scope of the volume.

Difficulties connected with the departure of the author in charge of

the preparation of the volume to take up new work in South Africa,

and, still more, the war, have greatly delayed its completion.

Fortunately, the topics dealt with in the volume are such as do not

change greatly with time ; but the work has become during the writing

somewhat longer than was intended in the original plan, since it has

become necessary to include much material not published when the

volume was first contemplated. It is hoped that the work has on the

whole benefited by this. For example, Chapter V, which deals with

thermal motion in crystals, contained in the original draft, completed
in 1936, a fairly detailed account of the Faxen-Waller theory, almost in

the form in which it appears in the present volume; hut the recent

experimental work of Lonsdale and others on diffuse scattering has

given point and completeness to the whole treatment.

The writer wishes particularly to express his indebtedness to Prof.

H. Bethe, and Prof. R. Peierls, F.R.S., both of whom gave invaluable

help during the writing of the more theoretical parts of Chapters 111,

IV, and V. Prof. Peierls in particular read and criticised the whole of

Chapter V in its original form. Prof. D. R. Hartree, F.R.S., also gave

great help in the course of many discussions during the writing of

Chapter III, and read it and criticised it in its completed form. Thanks

are due to many workers who have allowed the reproduction of dia-

grams and photographs from their works, and due acknowledgement is

made in each case in the text.

THE UNIVERSITY OF CAPE TOWN R. W. JAMES
November, 1947



NOTE TO REPRINT OF 1962

When this book was reprinted in 1954 a fifth appendix, on the use of

Fourier transforms in diffraction problems, was included. In the present

reprint of 1962 a sixth appendix has been added, giving a brief account
of the dynamical theories of absorption and energy propagation in

perfect crystals. This appendix follows the treatment of the dynamical

theory given in Chapter VIII, in which absorption was not considered,

and is to be read in conjunction with it.

R. W. J.
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CHAPTER I

THE GEOMETRICAL THEORY
OF DIFFRACTION BY SPACE-LATTICES

1 . DIFFRACTION BY A SIMPLE SPACE-LATTICE

(a) The Laue theory : In this section we shall consider the elementary

theory of the diffraction of X-rays by a space-lattice consisting of

identical scattering points. The method to be followed is in principle

that used by Laue * in his original treatment of the subject, and the

mathematical methods employed are of general application to a variety

of diffraction problems.
Let us consider a small parallelepiped of the crystal lattice through

which there sweeps a train of plane waves. Each lattice-point becomes

the centre of a spherical scattered wavelet, and our problem is to find

the combined effect of these wavelets at a point outside the crystal,

and at a distance from it large in comparison with its linear dimensions.

In the elementary discussion of the problem certain important simpli-

fying assumptions are introduced. We supposejfij&t of all that the

primary X-ray beam travels through the crystal with the velocity of

light. This is equivalent to neglecting the interaction between the

incident wave-train and the scattered wavelets, an effect that would

cause the wave-train to travel through the crystal with a modified

phase velocity. We are in fact taking the refractive index of the crystal

for X-rays to be unity. In so far as the positions of the diffraction

maxima are concerned the errors introduced by doing so are small

and will be considered in due course. Secondly, we shall assume thai

each scattered wavelet travels throughlhecrystal without being re-

scattered by other lattice-points. Such rescattering must occur, and
its effects may become very important. For small crystal fragments,

however, we make little error by neglecting it, and the conditions under

which it is permissible to do so will be discussed in detail in a later

section. Finally, we shall suppose that no absorption either of the

incident ofoTthe scattered radiation takes place in the piece of crystal

considered, an assumption that again limits the validity of the cal-

culation to small crystals, although it should be pointed out that a

'small' crystal in this connection may yet contain many thousands of

millions of lattice-points.

We shall consider a small parallelepiped of a crystal lattice, having a
unit cell defined by the translation vectors a, b, and c. The rows

parallel to a, b, and c contain respectively Nlf N2 , and N3 points, so

that N, the total number of lattice-points in the block, is equal to

NJN.N,.



2 THE OPTICAL PRINCIPLES OF THE DIFFRACTION OF X-RAYS

As a first step, we have to calculate the phase difference, at a point
at which the intensity of the scattered radiation is to be found, between

the wavelets scattered from any two of the lattice-points. The for-

mulae are much simplified, and much labour is saved, by the use of

vector notation.* Let A19 A2 , fig. 1, be the two lattice-points, and let

their distance apart be defined both in magnitude and direction by the

vector r. Let the direction of the incident wave-normal be defined by
the unit vector s . A l and A2 each scatter the incident wave, and we
consider the phase difference between the two scattered wavelets

arriving at a point Q, which we suppose to be at a distance R very

large compared with the length of A tA2 . The directions AjQ, A2Q
may then be taken as parallel, and each may be defined by a unit

vector s. The path difference d between the two scattered wave-trains

travelling in the direction s is A,N - A 2M, the difference between the

projections of A^o on the directions of scattering and incidence. In

vector notation, this may be expressed by saying that dis the difference

between the scalar products of r and s and of r and s
, or

-M-V (7.1)

The vector s - s has a simple geometrical interpretation. Let OA,
OB, fig. 2, represent the unit vectors su and s. Then AB is the vector

s - s
, and it is evident that it is in the direction of the normal to a plane

that would reflect the direction of incidence s into the direction of

scattering s. It will be convenient to speak of this plane as the

reflecting plane, even when no actual physical reflection is implied by
the use of the term.

If 6 is the glancing angle of incidence on, or of reflection from, this

plane, the angle of scattering is 26, and we see from fig. 2, since s and
s are of magnitude unity, that

|s-s |=2sin0. (7.2)

* A summary of the principal vector formulae used in this volume will be found
in Appendix I.



GEOMETRICAL THEORY OF DIFFRACTION BY SPACE-LATTICES 3

S-s-s,

FIG. 2

The phase difference is obtained from the path difference by multi-

plication by 27T/A, A being the wave-length of the radiation. Writing
for brevity

27T/A=/C, (1.3)

and using (7.1), we obtain for the phase difference
<f>

at the point Q,
between the waves scattered by Aj and A2 ,

(7.4)

on thewhich is equal to 47r(sin0)/A times the projection of AjA2

normal to the reflecting plane. In what follows we shall put

s-s = S,

and equation (7.4) then becomes

(7.5)

(7.6)

Suppose now that the displacement due to the wave which is scattered

from a point at the origin of the lattice and reaches Q at time t is

tfV^YR* The quantity # represents the amplitude of the scattered

wave at unit distance from the scattering point in the direction s. It

will in general be a function of the angle of scattering, depending on
the nature of the scattering unit, and on the wave-length and state of

polarisation of the incident radiation.

By equation (7.6), the displacement y at Q at time / due to the wave
from the lattice-point at a vector distance r from the origin is given by

v pWrf+if'S // 7\y ~R e ' (L1)

since Q is supposed to be at a distance from the crystal so large in

comparisonwith its linear dimensions that the distances of all the lattice-

points from Q may be taken as constant, and equal to R, in so far as

the effect of distance on amplitude is concerned. The resultant dis-

turbance at Q due to the whole crystal may be obtained by summing
(7.7) over all the lattice-points.
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For a lattice-point,

(7.8)

M, r, u' being integers whose values range from zero to Nx
-

1, N2
-

1,

N3
-

1 respectively. If we put this value for r into (/.7), and sum over

all the lattice-points, that is to say, over all values of w, r, w, we obtain

for the total displacement Y due to the whole crystal

tv w =0 r=0 w=-0

To calculate the intensity of the scattered radiation, we must multiply
Y by its conjugate complex quantity Y*, obtained by changing i to -

1 in

(7.9). The three factors under the summation signs in (7.9) may be

considered separately. Each is a geometrical progression, and the

sum of the first is

1 _

^r- (/ ' 10)

Multiplying (7.10) by its conjugate expression, we obtain

(/.ID

2

s
a l-cos(icS-a)

where

V^i/cS-a. (7.12)

Dealing with each of the factors in (7.9) in the same way, we have

finally for the intensity at the point Q

~
R2

where

*V
l
= i/<Sa = ^a sin cos a

= KC sin cos y, (7.14)

a, /?, y being the angles which the vector S makes with the directions of

a, b, and c respectively.
Each of the last three factors in (7.13) is of the type met with in

the theory of the ordinary plane diffraction grating. Consider, for

example, the first factor. It has maxima equal in value to N^ when
^! = /i7r, h being integral or zero.

The value of the fraction changes from N,
2 to zero when ^ changes

from hir to (Ail/N^Tr. Between each pair of main maxima corres-

ponding to successive integral values ofh are Nj - 2 subsidiary maxima.
The two lateral subsidiary maxima on either side of a main maximum
have values about five per cent, of that of the main maximum, but the

successive maxima fall off very rapidly in intensity. If N! is large, and
in practical cases it is usually at least several thousand, it is evident
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that the fraction has appreciable values only for values of V
l that are

very nearly integral multiples of IT. Since each angular factor in (7.1 3)

has a negligible value unless the condition for it to be a maximum is very

nearly fulfilled, it follows that if the total intensity J is to have an ap-

preciable value all three factors must have a maximum value. This

leads to the value
I 12 |$J 2

2 ' ' 2 2 2 - '

'.. 2~~~I V
I

-
..

I

T
I max max

~~n^~
1 2 3

-
2 V*'/

for the maxima of (7.13), when the conditions

Sa -= 2a sin cos a = AA

S-b = 2A sin0 cos ]8
= JtA

S-c-2c sin cosy- /A (/.16)

are satisfied, h, k, and / being integers.

The conditions (7.16) have a very simple geometrical interpretation.

cos a, cos ft and cos y are the direction cosines of the vector S, or, in

other words, of the normal to the reflecting plane, referred to the three

crystal axes a, b, and c. Equations (7.16) state that these direction

cosines are proportional to h/a, k/b, and 1,'c respectively. The succes-

sive lattice-planes of the crystal having indices (//, k, I) intersect the axes

a, b y c at intervals a/h, b/k, c/l respectively, and the direction cosines of

the normal to these planes are therefore also proportional to the same

quantities. The planes (//, k, /) must thus be parallel to the reflecting

plane, and it will be seen that conditions (7.16) imply that no appreciable
scattered beam will be produced by the crystal lattice unless the direc-

tions of incidence and scattering are so related that one may be con-

sidered as derived from the other by reflection in one of the lattice-

planes of the crystal. The conditions imposed by (7.16) are, however,
more stringent than this; for, if d(hkl) is the spacing of the lattice-

planes (/?, k, /),

cl(hkl)
=
j cos a = - cos j3

= - cos y,
/ AC /

since S is in the direction of the normal to the plane (h y k, I). Inserting
this in equations (7.16), we obtain the condition

ne = \. (7.17)

We have thus deduced in a formal way the well-known 'reflection

conditions' for the diffraction of X-rays by a crystal lattice. The
diffracted beam corresponding to an interference maximum must

always be in such a direction that it can be considered as produced by
the reflection of the incident beam in one of the sets of lattice-planes,

while, at the same time, the relation (7.17) must hold between the spacing
of the lattice-planes in question and the wave-length of the radiation.

The term 'spacing' here has to be interpreted in the following extended
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sense. If h, fc, / have a common factor w, the corresponding maximum
may be considered either as an nth order reflection from lattice-planes

with the true lattice-spacing appropriate to these planes, or as a first

order reflection from a set of planes parallel to the true lattice-planes,

but with a spacing d(hkl) that is l/n of the true spacing. The simple
reflection form of the interference conditions was first pointed out by
W. L. Bragg

2
, although it is, of course, implicit in the more complicated

expression derived by Laue, and is a consequence of the three inter-

ference conditions that must be fulfilled simultaneously if a maximum
is to be produced with a three-dimensional diffraction grating.

(6) The interference conditions in terms of the reciprocal lattice :

The interference Conditions take a very elegant geometrical form when

expressed in terms not of the space-lattice itself but of a lattice that is

reciprocal to it in the sense now to be defined. Let a, b, c, be the

primitive translations of the crystal lattice, and a*, b*, c*, those of the

reciprocal lattice. Then a* is perpendicular to both b and c, b* to

both c and a, and c* to both a and b. In vector notation, these

relations are expressed by the equations

a*-b = a*.c = b*.c = b*-a = c*-a=c*-b = 0, (7.18)

for the vanishing of the scalar product of two vectors implies that they
are mutually perpendicular.
The magnitudes of the reciprocal vectors are fixed by the further

equations

a*-a = b*.b = c*.c = l, (7.19)

which, when taken in conjunction with (7.18), mean that |a*| is the

reciprocal of the spacing of the a planes of the crystal lattice, |b*| the

reciprocal of the spacing of the b planes, and
|

c*
|
the reciprocal of

the spacing of the c planes. The idea of the reciprocal lattice is used

throughout this volume, and a simple mathematical treatment of its

more important properties will be found in Appendix II. We shall

here state without proof two properties of the lattice that make it of

great value in treating problems of diffraction by space-lattices.

(i) The vector **(hkl) to the point (/z, k, I) of the reciprocal lattice is

normal to the planes (hkl) of the crystal lattice.

(ii) The magnitude of the vector r*(hkl) is the reciprocal of the spac-

ing of the planes (hkl) of the crystal lattice.

We must here interpret the term 'spacing' in the general sense

considered in the last paragraph, corresponding to the reflection

condition (7.17). If h, k, and / have no common factor, the reciprocal-

lattice point (h, k, /) is that point on the row through the origin of which
it is a member that lies nearest to the origin, and |r*(Mr/)| is the

reciprocal of the true spacing of the planes (hkl). The next point on
the same row is the point (2h, 2k, 21), and the magnitude of the corres-
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ponding vector is the reciprocal of half the true spacing, and so of the
value of d in (7.17) corresponding to the second order spectrum from
the planes (hkl) ; and in general, the nth point from the origin in a

given row corresponds to the rtth-order reflection from the crystal-

planes to which the direction of the row is perpendicular. Every
reciprocal-lattice point corresponds in this sense to a possible spectrum
from the crystal lattice, and the whole array of spectra that could in

any circumstances be given by the crystal is represented by the points
of the reciprocal lattice.

It is now possible to express the reflection condition (7.17) in terms

of the reciprocal lattice. In fig. 3, let PO be the vector s /A, that is to

say, a vector of length I/A in the direction of the wave-normal of the

incident radiation. Similarly, let PQ be s/A, the corresponding vector

in the direction in which the scattering is considered, and suppose that

FIG. 3. Ewald's construction for the diffraction maxima, using the

reciprocal lattice and the sphere of reflection

- -V

PQ is in the direction of a diffraction maximum. Then we have seen
->

that OQ, which is the direction of the vector S, must be normal to one
of the lattice-planes, say to (hkl). The length ofOQ is (2/A) sin 0, which,
when the diffraction conditions are fulfilled, is equal to ljd(hkl) y by

(7.17). OQ is therefore in the direction of a vector in the reciprocal

lattice, and is equal to it in magnitude. Thus, if the vector PO is

drawn so that O lies at the origin of the reciprocal lattice, Q must lie

at another point (/i, k, I) of this lattice. We have therefore the following

construction. Let a vector PO of length I/A be drawn in the direction
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of the incident wave-normal, O being the origin of the reciprocal

lattice. With P as centre and radius I/A describe a sphere, which, of

course, passes through O. Then the interference conditions (7.16) are

equivalent to the statement that no diffracted beam can arise unless

another of the reciprocal-lattice points, say Q, lies on the sphere. If

it does so, then PQ is the direction of the wave-normal of a possible

diffracted beam. The sphere used in this construction is called the

'sphere of reflection' (Ewald's Ausbreitungskugel). The use of the

reciprocal-lattice construction, in which the consideration of an array
of planes is replaced by that of an array of points, is a great simplifi-

cation in discussing the geometrical problems met with in the application
of X-ray diffraction ; indeed, many which are easily treated in this way
are most intractable by the ordinary methods, and it has become an

essential part of the crystallographer's mathematical equipment.
1 he idea of a reciprocal vector system was introduced by Willard

Gibbs 3 about 1884. Ewald 4
, in 1913, used the reciprocal lattice to

represent interference by a space-lattice for the special case of ortho-

gonal crystals. Later in the same year, M. v. Laue 5
, independently of

the work of Gibbs, used reciprocal vectors in discussing interference

by space-lattices of any form, and laid the foundation of the general

treatment of interference phenomena by this method, while in an

important paper published in 1921, Ewald 6 stressed the importance of

the reciprocal lattice as an alternative method of considering the

geometry of space-lattices, apart from any question of interference.*

(r) The width of a diffraction maximum and its dependence on crystal

size. The interferencefunction : For a crystal of finite size, appreciable

scattering will occur over a certain range of angles in the neighbourhood
of the exact direction corresponding to a diffraction maximum, and this

range will be greater the smaller the crystal fragment. Equation (7.13)

gives the intensity diffracted by a small block of crystal as a function of

S, the vector that is the difference of the unit vectors s and s in the

directions of diffraction and incidence, which is therefore uniquely
defined by the conditions of diffraction.

In order to deal with the problem of the relation between the width

of a diffraction maximum and the size of the crystal, and for many
other purposes, it is convenient to express S in terms of the reciprocal-

lattice vectors. Let us write

S/A = fa*+r?b* + c*, (7.20)

so that f , r), are the components of S/A parallel to the three reciprocal

axes, expressed as multiples of the reciprocal translations a*, b*, and c*.

The quantity ^ of equation (7.13) is then given by

* See also Ewald, Zeit. f. Krist, 93, 396 (1936), for some account of the history of
the use of the reciprocal lattice.
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since aa* = 1 , ab* = a-c* = 0,

by the properties of the reciprocal vectors; and similarly W^^ir-q,
y3 =-7r, so that equation (7.13) becomes

I 0J 2

fc^a (1.21)p2 U \s n '/>

where

sin2 (7rN3

Equation (7.21) is the product of two factors, the first of which depends
on the scattering power of an individual lattice-unit under the conditions

considered, and the second of which, I (f, 17, f), depends upon the

regular arrangement of these units to form the lattice. The function I

is called by Laue the interference function. It may be thought of as

representing a periodic distribution in the reciprocal-lattice space having
the following significance. For given directions of incidence and

scattering, the vector S/A is fixed, and the value of I (f, 77, ) at the

point in the reciprocal-lattice space lying at the extremity of the vector

S/A, drawn from the origin, gives the scattered intensity under the

conditions considered, expressed in terms of the intensity scattered

under the same conditions by a single unit of the structure. The
method of considering diffraction problems in terms of the distribution

of the appropriate interference function in the reciprocal-lattice space
is one of great power, and we shall make frequent use of it in this book.

The principal maxima of I (f, 77, ) evidently occur when

=
/i, i? =*,-/, (7.22)

/*, A:, and / being any integers, and these conditions are, of course,

equivalent to the conditions (7.16) for the formation of the spectrum
hkl. By (7.20), we see that they are also equivalent to the statement

that S/A is a vector from the origin to the reciprocal-lattice point

(/i, k, /), which again we saw in the last paragraph to be the condition

for the formation of the spectrum hkl.

The maxima of the three factors of (7.21a) are not indefinitely sharp,
and appreciable diffraction will occur when the extremity of S/A lies

within a small region surrounding the point (hy k, /). We may easily

see what are the boundaries of this region. If the diffracted intensity

is to be appreciable , rj t
and must lie respectively within the limits

h l/N lf k 1/N2 , and / 1/N3 . Suppose a small parallelepiped to be

described having the reciprocal-lattice point Q (A, k, I) at its centre, and
its edges parallel to the reciprocal axes, with lengths 20*/N 1 , 26*/N2,

and 2c*/N3 . The diffracted intensity will be appreciable if the condi-

tions of incidence and diffraction are such that the extremity of the

vector S/A lies within this parallelepiped. In considering diffraction

from a crystal of finite size by Ewald's construction, we must therefore
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replace each point of the reciprocal lattice by a small volume in the

case we are considering, the small parallelepiped just discussed. If the

sphere of reflection passes through this volume there will be a scat-

tered beam, whose intensity will fall to zero for the directions corres-

ponding to the intersections of the sphere with the boundaries of the

parallelepiped, and will be greatest when the sphere passes near its

mid-point.
In fig. 4, the points represent the a* b* plane of a reciprocal net, and

the parallelograms surrounding the points are the sections by this plane

FIG. 4. Principal and subsidiary maxima in the interference function

of the parallelepiped described above, drawn for the case of a crystal

block having 6 and 8 lattice-points parallel to the a and b edges respec-

tively. To avoid confusion, no attempt has been made to represent the

lattice in three dimensions. The trace of the sphere of reflection is also

shown in the diagram for the direction of incidence determined by the

unit vector s , and the vector S/A corresponding to the direction of

diffraction defined by the unit vector s. The sphere of reflection does

not pass exactly through the lattice-point Q, but through the parallele-

piped surrounding it, and there would be appreciable diffracted

intensity for the direction of s shown in the diagram. The parallele-

pipeds are here relatively large, owing to the very small size assumed

for the crystal block.

It is easy to extend this scheme to include the subsidiary maxima.
The value of the interference function is zero anywhere on the planes

f ^/JI/N!, i?=/>2/N2 , =ft/N8, pl9 PI, A, being any integers 'positive or

negative except the integers AN^ A:N2, /N3 respectively. The traces of

these planes of zero value are shown in the reciprocal-lattice plane a* b*

in fig. 4. They divide the whole reciprocal-lattice space into small cells



GEOMETRICAL THEORY OF DIFFRACTION BY SPACE-LATTICES 11

of four types. The cells of the first type, those for which pi~KN l l,

P2
= &N2 1 , /?3

= /N3 1 , we have already considered. They are those
at the mid-points of which lie the main intensity maxima, for which all

three factors of the interference function have principal maxima. Cells
with a volume half that of those containing the main maxima lie with
their mid-points along the lines that join the reciprocal-lattice points
and are parallel to a*, b*, and c*. On these lines, and nearly but not
exactly at the mid-points of the small cells, lie the strongest subsidiary
maxima, for which two of the factors of the interference function have
principal maxima and the third a subsidiary maximum. Cells having
a volume a quarter that of the cells containing the main maxima have
their mid-points on the three sets of planes =

h, rj -A:, ? = /, that is to

say, on the faces of the reciprocal-lattice cells. Subsidiary maxima for
which only one of the three factors has a principal maximum lie nearly
at the mid-points of these cells. The remaining small cells into which the

planes of zero intensity divide the reciprocal-lattice space have one
eighth of the volume of the cells containing the main maxima, and the

corresponding subsidiary maxima, which lie near their mid-points, are
such that all three of the factors of the interference function themselves
have subsidiary maxima. If the crystal lattice contains more than a
very small number of cells, the intensities of the subsidiary maxima of
the interference function will be entirely negligible in comparison with
those of the main maxima, except for those immediately surrounding
the latter. As we have seen, the strongest subsidiary maxima lie along
the edges of the reciprocal-lattice cells, where two of the factors of the
interference function have their maximum value. The maximum
regions of the interference function thus extend in directions perpen-
dicular to the faces of the parallelepipedal crystal block. We shall see
in Chapter X, 2(0, that this is a particular case of a general result for

any crystal bounded by plane faces.

The distribution of the interference function in the space of the

reciprocal lattice is the three dimensional analogue of the diffraction

pattern produced by monochromatic light by a two-dimensional net.

Let a beam of monochromatic light fall normally on a plane two-
dimensional grating, and let the radiation diffracted by the grating
then fall on a lens. A diffraction pattern is formed in the focal plane
of the lens, and it is easy to show that the centres of the diffraction spots
of this pattern lie at the points of a net which is the reciprocal net of
the original grating.* The breadth of a diffraction spot depends on
the number of effective elements in the original grating, and we have
here an actual distribution of intensity about the points of the reciprocal
net which depends on the number of the grating elements, and which

* The actual diffraction pattern is a slightly deformed reciprocal net. If r is the
distance of any spot from the centre of the diffraction pattern, and R is its distance
from the optical centre of the lens, which is, of course, equal to /the focal lengthof the lens for the central spot, r must be reduced in the ratio //R in order to give
the true reciprocal net. The distortion is very small for small angles of diffraction.
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corresponds in two dimensions to the density distribution I (f, 77, f) in

the space of the three-dimensional reciprocal lattice. In the three-

dimensional case, however, all the maxima are not produced at once, as

they are with a two-dimensional net, but only those are possible through
which the sphere of reflection passes corresponding to the particular

wave-length and angle of incidence used. We shall discuss the relation-

ship between the crystal and the optical grating at greater length in

Chapter VII.

Using the geometrical methods described in this section we may
easily see in a general way how the intensity of scattering will vary with

the angle of scattering for a given angle of incidence; or how the total

scattering, or the scattering in a given direction, or through a given

angle, will depend on the direction of incidence of the radiation relative

to the crystal axes. For actuil crystal fragments of irregular shape the

problem cannot be solved in the same detail as for the simple shape we
have considered; but the same general principles will apply, and the

reciprocal-lattice point is to be replaced by a small volume, of the order

of the reciprocal of the volume of the crystal fragment. Since the

linear dimensions of this volume are of the order of the reciprocal of
the linear dimensions of the crystal, while the radius of the sphere of

reflection is the reciprocal of the wave-length, it is evident from fig. 4

that the range of angles in the region of a maximum over which ap-

preciable reflection will occur is of the order of the wave-length of the

radiation used, divided by the linear dimensions of the crystal fragment,
an angle which is already extremely small if the crystal has as many
as a thousand points in each row. A more detailed discussion of the

case in which the crystal fragment is bounded by plane faces but is not

parallelepipedal will be found in Chapter X, 2(/).

We shall conclude this discussion by considering an actual case, in

order to give some idea of the numerical magnitudes involved in a

typical problem. Potassium chloride, owing to the similarity in scat-

tering power of potassium and chlorine, behaves very nearly as a simple
cubic lattice, and we shall here assume it to be such a lattice with a

cell-edge of 3-14A. For a cubic cell, the magnitudes of the reciprocal
axes are simply the reciprocals of those of the crystal axes, and are in

the same directions. For potassium chloride, we have, therefore,
a* = b* = c* = 0-3 1 8A" 1

. Ifwe use molybdenum Ka radiation, A = 0-7 1 A,
the radius of the sphere of reflection, I/A, is 1-40A1

.

In fig. 5, a single net of the reciprocal lattice, that for which A=0,
is shown, and the sphere of reflection for the spectrum 001* referred

to the simple cubic lattice is drawn in to scale.

The radius of this sphere is a small multiple of the spacing of the

reciprocal lattice, and this is typical for X-rays. For electron waves,
such as those used in experiments in electron diffraction, the wave-

* This spectrum would be 002 referred to the true unit cell of the KC1 lattice,
which is not simple cubic as we have supposed here.
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length is about ten times smaller, and the radius of the sphere of re-

flection ten times greater, than in the case of X-rays. On the other

hand, with visible light, A is about ten thousand times greater than for

X-rays; the corresponding sphere of reflection would have a radius far

OH / 001 On O2't

FIG. 5. Reciprocal net and sphere of reflection for KC1 considered as
a simple cubic lattice. Drawn to scale for A -0-71A

smaller than the spacing of the reciprocal lattice, and the Ewald
construction for a diffracted wave would be impossible.

Ifwe were dealing with a small cube of the crystal, each edge of which
had a length 1000 times the lattice-spacing, the small cube around the

reciprocal-lattice point, which defines the breadth of the spectra, would
have edges 1/500 of those of the reciprocal cell, and would be too small
to draw to scale in the diagram. The angular range on either side of
the maximum within which all the scattering would be confined would

be of the order of - -1-40 = 2-3 x 1Q-4 radians or 46 seconds of

arc. It is evident, therefore, that unless the crystal fragment is exceed-
ingly small, we can for nearly all purposes neglect the angular width of
the diffracted beam, which will generally be less than the unavoidable
divergence of the incident beam, and in calculating the geometrical
relations of X-ray diffraction patterns treat the reciprocal-lattice points
as mathematical points. In dealing with diffraction by colloidal par-
ticles, and by the very smallest particles used in the powder method,
we may not make this assumption, and we shall return to the detailed
discussion of this matter in Chapter X.

Before leaving the problem of diffraction by a finite lattice, we should
remind ourselves that the simplifying assumptions of unit refractive

index, and absence of re-scattering, which we made at the outset,
underlie the whole of the discussion. If these restrictions are removed,
it is found that some latitude in the angle of scattering is allowed,
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even for a large crystal. The lattice-points must lie near, but not
necessarily exactly on, the sphere of reflection for diffraction to occur.
We shall return to this when discussing Ewald's dynamical theory of
crystal optics, in Chapters II and VIII.

2. SOME APPLICATIONS OF THE PRINCIPLES TO PARTICULAR PROBLEMS

(a) Introductory : We shall now consider briefly the application of
the principles we have deduced to a few of the chief methods used to
observe the diffraction of X-rays by crystals.

It is evident from the construction of fig. 3 that, for any arbitrary
angle of incidence and wave-length, that is to say, for any arbitrary

direction and length of the vector PO with respect to the crystal lattice,
no point of the reciprocal lattice will in general lie on the sphere of
reflection, and no diffracted beam can be produced. By rotating the

crystal, and therefore the reciprocal lattice, or by suitable adjustment
of the direction of incidence of the radiation on the crystal, points may
be brought on to the sphere, and diffraction can occur. This principle
underlies all those methods in which monochromatic radiation is used;
viz.: the X-ray-spectrometer method, in which the spectra are ex-
amined one by one, by suitably adjusting the angle of incidence; the

rotating- and oscillating-crystal methods, in which as the crystal rotates
the reciprocal-lattice points pass in turn through the sphere of reflection,
the spectra which flash out as they do so being received on a photo-
graphic plate ; and the powdered-crystal method, in which a random
orientation of crystal fragments produces in effect a rotation of the

average crystal in all directions. In another method, which was ac-

tually that first used by Friedrich, Knipping and Laue in their pioneer
experiments, the direction of incidence is kept fixed, and the fulfilment
of the diffraction conditions is attained by using 'white' radiation

giving a continuous range of wave-lengths. We shall consider these
two types of method in turn.

In the methods using monochromatic radiation we may use directly
the Ewald construction described in I, 1 (/>), in which a definite wave-
length was assumed throughout. In fig. 6 let O be the origin of the

reciprocal lattice of the crystal, and let the sphere of reflection be
drawn corresponding to some direction of incidence PO. Let the

crystal perform a complete rotation about an axis AB which passes
through O. Then certain points of the reciprocal lattice pass through
the sphere of reflection, and would give rise to spectra during the ro-
tation. These points are evidently those which lie inside the tore which
would be obtained by allowing the sphere of reflection to make a com-
plete rotation about the same axis AB with respect to the lattice. It is

evident that all possible tores of this kind, corresponding to all possible
axes of rotation and angles of incidence, are contained within a sphere
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of centre O and radius 2/A, the diameter of the sphere of reflection.

This sphere may be called the limiting sphere. It contains all the

reciprocal-lattice points corresponding to spectra which can, in any

B

FIG. 6. The tore of reflection and the limiting sphere

circumstances, be obtained from the crystal, using radiation of wave-

length A.

For the values of A used in most experiments the limiting sphere will

contain a considerable number of reciprocal-lattice points, which we
may take as being proportional to its volume. The number of dif-

fraction spectra obtainable from a given crystal with wave-length A is

therefore proportional to I/A
3

.

(b) The method of the rotating or oscillating crystal : In this method
the crystal is rotated, either completely or through a certain angular
range, about an axis which is usually perpendicular to the direction of
the incident X-ray beam, and parallel to an important zone-axis of the

crystal lattice, say, for example, the c axis. The a* and 6* translations
of the reciprocal lattice, and the net-planes defined by them, are then

perpendicular to the axis of rotation. These net-planes, whose distance

apart is 1/c, cut the sphere of reflection in a series of circles of latitude,
the corresponding polar axis of the sphere being parallel to the axis of
rotation. As the crystal rotates, any reciprocal-lattice point that

passes through the sphere must do so somewhere on one of these circles

of latitude. All points having the same value of the /-index pass through
the same circle ; for the reciprocal-lattice planes we are here considering
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are those for each of which /== constant. The points for which / =

pass through the equator, those for which /-- 1 through the first

circles above and below the equator, and so on. The direction of any
diffracted beam which arises during the rotation is thus always parallel

to one of the generating lines of the set of cones which have the centre

of the sphere as apex and pass through the circles of latitude. A part
of the reciprocal lattice and the sphere of reflection are shown in fig. 7.

Axis ofRotation
FIG. 7. Illustrating the formation of layer lines

The rotation is about OC, the c axis, and PO is the direction of incidence*

The circles of latitude in which the reciprocal net-planes for which / = 0,

1, and 2 intersect the sphere are shown, together with the generating
lines of the corresponding cones.

If a very small crystal lying on the axis of rotation is used in the

experiment, the diffracted beams will all lie on a set of cones whose

angles are given by the construction just described, whose apex lies in

the crystal, and whose common axis is the axis of rotation. In one
method of recording the spectra, which is often used, the photographic
film is in the form of a cylinder whose axis is the axis of rotation of the

crystal. The conical surfaces containing the diffracted beams inter-

sect this cylinder in a series of parallel lines, which are known as the

layer lines, along which all the spectra recorded on the film must be
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distributed. In the case we are considering, where the c axis is the

axis of rotation, the spots on any one layer line have the same /-index.

All those lying on the line formed by the intersection of the equatorial

plane with the film have /--=0, those on the lines next above and below

the zero line /= I, and so on. It is evident that the spacing of the

layer lines is a measure of the reciprocal of the primitive translation

which is parallel to the axis of rotation.

Suppose now that the axis of rotation is parallel to one of the axes

of the reciprocal lattice, say to c*, and therefore perpendicular to the

net-planes defined by the crystal-lattice translations a and b. Rows of

reciprocal-lattice points along each of which h and k remain constant

are now parallel to the axis of rotation, and any such row describes a

cylinder as the crystal rotates, which will intersect the sphere of re-

flection in a certain curve. The directions of the possible diffracted

beams corresponding to points in the row must be parallel to the

generating lines of the cone, no longer circular, which has the centre

of the sphere as apex and passes through the curve of intersection of

sphere and cylinder. This is illustrated by fig. 8. The locus of the

corresponding spectra on the photographic film is then the curve of

intersection of this cone with the cylindrical film, whose axis is a line

FIG. 8. Illustrating the formation of row lines

through P, the centre of the sphere of reflection, and parallel to OC.
This curve is not a simple figure, and its mathematical form cannot
be considered in detail in this volume, but it will be seen that to each
row of points in the reciprocal lattice there corresponds a row of spectra,
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or for a complete rotation a pair of rows, called *row lines', which are
not straight, but in the equatorial region of the film are nearly so, and
are approximately perpendicular to the equatorial line.

If the lattice is orthogonal, the crystal axes and the reciprocal axes
coincide in direction, and the spectra must lie both on layer lines and
on row lines, and are determined by their intersection. With the c

axis, which is now also the c* axis, as rotation axis all the spectra on

any given row line have the same h and k indices, and all those on any
layer line the same /-index. If the crystal is not orthogonal, the reci-

procal axes and the crystal axes are not in general coincident. The
row lines are then no longer symmetrical about, and approximately
perpendicular to, the equatorial layer line but slope across it at an angle.

This simple discussion of rotation photographs has been introduced
at this stage as an fexample of the use of the reciprocal lattice. The
question of the assignment of indices to the spectra in such photographs
lies beyond the scope of this volume.

(c) The method of the powdered crystal : Suppose that the crystal

specimen is in the form of a fine powder whose particles have entirely
random orientation. If the number of particles is large enough, we may
suppose small crystals of all possible orientations to be present, and all

orientations to be equally probable. To represent this case by means

FIG. 9. Reciprocal-lattice construction for powder haloes

of the reciprocal-lattice construction, we may suppose the reciprocal
lattice to be rotated about the origin in all possible directions. The
locus of any one lattice-point during this rotation is a sphere. If the

point in question lies within the limiting sphere of I, 2 (a), the sphere
that is its locus during the rotation will intersect the sphere of reflection

in a small circle whose axis is the direction of the incident beam. Any
line joining the centre of the sphere of reflection to a point on this
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small circle is a possible direction for a diffraction maximum. Each

crystal plane (A, k, /) whose corresponding reciprocal-lattice point lies

within the limiting sphere will thus give rise to a diffraction halo having
the direction of incidence as axis.

The formation of these haloes is illustrated in fig. 9. The radius of

the sphere described by the reciprocal-lattice point (A, fr, /) is l/d(hkl),

and 26, the semi-angle of the halo, and the angle of deviation of the

diffracted beam is, from the figure, evidently given by the equation

which is the Bragg condition.

(d) The Lane method: In the Laue method, the direction of incidence

relative to the crystal axes is kept constant, and the interference con-

ditions are fulfilled by using jadiation varying continuously in wave-

length over a certain range. Spectra are formed in directions corres-

ponding to the reflection of the incident radiation by the lattice-planes,

but each is formed by a different wave-length, the appropriate one

being selected by the crystal spacing from the continuous radiation.

The reciprocal-lattice construction for the diffracted beams is easily

extended to include this case.

Fio. 10. Reciprocal-lattice construction for the Laue method
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In fig. 10, P^O represents as before the direction of the incident

radiation, O being a point in the reciprocal lattice which is chosen as

origin. Let A
1
and A2 be the wave-lengths of the limits of the continuous

spectrum used in the experiment. The length P t
O is made equal to I/A,

and P2O to 1/A2 , and spheres are drawn with centres P
1 and P2 , and

passing through O. Each point of the reciprocal lattice which lies

between these two spheres corresponds to a possible diffracted beam ;

for any such point lies on a sphere passing through O and having its

centre between P
l
and P2 . This sphere is the sphere of reflection for

some wave-length lying between the limits A! and A2 . Its centre can

readily be found, and the line joining it to the lattice-point gives at once

the direction of the corresponding diffracted beam. The sphere, and
the direction of the diffracted beam, are shown in fig. 10 for the point A.

Another method 6f dealing with the production of Laue spots in terms

of the reciprocal lattice is considered in Chapter V, 3 (c).

3. THE EFFECT OF RANDOM IRREGULARITIES OF THE LATTICE

ON THE DIFFRACTION PHENOMENA. THE TEMPERATURE EFFECT

(a) Introductory : The theory of diffraction by a crystal lattice

developed in Sections 1 and 2 of this chapter shows that, for a crystal

of measurable size, the diffraction conditions must be very exactly
fulfilled if there is to be any appreciable scattered intensity. According
to equation (/.1 3), an incident beam whose direction is not such as to

satisfy conditions (/.16) should pass through the crystal without being

appreciably scattered. In all directions except those corresponding to

the lattice spectra, mutual interference of the scattered wavelets

produces a resultant whose intensity approaches zero. When a beam
of X-rays passes through a real crystal, a measurable amount of general

scattering does occur, even when the interference conditions are not

fulfilled, and although it is true that the intensity of this scattering is

small in comparison with that of the interference maxima, it is much

larger than would be predicted by equation (7.13).

We have so far taken into account only the coherent scattering,

which is accompanied by no change of wave-length. But in a real

crystal, where the scattering points are atoms, Compton scattering will

also occur, and a certain fraction of the radiation, which increases with

the angle of scattering, will be scattered with a small increase of wave-

length. Such radiation is 'incoherent', and does not produce inter-

ference maxima, nor, of course, will it interfere destructively in other

directions, so that the general scattering from a crystal will consist in

part of Compton radiation. Making due allowance for this, however,
we find a general scattering of radiation of unchanged wave-length
which is greater than that allowed by the simple theory. This is due to

the fact that in no actual crystal is the lattice so regular as we have
assumed in our treatment ofthe problem ; and any departure from strict
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regularity in the arrangement of the scattering particles will tend to
weaken the interference maxima, and to increase the radiation scattered
in other directions.

On very general grounds we should expect an effect of this kind.

Suppose any scattering point to be displaced from its correct position
in the lattice. The exact co-operation in the directions of the inter-
ference maxima of the waves scattered by this point with those scattered

by the remaining points of the lattice is now destroyed, and the inten-
sities of the diffraction maxima are thereby reduced ; but there can
be no loss of scattered energy on the whole, and there must therefore
be an increase in the scattered intensity in directions other than those
of the maxima. Indeed, the practically complete destruction by mutual
interference of the scattered waves in directions other than those of the
maxima depends on the regularity of the lattice, and if this regularity is

destroyed the general scattering must increase. The same is true if one of
the points is replaced by another which scatters differently from the rest.

The type of irregularity we are now considering is not to be confused
with that usually spoken of as a mosaic structure, in which such dis-

locations occur in the lattice that an apparently single crystal may in

effect consist of a number of optically independent fragments. We are
here dealing with a single lattice, into which certain random irregularities
are introduced, either in the exact position, or in the nature, of the

scattering points.

The most obvious cause of such irregular displacements of the atoms
in a real crystal from the ideal lattice positions is the thermal vibration.
The effect of this on the scattering was pointed out by Debye as early
as 1913, and was treated mathematically by him in a series of well-

known papers.
7 Laue 8 has treated the case of mixed crystals, in which

a lattice is supposed to contain points having more than one kind of

scattering power, which are distributed at random amongst the available
lattice sites. The difference between this case and that in which the
lattice consists of identical points whose scattering power is the average
of those of the individual points lies in the general scattering. A
permanent distortion of the lattice, resulting in a change of the general
scattering analogous to that characteristic of a temperature effect, may
be produced in some cases by cold working a metal.

(b) Diffraction by a lattice whose points are subject to random displace-
ments : We shall now show how the expression for the intensity of the
scattered radiation has to be modified to take into account random
departures of the lattice-points from their ideal positions. Suppose
the points, when in their ideal positions, to be fixed by the vectors r

t ,

r2* r n , rm , .... By (LI), the resultant disturbance due to the whole
lattice is
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the sum being taken over all the lattice-points. To get the intensity,

we have to take the square of the modulus of Y, which we do by

multiplying the series on the right-hand side of (7.23) by the corres-

ponding series in which i is replaced by
-

1. This gives for the intensity

J due to the undisturbed lattice the double summation

Each summation has to be extended over all values of n and m, which

range from 1 to N, N being the total number of lattice-points. Equa-
tion (1.24) is, of course, quite general for any array of scattering points,

and does not depend on their being arranged in a lattice. For the

parallelepipedal space-lattice it readily reduces to the form (7.13).

Let us now assume small vector displacements u l9 u2 ,
... u n ,

un! ,
... of

the lattice points from the ideal positions. The vectors rn and rrn in

(7.24) then have to be replaced by rn + un and rm + uw ,
and the expression

for the intensity becomes

I < 12

J = ' - L V V e<rn-'m-s> ei*(un-um.s)
(1.25)R n m

If we are dealing with oscillations of the points, such as occur in thermal

movement, it will be necessary to take the mean of (7.25), which

represents the intensity due to some instantaneous configuration of

points, over a period long compared with the period of vibration of

any point. The first factor under the summation signs does not vary
with time, and it is the second that has to be averaged. Expression

(7.25) can only be used if the frequency of oscillation of the points is

small compared with that of the incident radiation, so that any given

configuration can be considered as persisting over a time long compared
with the period of the wave, an assumption which is fully justified in

the cases we shall consider.

To discuss the mean of the factor involving the displacements of the

atoms n and m, we put, for brevity,

*(un -um.S)=/>n ,m . (7.26)

If we write, for the moment, p for any of the quantities pn>m ,

*-!+--**
...-1-MJ-..: ('.27,

for the mean value of the terms involving odd powers of p will be zero,
since positive and negative values of the difference of the displacement
of the two points parallel to any given direction will be equally likely.

Equation (7.27) may, to a close approximation, be written in the form

7* = e-& 9 (7.28)

a result given by Debye and by Waller, but first rigorously derived by
Ott 9 in 1935.
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The mean value of (/.25) therefore becomes

-'s) e-,m. (1.29)
> n rn

Now

7>n,m
=~~-

(Wn5
- WmS), (7.30)

where wnjS and wwS are the components of the displacements of the two

lattice-points n and m parallel to the direction of the vector S defining
the reflecting plane. We have therefore to calculate the mean value of

(uns
~

s)
2

- We may write

(unS
- ww5)

2 u nS
2 + ums

2 - 2unSuniS . (7.3 1)

The assumptions made by Debye in his first papers on the temperature
effect were equivalent to the supposition that the oscillations of the

different lattice-points were independent, and that all possessed the same
mean energy. If this were so, we could put

_ *".,& = 0; t^2 -M^2 -w72 > (/.32)

where us
2

is the mean-square elongation of any point of the lattice from
its mean position in a direction parallel to the vector S. Now, as

Debye himself pointed out in a later paper, the assumption of the

independence of the lattice-points is not justifiable in considering the

thermal vibrations of a real lattice. The atoms of the lattice are

coupled together by the lattice forces, and the direction of vibration

of one point must influence those of its neighbours. We cannot

therefore put u rtSumS = 0, and the value ofpjnn will depend on the paii of

lattice-points that are being considered. This leads to important con-

sequences, which will be discussed in detail in Chapter V, but to com-

plete our preliminary account of the geometrical theory of diffraction

by a simple lattice we shall consider the case of a set of points all of

which do vibrate independently, and in the same way, so that equations

(7.32) may be taken as applicable.
We return now to equation (7.29). The double summation contains

N 2
terms, N being the total number of lattice-points. In N of these

terms n = m, and for each of these the exponential factor is equal to

unity. For all terms involving a pair of different lattice-points i#j^
is the same, and by (7.30), (7.31), and (7.32) is equal to 2M, if

M-8772
w/(sin

2
0)/A

2
. (7.33)

Equation (7.29) may thus be written

where the dashes denote that terms for which n=m are not to be

included in the summations. If this restriction were removed, the
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double summation in (7.34) would be equal to J
, the intensity scattered

by the undisplaced lattice. The second term of (7.34) is thus equal to

*~~
2M

(Jo
~

l*ol
2N/R8

),
r-ince each of the N terms missing from the double

summation is equal to unity. The expression for the scattered intensity
thus becomes finally

The second term in (7.35) represents the lattice spectra. It has

appreciable values only when the interference conditions (7.16) are

fulfilled, and we see that with the simple assumptions we have made as

to the nature of the lattice vibrations the interference maxima are just
as sharp for the vibrating lattice as they are when the lattice-points are

undisplaced. Tneir intensities are, however, all reduced by the factor

t'--
M

, which is often known as the Debye factor. Its exponent is pro-
portional to the mean square of the displacements of the lattice-points

perpendicular to the reflecting plane, and also to (sin
2
0)/A

2
; so that,

for a given set of displacements, the diminution of the intensities of the

spectra becomes more important for the larger angles of scattering.

Formally, since J is proportional to |# |

2
, we may represent the

effect of the lattice displacements on the interference maxima by treating
the vibrating lattice as a lattice at rest, composed of points having a

scattering power given by

0~<V-M
, (7.36)

instead of the original scattering power .

(c) The general scattering when the lattice-points vibrate independently:
The first term in (7.35) has no sharp maxima. It contains two factors

that depend on the angle of scattering, |# |-,
which as we shall sec

later decreases with increasing 0, and 1
- e~~M

, which is zero for zero

angle of scattering, rises steadily as e~-M decreases with increasing 0,

and has its greatest value for scattering through 180. The product of
the two factors corresponds to a very broad maximum of general

scattering at moderate angles. The intensity distribution in the reci-

procal lattice representing this scattering is spherically symmetrical
about the origin.

The intensity scattered in any direction is proportional to N, the
number of points in the crystal fragment, whereas the maximum inten-

sity in the exact direction of the diffraction spectra is proportional to
N2

. As we shall see in the next chapter, however, the methods of

measuring the intensities of the spectra in actual practice involve an
integration over the whole diffraction maximum, the breadth of which
is proportional to 1/N. The integrated intensity over a range of angles
for both spectra and general scattering is thus proportional to N, that
is to say, to the volume of the crystal, and the disparity between them
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is not so great as the formulae would at first sight suggest. We shall

return to this question in Chapter V.

The more accurate treatment, in which the coupling of the oscillations

of the lattice-points is taken into account, gives the same result as that

deduced above for the interference maxima. The term giving the

general scattering is, however, modified, and shows weak maxima,
coinciding in position with the interference maxima, but far more
diffuse. This effect, the existence of which was predicted by Faxen
and Waller, has only recently been properly investigated experimentally.
Its study has led to results of the greatest interest and importance,
which will be discussed in detail in Chapter V. The important result

that the interference maxima are reduced by the factor e~-M remains

true. In Chapter V also, we shall take up the question of the calculation

of the value of M for actual crystals.

4. SGML EFFECTS DUE TO MULTIPLE REFLECTION

Let O be the origin of the reciprocal lattice, and Qj the point

(//,, k
v , /,), corresponding to the spectrum m^ Any point L in the

plane P
l that bisects the line OQ! at right-angles is a possible centre

of a sphere of reflection corresponding to the production of /?? l in

wave-length 1/LO by reflection of the incident ray LO into the direc-

tion LQ 1
. Let Q 2 be a second reciprocal-lattice point (/*2 , & 2 , /2),

corresponding to a spectrum w2 . Then, if L lies at any point in

the line of intersection of the plane P
l with the plane P2 that bisects

the line OQ 2 at right-angles, the spectra n^ and ni 2 are produced

simultaneously by reflection of LO into LQj^ and LQ2, and each must
be weaker than it would have been had it alone been produced. This

effect is actually observed.

All incident rays that can give rise to simultaneous reflection in n^
and /;; 2 form a flat pencil, containing the line of intersection of Pt and
P2 , and converging on O. The corresponding rays reflected in the

spectrum n^ form a flat pencil containing the same line and converging
on Qj. The wave-length varies across the pencil, being always equal
to 1/LO. A continuous spectrum /?? 1? formed by varying the angle of

incidence and the wave-length, will be crossed by a line of lower

intensity, representing the intersection of the pencil reflected through

Qi with the photographic plate. Narrow bright lines due to this cause,
in general cutting the spectrum obliquely, have been observed by
Berg,

10 and the phenomenon has been called Aufhellung, or brightening

up, which refers, of course, to the appearance of the photographic
record. The brighter lines actually represent a reduction of intensity.

Further, if Q l
and Q2 both lie on the sphere of reflection, the

reflected ray LQ 2 is correctly set to be reflected again along LQt , the

reciprocal-lattice vector belonging to this second reflection being Q2Q t :

that is to say, the second reflection takes place from (/fr/J2 , k^k^ l^I^ t
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although it appears in the direction LQj, as if it had been the direct

reflection of LO by the planes (/tiMi)- This effect will tend to

increase the observed intensity of ml9 but will not in general outweigh
the effect of simultaneous reflection, discussed above, in decreasing it,

since the double reflection is in general weak. An important case

arises, however, when the spectrum MI is forbidden by space-group or

structure-factor requirements, while both w 2 and m^m^ occur as fairly

strong spectra. It may then be possible at appropriate settings of the

crystal to observe an apparent occurrence of the forbidden spectrum
as a result of this double reflection. Or, if a spectrum is very weak,
its intensity as observed may sometimes be greatly affected in this way,
as Renninger

u has shown for the 222 spectrum of diamond (see

Chap. VI, p. 339), for which the double reflection may be many times

stronger than the true spectrum. Renninger has used the name

Umweganregung for this effect, i.e. excitation by a roundabout path.

The term
4

indirect reflection
'

is used in English works, and it is some-

times also called the Renninger effect. Its possibility seems to have

been pointed out by Darbyshire and Cooper,
1

'

2 for electron diffraction,

and also by Kossel,
13 but its systematic investigation is due to Renninger.

The existence of the effects discussed in this paragraph shows that

the simple assumption made in this chapter, that there is no rescattering

of the primary scattered wavelets, is inadequate. The fuller theory, in

which rescattering is taken into account, is given in Chapter II, 3.
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CHAPTER II

THE INTENSITY OF REFLECTION OF X-RAYS
BY CRYSTALS

1. DIFFRACTION BY A COMPOSITE LATTICE

(a) The structure amplitude : In Chapter I, we considered dif-

fraction by a simple space-lattice. We have now to extend our treat-

ment to the type of structure that is produced by applying the lattice

translations to a group of points, not necessarily all identical. Each

point of the group will build up a space-lattice like the one discussed

in Chapter I, and the whole structure will consist of 5 parallel and inter-

penetrating lattices, all alike, one for each of the s points of the unit

group, or 'basis', of the structure. This is the kind of geometrical

scaffolding upon which any real crystal may be considered as built ;

for the crystal pattern is produced by the continued repetition in space
of a group of atoms, and is only in exceptional cases based on a simple
lattice.

We shall now consider what modifications to the formulae for the

resultant scattered amplitude and intensity have to be introduced if

each point of the lattice considered in Chapter I is replaced by such a

group of points. Suppose that associated with the lattice-point chosen

as origin are s points, whose positions are fixed by the vectors PJ, p2 , ...

P ; , . . . p,. Then associated with the lattice-point defined by the vector rn

is a similar group fixed by vectors rn + p lf
... rn + p,, ... rn + ps . Suppose

that the scattering powers of the points, as introduced in Chapter I,

(l)a, are <^, < 2 , ...
<f>s

. In place of the expression (7.21) for the resultant

wave scattered by the whole structure, we must now write

1 ... s (2.1)

where the summation is over the N points of the fundamental lattice.

On comparing the last expression with (/.21), we see that the effect of

replacing the single lattice-point of scattering power by the group of

points is merely to replace tf> in the expression for the scattered wave

by the more complicated quantity

(2.3)

(2.3a)
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We shall call A the
'

structure amplitude ', a name introduced by Ewald,
to denote the fact that its value depends essentially on the structure of

the group associated with each lattice-point. It is the amplitude, at

unit distance, of the wave scattered by the unit group of s points.

In practice we are as a rule interested in the values ofA corresponding
to the main diffraction maxima, which occur in the same positions
and have the same breadth for the composite as for the simple lattice.

The diffraction maxima are characterised by the condition that S/A

is a vector in the reciprocal lattice, say r*, where

r* = /ia*+*b* + /c*. (2.4)

This gives for the structure amplitude for the spectrum hkl, in terms of

the reciprocal vector,

A -V)^ *""**>, (2.5)
j

in which the summation is supposed to extend over all the s points in

the group. Now let us put

P;
=
w,a + Vjb + w;

c (2.6)

so that u
)y

v
} , and w, are the co-ordinates of the point fixed by the

vector p ; expressed as fractions of the sides of the unit lattice-cell.

Then, by (2.4) and (2.6),

r*p ;
= hUj 4- kvj + Av

; , (2.6a)

since aa* = bb* = cc* = 1
;
ba* = ca* = ...=- 0, by the properties of

the reciprocal vectors.

Thus

A (hkl)
- & <?

2s"' (*"> + * r
>
+ /"'A (2.7)

Equation (2.7) was derived in a simple geometrical way in Vol. 1,

p. 96 ; we have here shown its relationship to the more general theory
of lattices that we have been discussing. The relation of (2.5) to the

more strictly geometrical way of considering the matter is easy to see.

The hkl spectrum may be considered as produced by the reflection of

the incident beam at the lattice-planes (hkl). When the unit of structure

is a group of s points, there are s parallel space-lattices, and each single

(hkl) plane becomes a group of s parallel planes, this group repeating
itself in the distance d(hkl). The phase of a wave reflected from a

plane of the group distant d from a plane chosen as standard differs

from that of a wave reflected from the latter by 2irdld(hkl) ; for the

phase of the waves reflected by two planes at a distance d(hkl) apart
differs by 2. Now r*-p, is equal to d/d(hkl) if the plane through the

origin is the standard plane. For T*d(hkl) is the unit vector in the

direction of r*, which is normal to the plane (hkl) 9 so that p/r*rf(AA:/)
is the projection of p, on the normal to the planes (hkl) 9 that is to say, the
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distance d between the planes of the set passing through the origin and

through the point defined by the vector pr

(b) The atomic scattering factor : At this stage it is necessary to
define rather more precisely the quantity <f>,

the scattering factor, which
we have used in the preceding sections. In an actual crystal, groups
of atoms or molecules are associated with each lattice-point, and it is

the radiation scattered by these which builds up the interference maxima.
The scattering will be done almost entirely by the electrons, and we
can think of each unit cell of the structure as occupied by a certain

average distribution of scattering matter, which, in a sense to be
discussed later on, may be considered as an average electron density.
The electrons are, however, concentrated round the atomic nuclei, a.id

to a fairly close approximation we can think of the scattering by the

unit cell as the resultant of the scattering by the individual atoms
which it contains, taking each atom as spherically symmetrical, and

ascribing to it a characteristic scattering power. It is clear that this

is an approximation. When the atoms are combined to form molecules,
there must be sharing of the electrons between atoms, and a distortion

of the average charge-distribution from true spherical symmetry around
the atomic nuclei

; but, for reasons that will become clear later, the

error we make by assuming such a spherical distribution is small, and,
in what follows we shall do so.

We are interested only in the coherent scattering, which has the same
wave-length as the incident radiation, since only this is effective in

forming interference maxima. It is convenient to take as the unit of
scattered amplitude that due to a free classical electron. For our

present purpose, which is merely to obtain a convenient unit of scat-

tering, the fact that actual electrons do not behave as classical electrons

is of no consequence ; it is the natural

unit in terms of which the quantum-
mechanical scattering by electrons,

in such cases as interest us, is also

expressed. The problem of the

scattering of radiation by a free

electric charge was first solved by
J. J. Thomson 1

irt terms of the

classical electrodynamics, and we
shall quote his results.

Let the electron, when at rest, lie

at O, fig. II, the centre of a sphere
of radius R, and let PO, an equatorial
radius of this sphere, be the direction

of propagation of the incident wave, which is plane-polarised, with the

electric vector in the direction of the polar axis ON. Let EQe
ltai be the

value of the electric vector in the incident wave at the point O at any

P ^

FlG
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time t. Then, at the same instant, the value of the electric vector E,
in the scattered wave at a point Q on the surface of the sphere, whose

polar distance is <, is given by

(2.8)

In this formula, which is valid only when the radius R is large in com-

parison with the wave-length of the radiation, e and m are the charge
and mass of the electron, and c the velocity of light in free space. The
electric vector in the scattered wave is along the meridian QN, and its

value is independent of the longitude of Q, being axially symmetrical
about ON, the direction of the incident electric vector. The negative

sign in (2.8) indicates that the phase of the scattered wave is opposed
to that of the incident wave in the sense that the electric field in the

scattered wave at a point such as S, fig. 11, in the line of incidence, is

opposed to that in the direct wave at the same point (cf. Chapter IV,

1(6), p. 137).

For our present purpose it is convenient to consider the polarisation

of the incident wave relative to

the reflecting plane corresponding
to the directions of incidence and

scattering, PO and OQ.
In fig. 12, let PO, OQ lie in the

plane of the paper, and let OX be

the trace of the reflecting plane,

and OS the direction of the vector

S, which is normal to it. We
consider two cases of polarisation

in perpendicular directions.

Fio. 12 (i) Let the direction of the in-

cident electric vector be parallel
to the reflecting plane and normal to the plane POQ. In fig. 1 1, Q will

then lie on the equator of the sphere, and the scattered amplitude at a
distance R is -

(e
2
/mc*)/R times the incident amplitude.

(ii) Let the incident electric vector lie in the plane POQ, and so along
OR, which is perpendicular to PO, and makes an angle 7T/2-20 with
the direction of scattering OQ. Then the scattered amplitude will be
-cos 26(e

2
/mc

2
)/R times the incident amplitude.

We shall now assume the scattered amplitude due to a given atom to
be / times that due to a single classical electron under identical con-
ditions. The number /is called the atomic scattering factor, or often

simply the //actor of the atom. The corresponding German term is

Atomformfaktor, the not altogether satisfactory translation of which,
atomic-form factor, is sometimes used. For radiation of frequency
large compared with any of the atomic absorption frequencies, the
value of/approaches Z, the total number of electrons in the atom, for



INTENSITY OF REFLECTION OF X-RAYS BY CRYSTALS 31

small angles of scattering ; but it decreases rapidly with increasing
angle of scattering in a manner depending on the distribution of elec-
trons in the atom, which will be discussed in detail in Chapter III.

When /as here defined is positive, the electric vector in the scattered
wave in the direction of incidence is opposed to that in the direct wave,
corresponding to a phase change of -n on scattering. It should be noted,
however, that / is in general a complex number, corresponding to a

phase change on scattering neither nor TT.

Consider now a crystal composed of atoms all of one kind, with their
centres at the points of a space-lattice. With the radiation polarised
as in case (i) above (electric vector perpendicular to the plane containing
the directions of incidence and scattering), we should have to write in
the equations of II, 1(0) for the resultant scattering

(2.9)

On the other hand, if the polarisation corresponds to case (ii) (electric
vector in the plane containing the directions of incidence and scattering),
we must write

<f>
- -f(e

2
lmc

2
) cos 28. (2.10)

If the incident radiation is unpolarised, the average value of the electric

vector in each of the two perpendicular directions in the primary wave-
front is the same, and to get the scattered intensity we have to take the

average of the intensities corresponding to the two directions of polar-
isation ; for the phases of the vibrations in the two directions in

unpolarised light are independent. In the expression for the intensity
that we have derived in the preceding sections we have to put, for a

lattice consisting of one kind of atom only,

. CM.)

(c) The structure factor : If each unit of the structure is composed
of a number of atoms, with scattering factors/lf/2 , .../, the structure

amplitude A, equation (2.3), becomes

A = - F (e*/mc
2
) or A = - F (e

2
/mc*) cos 26, (2. 1 2)

according to whether the state of polarisation is (i) or (ii). Here

F-V/^s-P,. (2J3)
j

P, is now the vector fixing the centre of an atom, and the summation
is to be taken over all the atoms in the unit cell. F we shall call the
'structure factor'. Like/, it is dimensionally a pure number, and its

value depends essentially on the arrangement of the atoms in the unit

group.
For the direction of the spectrum hkl, the structure factor f(hkl) is

given by
(2.14)
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w,, *';, w,, being the fractional co-ordinates of the centre of the atom
whose scattering factor is / and the summation again being over all

the atoms in the unit cell.

(d) Phase changes on scattering and their effect on the structurefactor:
So long as we are dealing with a lattice consisting of identical atoms,
the question of a possible phase change on scattering is of no real

importance ; for it cannot affect the intensity of the resultant scattered

wave, but only its phase. This is no longer true when the unit cell

contains more than one kind ofatom, for the phase change on scattering

may differ for the different atoms, thus introducing into the structure

factor phase differences other than those due to the positions of the

atoms in the unit cell.

Such phase changes may be included in equation (2.13) for F without

changing its form, if we consider the atomic scattering factors /j,/2,
...

to be complex numbers. A complex amplitude always includes a phase
factor

; for let us suppose that /=/'+//".
Then we can put

/'+(TH/I (cos S + / sin S)
=
|/l *'

5
,

where

tan 8 =/"//', and |/| ^v^T/"*,
corresponding to a real amplitude factor equal to the modulus of/,
and a phase factor e'

5
.

Expression (2.13) for F is therefore general, and includes any phase
change on scattering, so long as the /-factors are understood to be

complex. It is perhaps well to point out at this stage that since we can
never measure the amplitudes and phases of X-ray spectra, but only
their intensities, which are proportional to |F (/;&/) |

2
, it is always the

modulus of F, and not F itself that is determined experimentally.
Phase changes on scattering become important only when the fre-

quency of the incident radiation is very nearly equal to the critical

absorption frequency of one of the atoms in the unit cell. In the

majority of cases this will not be so, and we can -treat any phase change
that may occur on scattering as being the same for all the atoms of the

unit. Under these conditions, we obtain from (2.14)

|F(A)|/2 |/J cos 2*0, + kv, f
/u>,)}

2

f /
I/, I

sin 1*(hut
+ kt, -f Av,)K (2.15)

^
j

J

\f(hkl)\ may in this case be called the "geometrical structure factor\
since it depends only on the atomic positions. It is this factor which is

used in calculating the space-group conditions, but it must be remem-
bered that equality of phase change on scattering for all the constituent

atoms of the structure is, in principle, a necessary condition for its

employment.
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Upon this condition too rests the assumption, usually made in crystal

analysis, that |F(/j/)| =|F(/J/)|, a result which follows at once from

(2.15), and which means that the intensity of reflection from opposite
sides of the same set of crystal planes is the same. This is sometimes
known as Friedel's law. 2 A consequence of its truth is that the actual

symmetry of a crystal may always be lower by the absence of a centre

of symmetry than the apparent symmetry as observed by X-rays ; or,

in other words, that X-rays cannot show the polarity of crystal struc-

tures. In principle, however, this statement is untrue if the different

atoms in the polar structure scatter X-rays with different phase changes,
and this has been confirmed in

some beautiful experiments with

zinc-blende by. Coster, Knol and
Prins. 3 In the ZnS crystal (Vol. I,

p. 53), planes of zinc and sulphur
alternate parallel to the face (1 1 1),

as shown in tig. 13, the distance

between the close pairs of Zn and
S planes being one quarter of the

whole (111) spacing. The struc-

ture is polar, for the aspect of

each of the close pairs of planes

depends upon whether it is being
viewed from one side or the other.

Let us suppose now that phase
changes 8j and 8 2 are produced
respectively when atoms of sulphur
and zinc scatter. The phase dif-

ference between the rays B and A
when the reflection occursfrom one
side of the planes is &o + &*-&i,
8 being the phase difference

corresponding to the separation of the Zn and S planes. On the other

hand, the phase difference between the rays D and C when the reflection

takes place from the other side of the planes is 8 + 8
t
- S2 , and these

are not equal unless 3,
- 82 , when each becomes equal to 8 .

Coster, Knol, and Prins used the La! and La2 radiations from gold , which
have wave-lengths 1273-77 X units and 1285-02 X units respectively.
Now the K absorption edge of zinc lies at 1280-5 X units, between
the La

x and La2 lines, and we should expect, from the theory of scatter-

ing, that the phase change on scattering from Zn would differ consider-

ably for the two radiations. On the other hand, since the absorption

edge for S lies nowhere near the L lines of gold, we should expect the

phase change on scattering from S to be the same for each kind of

radiation. One might therefore expect the relative intensities of

reflection of the La, and L 2 radiations of gold to differ appreciably

Zn

.Zn

C D
FIG. 13. Illustrating reflection from

opposite faces of a polar crystal
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according to whether the reflection takes place from (1 1 1) or from (TTT).
The photometer curves obtained by Coster, Knol, and Prins are shown
in fig. 14, (PI. I), and exactly confirm this prediction.

(e) The temperature effect and the structure factor : Expressions
(2.13) and (2.14) for the structure factor are deduced on the assumption
that the atoms are at rest. In real crystals they will be in vibration,
owing to the thermal agitation and the zero-point energy of the lattice.

We can easily allow for this formally by writing for/in the expressions
for the structure factor

/=/o*-
M

, (2.16)

where / is the effective scattering factor under the actual conditions
and / is the

scattering
factor for the atom at rest. M is given by

equation (7.33), u* being now the mean-square displacement of the
atom in a direction normal to the reflecting planes. In a composite
unit cell the different types of atom will not as a rule have the same
mean-square displacements, so that M will in general be different for
each atom in the unit cell. The temperature effect is discussed in

detail in Chapter V.

2. REFLECTION FROM CRYSTALS
WHEN DYNAMICAL INTERACTION MAY BE NEGLECTED

(a) Introductory : In this section we shall deduce formulae for the
intensities of the spectra produced when X-rays are diffracted by a

crystal whose volume, although containing a large number of unit cells,
is yet so small that the assumption that there is no appreciable re-

scattering or absorption of the radiation is valid. The problem is still

essentially that dealt with in Chapter I, but we shall here be concerned
with the calculation of the intensities in a form suitable for direct com-
parison with experiment.
We have seen that one way of considering the formation of diffraction

spectra is to think of them as produced by the agreement in phase of
those? fractions of the incident radiation that are reflected at the succes-
sive atomic planes as the X-ray beam sweeps through the crystal. The
crystal units lying on any net-plane of the crystal give rise to spherical
scattered wavelets, and these combine according to Huyghens' principle
to form what is effectively a reflected wave. We may consider the
amplitude of the beam scattered by the crystal as a whole to be the
resultant of all such reflected waves. This method of using the reflec-
tion from an atomic plane as the unit of amplitude was introduced by
W. L. Bragg, and intensity formulae were deduced in terms of it by
C. G. Darwin,

4 and later by A. H. Compton,
5 and by W. L. Bragg,

R. W. James and C. H. Bosanquet,
6 on whose treatment the method

given here is based.





PLATE I

(a) (W

FIG. 14. The gold lines Lc^ and La2 reflected in the first order from the

octahedral faces of zincblende, (a) from the front face, (b) from the rear

face (Koster, Knol, and Prins)

(Zeit.f. Physik, 63, 345 (1930))

(P. 35)



INTENSITY OF REFLECTION OF X-RAYS BY CRYSTALS 35

FIG. 15

(b) The amplitude reflected by a plane sheet ofatoms : We shall first

consider the amplitude of the wave reflected by an infinite plane sheet

of atoms, each of which scatters the incident X-rays.

Suppose A, fig. 15, is

the source of the radia-

tion, and let the amplitude
of the reflected wave be

required at B. Let the

plane APB be normal to

the plane of atoms, and
let AP, PB make equal

angles 6 with this plane.

Then P is such that the

distance APB is the

shortest distance from A
to B via the plane. Let M be a point of the plane such that the distance

AMB is greater by A/2 than the distance APB. Then M is on the

edge of the first Fresnel zone corresponding to the points A and B,

and the whole zone boundary, which is the locus of points such as M,
is an ellipse having P as centre and the trace of the plane APB on the

reflecting plane as major axis. Proceeding in this way, we may divide

the surface of the plane up into the successive Fresnel zones, all of

which are elliptical. In the usual Fresnel construction, we are dealing
with a wave-front which is supposed to contain the sources of an

indefinitely great number of Huyghens wavelets. Here we have a set

of actual sources, and, if we are to apply the Fresnel construction, we
must show that the scattering points are closely enough set on the

planes, in comparison with the areas of the zones, for them to be

considered effectively as having a continuous distribution. The area

of the first zone is easily shown to be

777%

T! + r2 sin B
(2.17)

where r, and r2 are the distances AP and BP respectively. Now let us

suppose that ^ is large, corresponding to a nearly plane incident wave,
and that r2 is one centimetre. The area of the first zone is then

7rA/sin0. For the least favourable case we take sin =
1, and since

A~ 10~8 cm., the area is then about 3 x 10~8
sq. cm. This seems very

small, but we must remember that in an average crystal net-plane there

are about 1015 atoms per sq. cm., so that the number in the first zone in

the case we have considered is about thirty million. We shall not,

therefore, make any appreciable error in assuming a continuous dis-

tribution of scattering points.

The ordinary Fresnel construction shows that the resultant amplitude
is equal to half that due to the scattering points lying within the first

Fresnel zone; and the resultant amplitude due to the first zone is 2ln
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times the sum of the amplitudes due to the individual points. Further,

the phase of the resultant wave at B is a quarter of a period behind that

of a wavelet scattered by the point lying at the pole P. Let there be n

atoms per unit area, and let A be the amplitude at unit distance of the

wave scattered by a single atom when the incident amplitude is unity.

All the atoms in the first zone may be considered as lying at the same
distance r2 from B, and each therefore contributes an amplitude A/r2 .

Using (2.17), and the results of the Fresnel construction, we may there-

fore write

Amplitude at B 1 Trr^g A A 2

Incident Amplitude 2 ^ + r2 sin r2 n

If the incident wave is plane, or nearly so, we may neglect r2 in com-

parison with rl9 ami in this case q, the ratio of the reflected to the incident

amplitude, is given by

This expression takes no account of the phase-lag of a quarter of a

period referred to above. We may allow for this by writing the

reflection coefficient in the form -
iq, since e~ t7T/2 = -

1. If/is the atomic

scattering factor of an atom, A = -f(e
2
/mc

2
) when the incident wave is

polarised with the electric vector perpendicular to the plane APB. In

this case therefore

This is not the most convenient form of the expression when we are

dealing with one of a number of parallel planes arranged at a distance

a apart to form a crystal. IfN is the number of atoms per unit volume,
n = Ntf, so that (2.18) becomes

--=/
It is easy to extend the proof we have given to the composite crystal

unit, when each simple atomic plane becomes a group of parallel

planes. The necessary modification of (2. 19) is simply the replacement
of/by F, the structure factor of the unit group of atoms, N being
then the number of unit groups in unit volume. The complex re-

flection coefficient, which takes account of the phase as well as the

amplitude of the scattered wave, may then be written

-
tq
- + / (NflA/sin 6) F (e

2
/wc

2
), (2.20)

a formula first given by C. G. Darwin.4

(c) Reflection by a crystal slab of infinite lateral extent, composed of
a number of planes : We shall now consider the amplitude at a point
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Q, fig. 16, when a train of plane waves polarised with the electric vector

perpendicular to the plane of incidence falls at a glancing angle upon
a series of parallel scattering planes,

whose spacing is a. The radiation

reaching Q from the first plane
comes effectively from the area

round P which contains the first

few Fresnel zones. Let QP be

produced backwards cutting the

successive planes in P', P", ... .

Then, so far as the point Q is

concerned, the effective region of

the crystal is confined to a small

cylinder, having QPP'P" ... as axis

and a diameter a few times that FIG. 16

of the first Fresnel zone. The
diameter of this region depends on the distance QP, which we shall here

take as large in comparison with the total thickness of the set of planes

considered, so that the Fresnel zones on all the planes may be taken as

equal in area.

Each plane scatters an amplitude q given by (2.20), but there is a phase
difference between the amplitudes contributed by successive planes

equal to 477-0 (sin 0)/A. Let be the angle corresponding to exact

agreement in phase between the reflections from successive planes, that

is to say, to the direction of a spectrum. We shall consider the reflec-

tion only in the near neighbourhood of , and write

= + e,

e being small. When =
, the phase difference between the waves

reflected from successive planes is an integral number of times 2rr, and

so effectively zero. If becomes + this effective phase difference

becomes, since is small,

r- {sin(0 + ) -sin }= - cos = 8. (2.21)

We shall now calculate the resultant amplitude due to p successive

planes, making the following assumptions :

1. That the crystal is so thin that there is no appreciable absorption
of the radiation in the/; sheets.

2. That the effect of the interaction of the scattered and incident

radiation-fields can be neglected. This is equivalent to assuming a

refractive index unity, as we have so far done throughout the work.

The amplitude of the incident radiation being A , A, that of the

resultant reflected wave at Q, is given by

_,-*...*.-..,-,. cua
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Let Ie and I be the corresponding intensities, or the energy passing

per sq. cm. per sec., in the incident and reflected beams respectively ;

and let us put

Then R(e) is obtained by multiplying (2.22) by its conjugate complex

quantity, and this gives, exactly as for equation (/.ll),

(2.23)
sin2(Be)

'

where B has been written for 2?ra(cos )/A.

The expression for the intensity due to p planes is thus of the same
form as that due to a diffraction grating of/? elements, so that the range
of values of the angle of incidence over which the reflected intensity

will be appreciable is very small if p is at all large. We have seen in

Chapter I, l(c) that the angular range of reflection is of the order of

seconds of arc ifp is of the order of a few thousand ; but nevertheless

there is always a finite range of reflection, and it is convenient to take

as a measure of the intensity of a spectrum the integrated intensity,

I R ()rfe, over the range of appreciable reflection in the region of the

intensity maximum.
In the case we are now considering, the crystal planes and the wave-

fronts of the incident beam are supposed to be of infinite lateral extent.

The reflected wave-fronts are therefore also infinite, the intensity being

everywhere constant, and we have to consider the energy reflected

through some finite area.

.
s Let the area S, fig. 17, be

perpendicular to the reflected

beam when the angle of re-

flection is . This area does

not remain perpendicular to

the reflected beam as c

varies ; but the angular range
over which the reflection is

appreciable is so small that

this introduces no error. Let

us suppose the crystal to rotate with a uniform angular velocity co

about an axis parallel to the reflecting planes and perpendicular to the

direction of incidence. Then it takes a time </e/co to rotate through
the very small angular range de, and throughout this range the energy

persq.cm. per sec. in the reflected beam is I R(). If E, is the total energy

passing through S when the crystal rotates with angular velocity co

through the whole reflecting range, we have

dt
, (2.24)

FIG. 17
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or ~ = S
J

R (c) rfe, (2.25)

which is independent of the rate of rotation, since E, varies inversely
as w. Equation (2.25) thus furnishes us with a way of determining

I R(e) df, and it will be convenient for the time being to base our argu-

ment on this method, although the results obtained are more general.

By (2.23), the last equation becomes

a^
(2.26)

The integrand in (2.26) has appreciable values only when e is very small.

We can thus assume \q\
2 to be constant during the integration, and

equal to its value for =
,
or e -0, and may also take sin (Be) as equal

to Be. If now we put p& =
jc, (2.26) becomes

v ax-
I B J_ w x2

-
B

We may take the limits of integration in the last equation as <*>
;

for, since the integrand has values appreciably different from zero

only near x =
0, the precise limits are unimportant. Putting in the

values of q and B from (2.20) and (2.23) we get

(2.27)
I sin 20 \mc2J sin

Now paS/sin is the volume of the crystal slice intercepted by the

cylinder which has S for base, and whose axis is in the direction of

reflection . Let us call this volume Av
t . Then

=Q,^( where Q.-- |

F
|-

. (2.28)

We have so far supposed the incident radiation to be polarised with

the electric vector perpendicular to the plane of incidence. Had the

electric vector lain in the plane of incidence, the appropriate value of

the structure factor would have been F cos 20, instead of F. In this

case the last equation would have taken the form

^ =Q2Avn where Q2
- Q, cos2 20 . (2.29)

lo

If the incident radiation is unpolarised, we must write

- Q Avn where Q = } (Q x
+ Q2)

~ Q,

(d) Reflection by a small crystal ofanyform : We shall now suppose
the crystal to be of finite lateral extent, and to have any form, and shall
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calculate the total energy reflected from such a crystal fragment as it is

rotated through the reflecting position.

Consider, as before, the energy passing through a plane AA' (fig. 18)

perpendicular to the reflected beam, and let this plane be divided into

a number of elements. As
the crystal rotates through
the reflecting position, the

total energy which passes

through any element of area

such as ds in fig. 18 is Q
times the volume of the

crystal fragment intercepted

by the cylinder having the

element ds as base, and the

direction as axis. If this

is so, the energy reflected

by the whole crystal must

evidently be Q times its total

volume.
HG - l g This argument presupposes

that the radiation reflcctcdby
the small cylindrical crystal element defined by ds has not spread

appreciably by the time it arrives at the plane AA'. This, in its turn,

requires that the areas of the crystal planes cut off by the cylinder should

each contain a number of complete Fresnel zones. Now the size of the

Fresnel zones depends on the distance of the plane AA' from the crystal,

and, by choosing this small enough, we can satisfy the required condi-

tions for all the elements of volume. The plane must not, of course, be

chosen too near the crystal, or the zones become so small that the

distribution of scattering points in them cannot be taken as continuous.

The discussion in II, 2(6) shows, however, that, with a wave-length of

10~ 8 cm. there will still be about a thousand points in the first zone,
even if the distance of the plane from the crystal is reduced to 10 :> cm.
At this distance, the area of the first zone will be about 10 12 cm.2

,

and its linear dimensions, therefore, of the order of 10~6 cm. It is

evident then that the argument may be applied to exceedingly minute

crystals. Since we are interested only in the total energy reflected from
the crystal, which will be the same for all planes such as AA', and not

in the distribution of energy over these planes, it is only necessary that

it should be possible in principle to find a plane to which the argument
we have used may be applied.
We have thus the following very important result :

The total energy, E, which is reflected by a piece of crystal so small
that the absorption of radiation within it may be neglected, as it rotates

with uniform angular velocity tu about an axis parallel to a set of crystal

planes, and through a range of angles including a spectrum reflected
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from these planes, is proportional to the volume Av of the piece of

crystal. We have, for the case of unpolarised radiation,

~=Q^, (2.30)
J o

I being the energy incident per unit area in the beam, and Q being

given by

sin 20
' '

\mc

(e) The integrated reflection : The quantity Eo>/I is called the

integrated reflection from the crystal element. Its definition in terms

of co, although convenient for the derivation of the formula, and for its

application to the case of reflection from large crystals, is nevertheless

rather artificial. The value of the integrated reflection does not depend
on o>, and it must be possible to define it without bringing in the idea of

angular velocity. It is easy to do this for the crystal element.

Let P(0) I be the radiation reflected in the direction by the whole

crystal fragment, so that P(0) may be called the reflecting power of the

whole element. Then the total energy E reflected during the rotation

considered above is evidently given by

E-fp(0)I/*, or
E
"=\P(0)dO. (2.32)

J OJ I J

We may thus define the integrated reflection from the crystal element

by the integral in (2.32). We have finally

P(0)rf0-QJi-, (2.33)

a formula that we shall use in considering reflection by powdered
crystals. We have here expressed the integration in terms of instead of

e, as we can do, since = -f e.

(/) The integrated reflection derived from an integration in the

reciprocal-lattice space : It is interesting to deduce the formula for the

integrated reflection from a small crystal block by the methods of

l(c) of Chapter I, which involve the idea of the distribution of the

interference function in the reciprocal-lattice space. If J is the intensity

of the radiation scattered by a crystal block under the conditions defined

by the point (, rj, ) of the reciprocal-lattice space,

BI /R
2

. (2.34)

J is here the energy passing per unit area per unit time through a plane

perpendicular to the direction of scattering, and at a distance R from

the crystal which is large in comparison with its linear dimensions.
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is a factor depending on the state of polarisation of the incident radi-

ation, which is equal to (1 + cos2
20)/2 for the case of unpolarised

radiation.

In fig. 19, let M be the reciprocal-lattice point corresponding to the

spectrum considered, and let the shaded area around it denote the

region within which the in-

terference function I has

appreciable values. Let the

sphere of reflectionbedrawn

corresponding to the exact

reflection of the spectrum
M. The sphere then passes

through M; LO is the direc-

tion of incidence, and LM
the direction corresponding
to the maximum intensity

of the spectrum. For a

given direction of incidence

LO, diffraction can take

place in a variety of direc-

tions corresponding to the

intersection of the sphere
of reflection with the inten-

sity distribution around M.
If dQ is a small solid angle containing such a direction of diffraction

LM', the energy diffracted within it for the given angle of incidence is

JR*dQ since R2
rf is the area intercepted by the solid angle on the

surface of a sphere of radius R. The total energy diffracted for this

angle of incidence is therefore JR2
rfQ.

We are concerned in practice with diffraction over only a very small

total range of solid angles, so that if (x, y) are the rectangular co-

ordinates of the intersection of LM' with a plane through M and

perpendicular to LM, dQ = dx dy/LM2 = A2 dx dy. Thus

FIG. 19

{- \Jdxdy- (2.35)

Now suppose the angle of incidence to be varied in such a way that LO
moves in a plane containing O, M, and the original direction of LO.
This is equivalent to the motion of sweeping the crystal through the

reflecting position on an X-ray spectrometer, for example. If LO
moves through a small angle rfe, a point M" on the sphere, originally

coinciding with M, moves perpendicular to OM through a small distance

|S| A/A, and the sphere of reflection in the immediate neighbourhood
of M moves nearly parallel to itself through a distance |S| cos <//A
=dz say, where z is perpendicular to x, and y. The total integrated
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reflection
J
P(0)dd will be the sum of the reflections for all the positions

of the crystal relative to the incident beam, and so to f J^e. By (2.35)

therefore, since |S| =2 sin 6,
*

f P(0)d0-AR f Jdxdydc**-?^. {jdxdydz. (2.36)
J J sin 2"o J

We now substitute the value of J given by (2.34) in the integral, and
since the integrand has appreciable values only very near M, the

reciprocal-lattice point, we may use for F its value at that point, and
take it outside the integral sign. Thus

The integral is to be taken through the relevant region of the reciprocal-
lattice space, of which dx dy dz is an element of volume. The inte-

gration may be carried out with respect to , T?, and by substituting
for dx dy dz the element of volume z>* dg dy d=dt; drj dt.lv where v* and
v are respectively the volumes of the unit cell in the reciprocal lattice

and the crystal lattice.

For a crystal having the form of a parallelepiped, (/.21a) shows that

the required integral is the product of three integrals of the type

If Nj is large, irf will always be small in the relevant region, and we
may replace

sin2
(7r) by (*)* in the integrand, and may then extend

the limits of integration to 00
. Thus

-*-".-

and
JI

dx dy dz = N^N,/*. (2.39)

If now n is the number of lattice-cells per unit volume, and V is the
total volume of the crystal, nV =N

1
N2N3, so that l^NjNj/0 = *2

V, and
by (2.37)

which is equivalent to equations (2.30) and (2.31) if the incident
radiation is unpolarised.

(g) The crystal mosaic : We have seen that the range of angles over
which a piece of crystal will reflect an X-ray spectrum should be of the
order of only a few seconds if the thickness of the crystal exceeds a
few thousand atomic planes. Now many real crystals reflect over
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ranges much greater than this, in some cases over a degree or more,
and such behaviour suggests that the apparently single crystal consists

in reality of a series of independent crystal regions which are nearly
but not quite parallel to one another. To treat such a case mathe-

matically, we shall suppose that each such region consists of a small

crystal block, like that considered in the last section, throughout which

the planes are quite regular and parallel, and which is small enough
for absorption in it to be neglected. The complete crystal is supposed
to be composed of a very large number of such blocks, whose planes
are nearly parallel, but distributed in orientation over a range of angles

small, yet considerably greater than the angular range of reflection from
a single block. Such a composite crystal we shall refer to as a mosaic,

a term introduced by Ewald.

The reflections from the different blocks of a mosaic are optically

independent, in the sense that no regular phase relationships exist

between them, so that to get the total intensity reflected by the crystal

we have simply to add the intensities reflected by the individual blocks.

In real crystals such sharply defined little blocks probably do not

exist, and the dislocations may be due to warping of the planes, or to

other causes. Their optical behaviour with respect to X-rays will,

however, be similar to that of the ideal mosaic, if exact regularity does

not extend over more than a few thousand atomic planes without some
small dislocation. Not all real crystals are mosaics. As we shall see,

perfect crystals, or very close approximations to them, do exist. The
treatment of reflection from a perfect crystal is, however, rather compli-

cated, and we have preferred to deal first with the easier case of the

mosaic, which does, moreover, appear to correspond fairly closely to the

state of a large number of real crystals.

(h) Intensity formulae for mosaic crystals :

(i) Reflection from a face : We now consider the case of a large piece
of crystal with an extended face parallel to the mean direction of a set

of planes in the mosaic blocks which would form a spectrum at a glancing

angle . An incident X-ray beam of intensity I and cross-section S

falls on the face, which is large enough to intercept the whole of it.

FIG. 20. Reflection from an extended face of a mosaic crystal
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Let dE be the contribution to the total energy E reflected by the

crystal during a rotation with angular velocity w through the reflecting

range from a block of volume dv lying in the path of the incident beam,
and at a depth z below the surface of the crystal (fig. 20). The radiation

reflected from this block has traversed in all a distance 2z cosec in

the crystal before it leaves it, and has had its intensity reduced thereby

by a factor e
" 2^ (t ^\ where p, is the linear absorption coefficient of

the radiation in the crystal. By (2.30) we have therefore for dE the

equation

(2.41)

The total energy reflected by the whole crystal during a rotation through
the range over which the mosaic reflects is obtained by integrating

(2.41) over the whole volume of the crystal which is irradiated. We
may take as a convenient element of volume for the integration a slice

of the irradiated region of thickness dz, parallel to the crystal surface

and at a distance z below it ; for the absorption factor will be the same
for the whole of this element. Its volume is S cosec O^dz, and if the

thickness of the crystal is so great that no radiation gets through it,

we have from (2.41)

Q f
J

so e-
2""*"** cosec dz = . (2.41a)

We have taken the angle of incidence as constant and equal to B in

the integration, since appreciable reflection is confined to a very small

range of angles on either side of this direction.

The energy current per unit area in the incident beam is I so that

JoSo(
^

') *s the t ta ' energy falling per unit time on the crystal. We
have therefore

Suppose now that R(0) is the fraction of the total incident beam of

radiation that is reflected at an angle 6. Then, just as in equation
(2.24), we have

~, or Eco/I-fR(fl)</0. (2.42a)

The quantity Ecu/I, or
JR(0)</0,

is known as the integrated reflection

from a crystal face, and has the physical dimensions of a pure number.
The formula we have deduced here is of great importance in connection

with the measurement of intensities of reflection from large crystals by
means of the X-ray spectrometer.

(ii) Reflection through a crystal plate : Instead of reflecting from a
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crystal face it is often more convenient to reflect through a plate of

crystal from a set of planes nearly normal to its surface.

Let us consider a spectrum
formed by reflection at a glancing

angle from a set of planes which
are normal to the surface of a

parallel-sided plate of crystal of

thickness / (fig. 21). The total

distance travelled in the crystal by
the radiation reflected from each

element of volume is here the

same, and is equal to / sec . If

the crystal is a mosaic, we have at

once from (2.30)

EOJ
= Qe-**.So/ sec , (2.43)

*o

for S r sec is the total volume
of the crystal plate irradiated by
the incident beam. If I is the

total energy incident in unit time on the crystal, I =I S , and

/

FIG. 21. Reflection through a crystal

plate

R()d9- Ecu/I - (2.44)

where /' = / sec , and is the distance travelled in the crystal by any ray.
We notice here that the integrated reflection has a maximum value for

a given kind of crystal and a given wave-length if

'' = !//* (2AS)

This restricts the application of the method to crystals of moderate

absorption coefficient for the radiation employed ; but it is in many
cases a very powerful method of comparing rapidly the intensities of a

large number of spectra all belonging to the same zone.
The formula is rather more complicated if the reflecting planes are

not perpendicular to the surface of the crystal plate. The general
formula for a crystal plate of thickness t can be written in the form 8

(2.46)
f* q-P

where /?=/* sec x sec (0-rj), 0=/isecxsec(0 + 7?). Here, x is the angle
between the normal to the surface of the plate and the plane of reflection,
which contains the axis of rotation, and 77 is the angle between the axis of
rotation and the projection of the normal to the plate on the plane of
reflection.

(i) Reflection from powdered crystals : In the examples we have so
far considered, we have given the crystal an opportunity to reflect at
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all settings relative to the incident beam by rotating it. Another way
to achieve the same end is to powder the crystal. If the orientation
of the fragments is random, we are

again in effect giving the crystal
an opportunity to reflect at all

possible settings. This is the

principle of the Debye-Scherrer
method. (See Vol. I., p. 33). We
shall now calculate the intensity
reflected into a given halo.

Let P, (fig. 22), be a small
mass of powdered crystal, whose
volume V is so small that we can

neglect absorption of the radiation
in it, and is yet large enough to

contain so many powder particles
that their orientations may be
considered as having a continuous random distribution. Let AP be
the direction of the incident beam, whose intensity is I , and let

us consider those spectra reflected from the crystal particles at a

glancing angle 6. The diffracted rays all lie on a cone of semi-vertical

angle 20, whose axis is the direction of the incident beam, and if the
orientation of the particles is truly random, the intensity distribution
about this axis for a given angle of diffraction will be uniform. Now
the normals to the crystal planes which contribute to this halo all lie

in the neighbourhood of a cone whose semi-vertical angle, reckoned

FIG. 22

from A, is - - 6 (fig. 22). Let us consider all fragments for which the

normals to the plane in question lie between the two cones whose

semi-vertical angles are -6 and --
(6 dd). With a random dis-

tribution of orientations, the chance that a normal lies between these
two cones is equal to the ratio of the area cut off between the two
cones from the surface of any sphere with P as centre to the whole
area of the surface, or to cos dd. Suppose there are N particles in

all; a number N cos 9d8 will be set with their normals lying within
the given range, and if P(0) is the average reflecting power of a particle,
as defined

or^p. 41, the total energy reflected by them into the halo
will be iNI P(0) cos OdO. P, the total energy reflected into the halo
by the planes of the type considered, may be obtained by integrating
this last expression over all values of 0. Again onty a very small range
of angles in the neighbourhood of is effective, and we take cos as

constant, and equal to cos in the integration. This gives, by (2.33)
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or -- =
J cos (

Io

if dv is the average volume of a crystal particle, and N dv = V, the total

volume of the powder.
We have also to take into account the possibility of a number of sets

of planes with different crystallographic indices having the same

spacing, and so reflecting into the same halo. Let there be p such

separate sets : then finally

Io

'V. (2.47)

The opposite sides of the same set of planes must here be taken as

distinct, that is to,say, we count (hkl) and (Tiki) as two different sets of

planes.

Equation (2.47) gives the energy reflected in unit time into the whole
halo. To calculate that reflected into a short length / of the halo,

small compared with its radius, we must multiply (2.47) by Ijlnr sin 20 ,

r being here the distance of the halo from the crystal specimen. This

gives

JL_*L
I S-rrr sin 6

t

rQV- (2.48)

In the various methods which employ powdered crystals, absorption
in the specimen has to be taken into account, and the allowance to

be made depends on the precise geometrical arrangement (cf. for

example, A. J. Bradley, Proc. Phys. Soc., 47, 879 (1935)). The neces-

sary corrections will be discussed in the volume on methods. We shall

here consider only one interesting example.

Suppose a beam of X-rays of intensity I and cross-section S
,
whose

direction AB lies in the plane of the paper in fig. 23, to fall on a parallel-

sided slab of powdered crystal of

thickness /, whose surface is perpen-
dicular to the plane of the diagram.
Consider the radiation reflected

through the slab in a direction making
an angle 20 with that of the incident

beam. We shall calculate P/, the

energy that falls into the slit of an

ionisation chamber whose length per-

pendicular to the plane of the diagram
is /, and which is distant r from the

crystal.

Both the directly transmitted beam
and that reflected from any part of the slab have traversed the same

distance, t sec , in the crystal, and the total volume irradiated is

(p'lp) S f sec > where p and p are the densities of the powder

FIG. 23. Reflection by slab of
powdered crystal
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slab and of the crystal in bulk, respectively. If then I, is the total

energy transmitted per unit time in the direction of the incident

beam, the above considerations, together with (2.48), lead at once to

the result

P< - plt p
'

By moving the ionisation chamber to receive first the directly transmitted

beam and then the reflected beam, the ratio P,/I, may be measured,
and hence Q may be determined.

As in the case of reflection through a crystal slice, there is an optimum
thickness for the slab of powder, P, being a maximum when / sec
=

I//A', where // is the linear absorption coefficient of the slab for the

radiation. This method has been used by Bearden 9 to measure
absolute intensities from powdered crystals.

Instead of the transmitted beam, the radiation diffracted from the

surface of a slab of crystal powder so thick that it transmits none of

the incident radiation is sometimes used. 10 Let a be the glancing angle
made by the incident beam with the surface of the slab, and let ]3 be

the corresponding angle for the diffracted beam, so that a+ = 20 .

Consider a layer of the powder slab of thickness dz, parallel to the

surface of the slab, and at a depth z below it. If the incident beam has

a cross-section S , the volume of the crystal particles in this layer
irradiated by it is S (p'//>) cosec a dz. The radiation in any diffracted

beam coming from this layer has traversed a distance z (cosec a + cosec j8)

in the powder slab before reaching the surface, and the effective linear

absorption coefficient is /x(p'/p), P being the linear absorption coefficient

of the crystal in bulk. Using these data, and equation (2.48), it is

easy to show by an obvious modification of the method used in 2(/*) (i)

of this chapter, for the mosaic crystal, that

-
(2.50)

1

Here, I is the total power, or energy passing in unit time, in the

incident beam, and P is the power in that part of the diffracted beam
that enters an ionisation-chamber slit of height / at a distance r from
the crystal specimen.

(j) Secondary extinction : In the formulae that we have deduced for

the integrated reflection from mosaic crystals it has so far been assumed
that the appropriate absorption coefficient is the ordinary linear coef-

ficient for the crystal. This is, however, not quite correct. The
radiation which reaches any block lying at a depth below the surface

in a mosaic crystal has passed through other blocks, some of which

will be set with their planes so nearly parallel to the block we are
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considering that they will reflect radiation at the same setting of the

crystal. While any block is reflecting, therefore, the intensity of the

radiation reaching it is reduced not only by the ordinary processes of

absorption, but also by reflection from the nearly parallel blocks

through which the incident beam has passed ; and the intensity of the

reflected beam also suffers diminution in a similar way on the outward

path. The contribution from every crystal block to the integrated

intensity has suffered this extra diminution, and formally this may be

allowed for by using in the expressions for the integrated reflection an

effective absorption coefficient, in excess of the ordinary coefficient by
an amount which is greater the smaller the range in orientation of the

mosaic blocks, and the greater the intensity of the spectrum concerned.

The existence of this effect was pointed out by W. H. Bragg,
11 and

was measured for rock salt by W. L. Bragg, James and Bosanquet,
7

who concluded that the increase in the absorption coefficient appropri-
ate to any spectrum was proportional to the intensity of that spectrum.
The matter was considered theoretically by C. G. Darwin,

12 who showed
that instead of the ordinary linear absorption coefficient /x an effective

coefficient p,f given by

(2-51)

should be used, where g is a constant coefficient for a given crystal

specimen, depending on the nature of the mosaic, and Q has the

significance of (2.31). This effect was termed by Darwin secondary
extinction. Its full discussion must be postponed until we have con-

sidered reflection by large perfect crystals ; we have introduced it here

to complete the discussion of the formulae for mosaic crystals. A
detailed discussion of the effect will be found in Chapter VI, 1.

(k) Summary offormulaefor intensity of reflection by mosaic crystals:

Before proceeding further we shall give a brief summary of the for-

mulae for the intensity of reflection which we have so far obtained.

Throughout, the assumption has been made that there is no inter-

action between incident and scattered radiation, and that each wavelet

taking part in the interference has been scattered once only.

1. All the following formulae are based on that for reflection from
a small crystal element of volume dV in which absorption may be

neglected. This is

(2.52)

E is the energy reflected by the crystal when it rotates with uniform

angular velocity o> about an axis parallel to a set of crystal planes
which reflect a spectrum at a glancing angle . I is the energy incident

per unit area per unit time in the incident beam. P (0) is the reflecting

power, at an angle 9, of the crystal element per unit incident intensity.
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2. For reflection from the face of a large crystal mosaic,

Y '

<2 - 53 )

3. For reflection through a plate of mosaic crystal,

Ew C_= R(d)cld = Qt'e "'', (2.54)
1 J

where t' is the distance travelled by any ray in the crystal.

In (2) and (3), I is the total energy incident on the crystal in unit

time, and R(0) is the reflecting power per unit total incident energy:

/LC
is the effective linear absorption coefficient, corrected for secondary

extinction by (2.51).

4. For a small volume V of crystal powder, in which absorption can

be neglected,

- =
|/> cos Q QV. (2.55)

P is the total energy reflected per unit time into a halo corresponding
to a glancing angle ; P is the number of sets of co-operating planes,

(hkl) and (Kiel) being counted as different sets.

5. For PI the energy reflected into a length / of the halo at a distance

r from the crystal,

Nb-?ti Qy - (2 - 56>

6. For reflection through a slab of powdered crystal of thickness /,

L_y o (257)( D }

PJl t
is the ratio of the energy reflected through the slab into a length

/ of a halo at a distance r, to the total directly transmitted energy, and

P and p are the densities of the slab of powder and of the crystal in

bulk respectively.

7. For reflection from the surface of a thick slab of crystal powder

P
=

:

P^-. .

-
. (2.58)

I 8?T/Ltr sin (1 + sin a/sin p)

P/I is the ratio of the energy reflected into a length / of a halo at distance

r to the total incident energy ; n is the linear absorption coefficient of

the crystal in bulk ;
a is the glancing angle of incidence of the radiation

on the slab, and ]8 the corresponding angle for the diffracted beam. In

all these formulae, if the incident radiation is supposed unpolarised,

~ N2A3 ,_/<>2
\ 2 l+cos2 20

In the next section we shall have to consider under what conditions
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the assumptions on which these formulae are based are valid, and how
they have to be modified when these conditions are no longer fulfilled.

3. REFLECTION FROM PERFECT CRYSTALS

(a) Introductory: We have now to take into account certain factors

which have been neglected in the preceding sections. It was there

assumed that the primary beam passed through the crystal with the

velocity of light in free space, c, and without loss of intensity. The
latter assumption evidently cannot be true when a spectrum is produced.
The very existence of a reflected beam shows that energy must have
been abstracted from the primary beam, quite apart from any losses

due to photoelectric absorption, or to incoherent scattering. With an

infinitely thick crystal, the assumption would in fact lead to an infinite

reflected beam an evident absurdity. So long as we are dealing
with small crystals the assumption is justified, since the losses by
scattering at each plane are small, and are greater than the losses by
ordinary absorption, but it ceases to be valid for a large crystal.

When the angle of incidence has an appropriate value, a reflected

wave is produced whose intensity is of the same order of magnitude
as that of the incident wave. This reflected wave will also meet the

crystal planes at the correct angle for reflection, and so will be reflected

a second time, back into the direction of the primary beam. This
effect we have so far entirely neglected. If regularity of the crystal

planes persists over a large volume of the crystal, the twice reflected

beam that builds up will have definite phase-relationships with the

primary beam, and must modify its amplitude considerably. A full

treatment of diffraction by a crystal lattice must therefore include the

effect of such multiple reflections.

Finally, the assumption that the radiation travels through the crystal
with a velocity c cannot be justified. In addition to the reflected wave
from each plane, a wave is scattered in the forward direction whose phase
differs by about a quarter of a period from that of the incident wave.
Scattered and incident waves together build up a wave differing slightly
in phase from the incident wave, and this happens at each plane of atoms
which the wave traverses. The resultant wave thus passes through the

crystal with a modified phase-velocity, and it is, of course, the phase-velo-

city that interests us in diffraction problems. We shall therefore expect
slight modifications of the Bragg law for reflection, which depends on the

phase retardation between the different reflected waves in the crystal.

All the points just discussed were fully dealt with by Darwin 4 in two
remarkable papers published within two years of the discovery of
diffraction by crystals. The treatment we shall give here is modelled
on that of Darwin, rather than on that of Ewald, who later, and

independently, worked out the same ideas in his well-known papers
on the dynamical theory of diffraction by a crystal. Ewald's treatment
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is rather more general, but Darwin's is probably easier to understand,
and certainly follows more naturally on the work of the preceding
sections. Ewald's theory will, however, be discussed later.

(b) The refractive index of the crystal: We shall first discuss the
modification of the phase velocity in the crystal. In 2(b) of this

chapter we calculated the amplitude of the wave reflected from an
infinite plane sheet of atoms. Now exactly the same constriction

applies to the wavelets scattered on the other side of the plan 2, which
must build up to give a scattered wave travelling in the same direction
as the incident wave. The amplitude of this wave is evidently to be
obtained by replacing /in (2.18) and (2.19) by /(O), the value of the
atomic scattering factor for radiation scattered in the direction of the
incident wave. We should perhaps write instead of/, /(20), to signify
that it refers to radiation scattered through an angle 20.

By (2.20), we can therefore write for the amplitude of this forward
scattered wave

(2.59)

n being the number of atoms per unit area of the plane.*
The amplitude of the primary beam after transmission through a

plane is the resultant of the incident amplitude A and the forward
scattered amplitude -/? A, or A(l -/^ ), which, if <y is small, is to a
close approximation A*-'*. Thus the primary beam suffers a change
in phase of -qQ in passing through the plane.

Let the beam now pass in succession through p planes whose spacing
is a. Suppose that the glancing angle of incidence B is not that corres-

ponding to reflection, so that no appreciable reflected beam builds up,
and we have only to consider the primary beam. After it has passed
through p planes, its phase has changed by -pq owing to this cause.
The wave has travelled a distance ;c =pa!sm B in passing through the

p planes. This alone would correspond to a phase-lag of (2w/A) x, so
that the total phase-lag in the distance x is (27r/A);c+/><7 .

Now, by (2.59), since n = Na, N being the number of atoms per unit

volume, we have

fo =- (NaA/sin 0)/(0) #\m* = -
(27r/A)(0/sin 0)8,

* The assumption that both reflected and forward scattered waves lag in phase by
w/2 behind the incident wave, which is symbolised by the factor -

/, is not strictly
accurate, for it will not lead to conservation of energy if q and qQ are real. Let
us suppose that the amplitudes of the forward and reflected waves are p,*fc and
P*e'* times that of the incident wave respectively, p l and pa being real amplitude
factors, and < a phase factor. Assuming unit incident amplitude, the total trans-
mitted amplitude is 1 -f-pi^, and for conservation of energy we must have

which leads directly to cos<= -
(Pl

* + p,*)^. Now the coefficients p, and p, are
very small compared with unity, of the order of 10~4 for strong reflections, so that
<t> is very nearly indeed equal to, but slightly greater than, w/2. This slight excess
over nj2 produces a diminution in the transmitted amplitude which allows for the
energy deflected into the reflected wave. (Ewald, Phys. Zeit., 21, 617, (1920).)
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'

Thus the total phase-lag in a distance x may be written (2ir/A) x(l
-

S).

A distance ;c in the crystal is thus equivalent, in so far as phase-lag is

concerned, to a distance (1
-

8) x in free space; or, in other words, the

crystal has a refractive index of 1 - 8 for the waves. If n is the re-

fractive index,

If the crystal units are not single atoms, but groups, we have simply to

substitute F(0)= /(()) for/(0).
The quantity 8 is small compared with unity. Without going into

details at this stage, we may calculate its order of magnitude. If the

frequency of the incident radiation is considerably greater than the

critical absorption frequencies of the scattering atoms, we may put

/(O) = Z, the total number of electrons in the atom. If p is the density

of the crystal, A the atomic weight of the scattering atoms, or the sum
of the atomic weights if the unit is composite, and mH the mass of the

hydrogen atom, we may put

For MoKa, A =0-71 x 10- 8
cm., and 8 = 1-36 x lQ-pZ/A. Since Z/A is

always about one half, we see that n is less than unity by a few parts

in a million for most substances. We shall return to the discussion of

the numerical values of refractive indices in Chapter IV.

Nothing in the argument we have used in deducing the refractive

indices depends essentially on a crystalline arrangement of the points.

So long as the reflection conditions are not fulfilled, and no diffracted

beam is produced, the refractive index for a crystal will be equal to

that for an amorphous substance of the same composition and density.

Matters are more complicated if diffracted waves are produced, for

these must interact again with the primary beam, and a full discussion

requires the methods of the dynamical theory.

(c) Deviations from Bragg*s law : Let us consider the case of a

crystal whose face is parallel to the reflecting planes. Let Pl and Pa

be two successive planes. If the reflection condition is to be fulfilled,

the reflected beams from Pl and Pa should differ in phase by 2w7r, m
being integral, and the phase of the wave being measured above the

plane Px . Both direct and reflected beams have their phases changed

by -
? in passing through a sheet of atoms, and the wave from P2

has passed through Pt twice, once in the primary and once in the

reflected beam. The path difference between the two beams is 2a sin 0,
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and Bragg's law, which only takes this path difference into account,

gives for the reflection condition

2asin0 = wA. (2.62)

When, however, we allow for the extra phase changes due to transmis-

sion, we get the condition

(2?r/A) 2a sin 0, + 2q = 2rmr, (2.63)

or, by (2.60), 2a sin 9
l
= wA + (2a/sin 0j)S, which, since 2a sin O

l is very

nearly equal to m\ 9 may be written

2*^=^(1+^). (2.64)

We see, therefore, that (2a sin 0)/m is not constant, as the elementary
law requires, but depends slightly on the order of the spectrum. We
may calculate the deviation from the reflection law. Let be the

Bragg angle, and X the actual angle of a spectrum, and let AOQ
=

A
-

.

Then, since J0 is small,

la sin + 2a cos J0 = mA + 2aS/sin lf

or, using (2.62),

A0Q
=

8/sin cos = 28/sin 20 , (2.65)

nearly enough ; which, since 8~ 10 5 or 10~6 , is of the order of seconds

of arc only. The existence of this deviation from the Bragg law was
first pointed out by Darwin 4 in 1913. It appears, however, to have been

forgotten, and small as it is, was rediscovered experimentally by
Stenstrftm 13 in Siegbahn's laboratory in 1919, and was independently

explained by Ewald. 14 The deduction that we have given applies to

small crystals and mosaic crystals, since we have neglected the effect

of multiple reflections. In the next section we shall see how the result

must be modified if these are taken into account.

(d) Reflection from a set of crystal planes, taking into account multiple

reflections : We shall now proceed to calculate the intensity of reflection

from the surface of a crystal composed
of an ideally regular array of lattice-

planes containing atoms all ofone kind,

and spaced at a distance a apart. In

doing this, we shall follow closely the

method of Darwin,
4 but shall introduce

a few modifications due to Prins.15

Let any plane be denoted by a serial

number r, which is zero for the surface
F

plane, and letTrand S r , fig. 24, represent
IG '

the displacements in the primary and reflected waves respectively at

a point just above the rth plane. What we wish to determine is then
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So/To, the ratio of the amplitude of the reflected beam leaving the surface
to that of the incident beam on entering it. The whole idea undei lying
the calculation is that of the interchange of energy between the primary
and the reflected beams. S r , for example, must consist of that part of
T,. which is reflected at the upper surface of the rth plane together with
that part of 8,+, which is transmitted through the rth plane from below.
Similarly, T r^ consists of that part of T, which is transmitted through
the rth plane from above together with that part of S r+l which is

reflected from the lower side of the rth plane. We assume a reflection

coefficient -
iq and a transmission coefficient (1

-
/^ ), q and # having

the values given by (2.20) and (2.59).
Now S <41 is the value of the secondary beam just above the (r + l)th

plane. In calculating the fraction of it transmitted by the rth plane,
what has to be multiplied by 1

-
iq is its value just below the rth plane.

This is not SM1 but 8,+, e-'+, where

^ = (27T/A) a sin = KU sin 0, (2.66)

and is the phase difference corresponding to the path difference a sin 6
for two successive planes when the glancing angle of incidence is 0.

The above considerations lead directly to the equations

S, = -
iql r + (1

-
iq ) e~<* S,.M , (2.67)

Tr+i = (1
-

/<7o) e~ T r
-
iqe ** S r+1 , (2.68)

where q is the reflection coefficient from the lower side of the plane, in

a composite crystal, with absorption, not necessarily equal to q. In

equation (2.67) we now substitute for S r+1 from (2.68), and for S r from
the corresponding equation with r diminished by one unit. This leads to

(2.69)

a set of equations that are solved by the substitution

T r+i
= *T,, (2.70)

x being independent of r.

Apart from the phase factor, Tr varies slowly from plane to plane.
The phase change from plane to plane is also very nearly equal to mn,
since WQ suppose that the direction is very nearly that corresponding
to a spectrum. We may therefore put

x = (l-0e~*m*
9 (2.71)

where f is a small quantity, which may be complex. We also define
a quantity v by

Ka sin =
<f>
=mn + v. (2.72)

v is zero when 6 is equal to , corresponding to reflection according
to Bragg's law.
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Substituting from (2.70) and (2.71) in (2.69), we get

iq*)*e-
tv + ei9

9

and this, if we expand, and retain only the squares of the small quan-
tities f , <7 , q, q and v, gives quite simply

I
2 = qq

-
(q + v)

2
. (2.73)

Now Tr41
= .vT r , and this gives at once, from (2.67) and (2.68), Sr+1 =*S r .

If we substitute this in (2.67), and put r =0, we get

T1 W1 ;^ \*-t(iiiii+ r} ' \f" 1 ^/
o l~jv(l iq$)e

^'""T- 1 '

which, if the squares of the small quantities be neglected in its denomi-

nator, gives, using (2.71) and (2.73),

|o
_ _Z__^ . (2 . 75)

! Qn +

The expression (2.75) gives the ratio of the amplitudes of the reflected

and incident beams at the surface of the crystal. If there is absorption
in the crystal q, q, and qQ may be complex, as we shall see below. The
ratio of the intensity of the reflected beam to that of the incident beam
is given by |S /T |

2
, the square of the modulus of the right-hand side

of the equation (2.75). Which sign is to be taken for the square-root

may be determined by the condition necessary for the conservation of

energy, that |S /T ]

2 cannot exceed unity.
We have so far made no allowance for the absorption of the radiation

on its passage through the atomic planes, owing to the photoelectric
effect and to incoherent scattering, which must occur. Darwin did

this by introducing an absorption factor h, so that the transmitted

amplitude at each plane was (1 -H-iq ) of the incident amplitude,
instead of (I

-
/g ), as we have assumed. Prins has pointed out that

the absorption may be allowed for more easily by carrying out the

calculation as we have done here, assuming, however, that q, q, and q
may be complex ; that is to say, by assuming the scattering of the radi-

ation to be accompanied by an appropriate change of phase, which
will just give the absorption. We shall consider Prins's method in

detail below, but shall, however, first assume the absorption coefficient

to be negligible in comparison with the reflection coefficient. This

case was considered in detail by Darwin, and it is in fact approximately
realised when crystals of low absorption coefficient reflect radiation of

wave-lengths that are not too long.

(e) Crystal with negligible absorption : It is more convenient in this

case to introduce a quantity e, such that c = qQ + r, or, by (2.72),

KO sin = m-rr - qQ + c. (2.76)
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If 9
1 is the angle of reflection corresponding to the modified Bragg law,

by (2.63),

Ka (sin
- sin X)

=
*, or KG cos O

l
A0

1
=

e, (2.77)

where J0j = -
0j. The quantity is thus proportional to the deviation

of the angle of incidence under consideration from that corresponding
to the modified reflection law deduced in II, 3(c). In terms of e,

equation (2.75) becomes

|?
= 2L=. (2.78)

Since there is assumed to be no absorption, q is equal to q, and both
are real ; so that if -q < e <+q, (2.78) becomes

(2.79)

FIG. 25. The reflection curve for a

perfect crystal without absorption

and

This means that, over the narrow

angular range defined by (2.79), the

reflection from a perfect crystal with

no absorption should be total.

Outside this range, the reflection

diminishes rapidly and symmetrically
on either side. For positive the

positive value of the square-root
in (2.78) must be taken, and for

negative c the negative value, if the

condition that the reflection coeffi-

cient must be less than unity is to be satisfied.

The reflection curve has the form shown in fig. 25.

The ordinates are the values of the reflection coefficient |S /T |

2
,
or

R(0), as defined by (2.42a), and the abscissae are glancing angles of

incidence or reflection. The middle of the range of total reflection lies

at =0, or =
l9 the modified Bragg angle. The range of total

reflection extends from e = + q to c = -
q, or, by (2.77), from

= $
l
+ q/Kd cos 0! to =

0j
-
q/Kd cos 19 (2.80)

and is therefore proportional to the amplitude reflected by a single

plane.

It is interesting to see how this angular range of total reflection is

situated with respect to the angle given by the original Bragg reflection

law. By (2.60) and (2.65), we have

J0 =
1
- = 8/sin cos - -

/*a cos . (2.81)

Since the whole angular range in which we are interested is only of
the order of a few seconds, we can use or G

l indifferently in
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the angular functions. By (2.80) and (2.81), therefore, we see that
the semi-angular width of the range of total reflection is A0 \q\l\q \.

The value of the ratio \q\l\q^ which we shall denote by y, depends
on the state of polarisation of the incident radiation. Let y, be its

value when the electric vector is perpendicular to the plane of incidence,
y2 when it is parallel to it. Then

ii,'<-
If the atom scatters as a point, |/(20)| =|/(0)|, and yi

= l. One
limit of the range of total reflection for the corresponding state of
polarisation then lies at the Bragg angle , and if, as in the usual cases,
8 is positive, it will be the lower limit. For all real atoms |/(20)| < |/(0)|
for any finite value of the angle 0, and yx< 1. The range of total
reflection then contracts, and lies wholly above the angle . The
value of y2 is always less than unity for any angle greater than zero.
If the radiation were unpolarised, we should have two curves of different
widths superposed, and this would have the effect of rounding off the
corners of the curve in fig. 25.

(/) The integrated reflection from the face of a perfect crystal: The
reflecting power of the crystal is by definition equal to |S /T |

2
, so

that the integrated reflection from the large perfect crystal with neglible
absorption is equal to the area lying beneath the curve in fig. 25. The
area beneath the two portions of the curve lying outside the range of
total reflection has to be obtained by integrating the expression for

I SO/TO I

2 obtained from (2.78) from c+4toc=+oo and from c = -q
to c = - oo . The integrations are of a simple type, q and qQ being, of
course, treated as constants. It is found that one quarter of the whole
area is contributed by these parts of the curve. The whole area is thus

4/3 times the area beneath the range of total reflection, that is to say,
to 4/3 times its angular breadth, since the ordinate is here unity. Thus
the integrated reflection is given by

=f |y||8|/sin cos . (2.83)

We suppose the radiation to be unpolarised, and so put

and, using the value of 8 from (2.60), get

a formula first obtained by Darwin.
If we compare this result with (2.53), the corresponding formula for

a mosaic crystal, we see that they differ greatly. The integrated
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reflection from the mosaic is proportional to the square of the number
of atoms per unit volume, and to the square of the scattering factor/;
that for the perfect crystal is proportional to the first powers of these

quantities. The numerical values for the same reflection given by the
two formulae differ very greatly, that from the mosaic formula being
much the larger. We shall have to discuss in Chapter VI what experi-
ment has to say in helping to decide which formula is applicable, but
before doing so we must consider one or two further points of theory.

(g) Primary extinction : When the angle of incidence 6 has a value

lying within the range of total reflection the energy of the primary
beam is wholly diverted into the secondary, or reflected, beam. Under
these conditions, the primary beam diminishes rapidly in intensity as
it passes through the crystal, which behaves as if it had a large absorp-
tion coefficient, even although the ordinary absorption coefficient is,
as we have assumed, negligible. We can see in a general way how
such diminution may come about ifwe remember that there is a phase-lag
of 7T/2 at each reflection, so that the twice-reflected waves, which again
travel in the direction of the incident wave, will now be out of phase
with it, and will reduce, and not increase, its amplitude. From the

equations of the last section we can easily calculate the magnitude of
the effect.

From (2.71), it will be seen that f represents absorption, the ampli-
tude of the primary beam Tr being reduced by a factor approximately
e~* at each plane, and its intensity, assuming to be real, by <r 2

*. Thus
2f is the absorption coefficient per plane.

This effect, which must not
be confused with ordinary absorption, we shall refer to as extinction,
or more accurately, following Darwin, as primary extinction, in order
to distinguish it from the essentially different process of secondary
extinction, which was discussed in II, 2(j) in connection with mosaic
crystals.

By (2.73) and (2.76), =W?2 -e2
, and within the reflecting range

<p>*\ so that f is real. Within this range e varies from -q to -f q
and , the mean value of , is 7r|^|/4. We can therefore take for the
mean value of the extinction coefficient, 2, or 7T\q\/2. Thus

or, for an /ith order spectrum,

We have here taken A/sin 6 as constant over the reflecting range, and
equal to 2a/n, the value given by the Bragg law, which is quite accurate
enough, since the range of reflection is very small, and occurs at an
angle differing only slightly from the Bragg angle.
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If ft is the amplitude absorption-factor per plane due to ordinary
absorption, and /x is the linear absorption coefficient,

20=/z 0cosec0, (2.86)

since a distance a cosec is traversed by the wave in passing between
each pair of crystal planes.

For MoKa radiation (A=0-71A), /* for rock salt is 16-4. For 200
and 600 we may take F = 215 and 7*0 respectively.* We therefore

get, using the known values of a and N for rock salt,

For 200, 2f
= 3-39 x 10"4, 2)3

= 3-66 x 10~ 6
.

For 600, 21 =3-66 x 10~5
, 20 = 1-22 x 10~6

.

For diamond, the corresponding figures are t

For 1 1 1, 2 = 1*22 xlO- 4
, 20 = 2-91 xlO-7

.

From these figures, the decrease in the intensity of the primary beam
after passing through any number of planes may be calculated.

Some results are shown in fig. 26. The ordinates show the intensity

of the transmitted beam, the incident intensity being taken as unity

FIG.

2 345 6 7 6 9 >O II 12 13 14 IS

Thousands of planes traversed

26. Comparison of extinction and absorption for rock salt

and diamond with MoKa radiation

the abscissae, the number of thousands of planes passed through. The

dotted curves show the effect of ordinary absorption which, with these

crystals, and with MoKa radiation, is nearly negligible in a thickness of

* The formulae of II, 2(d\ 2(e), and 2(/) were worked out assuming a simple
lattice. They apply to the compound lattice if the structure factor F is used instead

of / provided that the crystal is not polar (see p. 65). The values of F used for

NaCl are based on those of James and Firth,
1* and those for C on the tables of

James and Brindley."

t The plane in the case of diamond 1 11 is the composite pair, a being the identity

period.
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10,000 planes or so. On the other hand, we see that owing to extinction,
shown by the full curves, the primary beam falls off rapidly in intensity
with increasing depth. In the case of 200 NaCl, only about 1/100 of
the incident intensity penetrates to a depth greater than 12,000 planes,
and only one half to a distance of about 2000 planes, a distance about

equal to the wave-length of orange light. The whole process of re-

flection, and of dynamical interchange between the primary and secon-

dary beam, is over in a layer in which the intensity of the incident beam
would not be reduced by the ordinary processes of absorption by more
than a few per cent. It is evident, too, that the assumption that the

intensity reflected from a block of crystal 10,000 planes thick is pro-

portional to the volume irradiated, which we might safely make so far

as absorption alpne is concerned, becomes quite invalid owing to

extinction ; for only rather less than one fifth of the incident energy

penetrates as much as half way through such a block.

With the spectrum 600, conditions are rather different. The ab-

sorption per plane is still smaller than for 200, but extinction is now
very much smaller, only diminishing the intensity of the primary beam
by about thirty per cent, in a thickness of 10,000 planes. A thickness

some ten times as great would be required for complete dynamical
interchange between primary and secondary beam to be set up. The
extinction coefficient is directly proportional to the amplitude reflected

from a single plane, and so falls off rapidly for the higher orders both
on account of increase in 6 and decrease in/.
With diamond, the curves are very similar. The ordinary absorption

is very small. The intensity is reduced by extinction to 1/100 of its

incident value in a depth of about 30,000 planes. For crystals such
as these, with relatively penetrating radiation, the condition of negligible

absorption, assumed by Darwin, upon which the formulae we have so

far obtained depend, is evidently justifiable. But with less penetrating
radiation, or with crystals containing heavier elements, matters are

very different. For CuKa radiation (A
= 1-539A), for example, ^ = 160

in rock salt, and the curve for ordinary absorption for 200 falls very
close to the curve for extinction for 600. The assumption that ab-

sorption is negligible in comparison with extinction is here evidently
not justifiable. The next step, therefore, must be to take absorption
into account in the equations for reflection from the perfect crystal.

(h) The perfect crystal with absorption Prins's method ; In applying
the correction for absorption in the perfect crystal, we shall follow the

method of Prins 15
by supposing the scattering coefficients q , q and q

to be complex. It is easy to see that a complex scattering coefficient

is formally equivalent to an absorption ; for if qQ is complex, so is the
refractive index, and we can write instead of n 1 - 8,

/i = l-8-/. (2.87)
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Suppose now that a wave is travelling in a direction x in a medium
whose refractive index is n. Then to get the displacement at *, given
that at *=0, we have to multiply by a phase factor e~iKn*

(* = 27r/A),
or in the case we are considering, where the refractive index is complex,
by e-Mi-)*e-*/3*. The real part of the refractive index, 1 -S, is thus
concerned with the phase-lag, the imaginary part, , corresponds to an
absorption, that is to say, to a diminution of the amplitude of the wave
with increasing x. Since the ordinary linear absorption coefficient,

/z , refers to intensity, and not to amplitude, we have

Mo = 2/cj8=477j9/A. (2.88)

Prins's method is to substitute S+/ for 8 in Darwin's formula

(2.75), and to determine j3 so as to agree with the observed absorption
coefficient of the crystal. Darwin's method of treating absorption
by including the factor h is equivalent to making qQ complex. Prins's

treatment differs from Darwin's in that q is also complex, since the

absorption is now represented by an appropriate phase-lag in the
scattered radiation.

We have now to modify (2.75) to include the complex scattering
factors. The relation between 8 and qQ is given by equation (2.60),
which we may now write as

-(S + /)=
Sin -V (2.89a)Kd

Similarly, we may put for the corresponding equations for q and q

sin-
^0,

= --^</. (2.89b)
Kd

If 6 is the Bragg angle, we have, by (2.72), *a(sin 6 - sin )
=

v, which,
since 8 - in the cases which interest us is very small, say J0, gives

cos sin AQ = (sin /*tf) v. (2.89c)

Substitution of the last three equations in (2.75) gives at once

S

TP f~^ . I s~rt y A . 'T^ \ / A . wx x V * /
* V_

where C = cos sin J0 - 8 - /,

an equation for S /T in terms of J0, the angle between the direction

of incidence and that corresponding to the Bragg angle . If the

crystal is not polar, we need not distinguish between q and q, and can

put A! + /B! =A2 + /B2
= A + i"B, and in the following discussion we

shall do this.
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The equation takes a rather simpler form if we refer the angle not

to as origin, but to the corrected Bragg angle 0^ By (2.81),

l
- = J0 = 8 sec cosec ,

and so, if AQ
l

is the small angle 0-0!, J0 = J0
X + 8 sec cosec .

The half-width of the range of perfect reflection corresponding to zero

absorption is, by (2.82), yJ0 , or A sec cosec , since, for no ab-

sorption, B= = 0, and y=<7A7o = A/S. If then we express the angle
J0

X
as a fraction of the half-width of total reflection for no absorption,

putting J01 =7?yJ0 , (2.90) becomes

S- = J-tg/A
, (2 .91)

TO
r,
-

fj8/A V(i?
- ftA)

2 -
( 1 + 1 B/A)

2

f

and the reflection coefficient R(^) is given by the modulus of this

expression. This form of the expression is given by Renninger,
18 and

an analogous form has been used by Allison. 19 For no absorption it

reduces to

So_ i i_ (292)
f"

~
T7T~i

~
_i ; /i~2 ' ( '

*o TjivT}* I T?
/v 1

--
17

a modified form of the Darwin equation (2.78). Equation (2.92)

shows plainly that the limits of total reflection correspond to
77
= \.

It is not easy to see without detailed discussion how the modulus
of (2.91) behaves when B and are not zero. The Darwin curve for

B =/2 = is a limiting curve, and all curves for B and j3 > lie beneath

it. The flat region of total reflection disappears. The discussion of

the relationship of B, j3, and A, and the possible methods of determining
their values, will be postponed until Chapter VI, where the agreement
between the various theoretical formulae and the results of observation

will be considered.

Examples of reflection curves calculated from (2.91) by Renninger for

the spectra 200, 400 and 600 of rock salt are shown in fig. 27. The
method of calculation will be found in 3(y) of Chapter VI. Their exact

form depends on the assumptions made with regard to the relationship

between B and /3, but with any assumption that is reasonable the

curves are asymmetric, and their centres of gravity do not lie at =
0!,

as for the case of zero absorption, but at rather smaller angles. It

will be seen that the effect of absorption increases with increasing
order of spectrum, and is greater when the electric vector in the incident

radiation is parallel to the plane of incidence than when it is perpen-
dicular to that plane.
The abscissae of the curves in fig. 27 are values of 77, that is to say,

the breadth of the Darwin curve for total reflection, assuming no

absorption, is taken as unity in all cases. The curves for all orders

are therefore referred to the one Darwin curve, shown dotted in the

figure. In actual angular measure, the breadth of the limiting Darwin
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ftcitric Vector perpendicular to

P/ans of Incidence
Electric Vector parole/ to

Plane of/nMence

200

~^2 H I 23 -2 -\ I 2 3

FIG. 27. Reflection curves for a perfect crystal with absorption (Renninger)
18

curve varies with the order of the spectrum. The breadth of the range
of total reflection in radians is D or D cos according to whether the

electric vector is perpendicular or parallel to the plane of incidence, where

D = (2NA
2
/7T sin 20 ) I F| e2!mc\ (2.93)

F being the structure factor of the spectrum concerned, and N the

number of crystal units in unit volume. When the electric vector is

perpendicular to the plane of incidence, the angular breadths of the

ranges of total reflection for 200, 400, and 600 in the case under con-

sideration are respectively 7-6*, 2-7", and l^"; for the other direction

of polarisation the corresponding figures are 65", 1-1", and 0*5".

(/) The composite lattice in the perfect crystal: As a rule, those

crystals for which a direct comparison between the theoretical and

observed reflecting powers can be made do not consist of atoms of one

kind arranged on a simple space-lattice, but have a composite unit cell,

so that each atomic plane in our discussions of the preceding sections

must be replaced by a group of planes, one for each atom of the unit

cell. We cannot without further enquiry allow for this simply by

substituting the structure factor F for the atomic scattering factor /in
the formulae we have derived; for the perfect-crystal formulae are

based on the idea of multiple reflections of waves within the crystal,

some of which will take place from one side of the groups of planes

and some from the other. Now, as we have seen in II, 1(J), if the

crystal is polar with respect to the set of planes concerned, the structure

factor depends upon the particular side of the group of planes from

which the reflection takes place. The difference is only appreciable in

those special cases in which the frequency of the incident radiation is

in the immediate neighbourhood of an absorption edge for one of the
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atoms in the crystal unit. The appropriate form of the equation for

the reflection coefficient is then (2.90).

The effect in any case occurs only when the crystal is polar, even

when the condition of nearness of the frequency of the incident radiation

to an absorption edge of a crystal atom is fulfilled, and in most actual

cases it can be neglected. For the formulae relating to a crystal with

zero absorption we have then simply to replace /by F, the structure

factor of the crystal unit for the reflection considered.

la the expression for the absorbing crystal, we have to use instead

of A-H/B,
e**t*kt* 9 (2.94)

where A* + /B* is the value of A + 1B for the kih atom of the unit cell,

and ak is the distance of the atom from the reflecting plane chosen to

correspond to the zero of phase.
The fraction of the quantity , as determined from the absorption

coefficient of the crystal, which is to be assigned to any particular atom
is proportional to the contribution of that atom to the absorption
coefficient.

4. EWALD'S DYNAMICAL THEORY

(a) Introductory : We shall conclude this chapter on the intensity of

reflection of X-rays by crystals with some account of Ewald's theory,
which deals essentially with the same aspect of the problem of diffrac-

tion as that treated by Darwin the dynamical interaction of the

scattered waves and the crystal lattice. It arose, however, quite

independently of the work of Darwin, and its scope is rather more

general. Its method of approach, moreover, differs entirely. Space
does not allow a full account of the theory to be given here, and an

outline of the very elegant methods used must suffice. For mathe-

matical details, the reader must consult Ewald's three papers in the

Annalen der Physik The work had its origin in an attempt to express
the laws of crystal optics in terms of the discrete lattice, instead of in

terms of the continuum. This work was published by Ewald in 1912

as his doctorate thesis under Sommerfeld. Meantime the discovery of

the diffraction of X-rays by crystals had been made, and Ewald was
able to extend his work to include the case of these much shorter waves.

The underlying idea of the theory may be stated briefly as follows.

Each lattice-point of the crystal is supposed to be occupied by a dipole
which can be set into oscillation by the radiation field of any electro-

magnetic wave passing through the crystal. The oscillating dipoles
themselves emit radiation, which produces a radiation field.

The lattice is first of all thought of as being of unlimited extent, and
the dipoles as being in a state of oscillation expressible in terms of a

plane wave advancing through the lattice with a certain speed. It
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is important to be clear that this 'dipole-wave' refers only to the
state of oscillation of the dipoles themselves, and is not an electro-

magnetic wave passing through the medium in which they are situated.

This initially arbitrary state of motion of the dipoles sets up electro-

magnetic waves, and these waves interact with the dipoles and affect

their motion. The first problem to be solved may now be stated as
follows. We suppose the oscillation of the dipoles described by the

dipole-wave to be due to an electromagnetic field. If we know this

field we can calculate the state of motion of the dipoles, and from this,,

we can again calculate the field to which it gives rise. We wish the
whole system to be dynamically self-contained, so that the field cal-

culated from the dipole oscillations is just that which would produce
those oscillations. All this refers to an infinite crystal, in which the
state of motion is supposed to have been set up in some way. In all

practical cases, the crystal is of finite extent and a wave enters from
outside. The second, and more difficult, part of the work deals with
the problem of such a finite crystal.

(b) The electromagnetic field due to a dipole-wave in a crystal lattice :

The essential problem to be solved at the outset concerns the kind of

electromagnetic field that will be set up by a dipole-wave such as we
have considered above. In order to understand the principles involved,
we shall discuss briefly a simple case given by Ewald himself in a later

paper.
21 We consider a set of lattice-planes numbered 0, 1, 2, .../?,

fig. 28, equally spaced at a distance a apart. The dipole-wave passes
through the lattice in a direction normal to these planes and in the
direction of increasing/?, or downwards in fig. 28, so that all the dipoles

FIG. 28

in any one plane oscillate in phase. The spherical wavelets which each
dipole emits run together at a short distance from the planes to form a
set of plane waves whose fronts are parallel to those of the dipole-waves.
There will be two such sets of waves from each plane, one travelling
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up, the other down, and the resultant field in the lattice is obtained

by summing the waves from all the planes. These scattered waves

travel with the velocity of light, c, which is not the velocity of the

dipole-waves. We shall consider the waves in terms of their circular

frequency w, the same for both the dipole- and the scattered waves, and
of their wave-numbers, or reciprocal wave-lengths, which we shall

denote by K for the dipole-wave, and k for the scattered waves. If v

is the velocity of the dipole-waves, we have

2nC = <*>/k, 2-rrv = oi/K.

If the oscillations of the dipoles on the uppermost plane, /?=0, are

given at a time t by e-*"*, those of the dipoles on the pth plane are

given by e
-Mt e2lfiKpa . Let us calculate the field at a point Q between

the Pth and (P + l)th planes, say at a distance r = (P + )a below the

surface, where is a positive proper fraction. The resultant at Q of

the waves from all the planes above Q is, apart from a time factor,

SP 02mKpa 02vtk(V+t-p)a O Q^\
^j

* *
> \4.yJ)

the sum being taken over all the lattice-planes above Q ; for the wave
from the pth plane has to travel a distance (P 4- -p)a to get to Q, and
does so with velocity c, and wave number A:, but it starts with a phase-

lag 2-rrKpa. The sum (2.95) is a geometrical progression, and it can

be written in the form

jlf^-ua
-Y^^^ e2"lKz ' (2 -96)

We notice that the resultant wave consists of two parts, the first, a

wave travelling downwards with a velocity c 9 corresponding to k ; the

second, a wave travelling, on the average, at the same speed as the

dipole-wave, wave-number K. It is, however, a rather unusual kind

of wave. Since grows from to 1 as the wave passes between any
two planes, we see that immediately before passing through any plane
the phase of the wave is that corresponding to transmission with the

velocity of the dipole-wave. On passing through the plane there is a

jump in phase, so that the wave in between two planes has a phase

differing somewhat from that corresponding to the dipole-wave. It

has, however, resumed the correct value by the time the next plane is

reached, so that, on the average, the phase of the wave is equal to that

of the dipole-wave. It is this wave, which accompanies the dipole-
wave (Ewald's gleichlaufende Welle), which is essential in the discussion

of the unbounded crystal.

A fuller treatment shows that the wave travelling with the velocity
c depends on the crystal boundary. It is a 'boundary wave' in the

sense in which we shall use that term later on, and the resultant field
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due to it at any point in the crystal depends on the exact form of the

boundary of the crystal, but does not necessarily become zero, however

large the crystal.* For the time being, however, we shall consider

only the wave which accompanies the dipole-wave. We shall be

interested only in dipole-waves which travel with velocities very nearly

equal to that of light. K - k will thus always be small, and the ampli-
tude of the wave in the second term of (2.96) can be written //27ra(K

-
k),

by expanding the exponential in the denominator.

We have also to take into account the waves coming from the planes
below Q, and this is done in the same way. We again get a wave

travelling at the same speed as the dipole-wave, as well as a boundary
wave ; and for the total wave which accompanies the dipole-wave we
find the amplitude 2ik/2TTa(K

2 -k 2
) 9 which, since K and k are nearly

equal, may again be written ii2ira(K-k). The unit of amplitude is

here, of course, the amplitude of the wave emitted by a single plane of

dipoles, and this we may easily obtain by the method given in II, 2(b)

for calculating q, the amplitude scattered by a single plane of atoms. In

the formulae there given, sin 6 is now unity, and the amplitude becomes
- in\ times the amplitude at unit distance due to a single dipole.

If p is the electric moment of a dipole, it is a well-known result of

electromagnetic theory that the amplitude of the wave that it scatters

is, at unit distance, p a>
2
/c

2
, where pL is the component of the moment

at right angles to the wave-vector.

Now aj/c
=

27T/A = 2irk y and n, the number of dipoles per unit area

of the planes, is equal to a/V where V is the volume of the lattice-cell.

We find, therefore, for the amplitude of the wave scattered by a single

plane - i4rr
2
akpJV 9

and for that which accompanies the dipole-wave

*idh-v!>" (2 -97)

where e is given by

K=Jt(l+e). (2.98)

For this wave, the quantity c is equivalent to 8, the defect from unity
of the 'refractive index' for the wave considered.

We have thus arrived at the important result that a dipole-wave in

the lattice is accompanied by a wave travelling with the same speed,
whose amplitude is inversely proportional to the difference between K
and k. This means that the wave in question has an appreciable

amplitude only when K is very nearly equal to k; that is to say, the

dipole-wave does not excite an electromagnetic wave of appreciable

* Such Boundary waves' occur, strictly speaking, in all problems in which the
transmission of light in a medium is considered, and are due to the reflection of
waves from the boundaries of the medium. They are, however, commonly neglected,
and this can be justified by considering the average field in a portion of medium
whose boundaries vary slightly and irregularly with the time over a range of the
order of the wave-length of the radiation. The average field at any point due to
the boundary waves is then zero, but the main transmitted wave is unaffected.
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amplitude unless its own velocity is very nearly the velocity of light.
We shall see that, dynamically, no dipole-wave can travel with the

velocity of light, so that the amplitude of the wave which is set up
never becomes infinite, even in an infinite crystal.
The excitation of the wave has strong formal analogies with the

phenomenon of resonance. As the dipole-wave travels through the

crystal with a given velocity it excites at each plane of atoms a wave
which travels with a slightly different velocity. The different waves so
excited do not build up to form a wave of appreciable amplitude unless
the speed of exciting waves and excited wave are very nearly equal.
In virtue of the analogy with resonance, Ewald speaks of the quantity
c as the 'resonance error' (Resonanzfehler). For a rigid deduction of
the properties of,the waves, Ewald's papers must be consulted.

(c) The alternative methods of description of a dipole-wave in a
lattice : Let the lattice-points of an infinite crystal, at each of which
a dipole is situated, be defined by the vector

r = ua + vb + we,

w, v, H>, being integers, and a, b, and c, the primitive translations of the
lattice. Let the wave-vector of the dipole-wave be K, a vector of

magnitude I/A, whose direction is that of the normal to the wave-fronts
of the dipole-waves.

If e**"' defines the state of oscillation of the dipole at the origin O,
that of a dipole situated at a point A defined by the vector r is

(2.99)

for the scalar product 27rKT is equal to 2n/\ multiplied by the length
of the normal from the origin onto the wave-front passing through A,
and thus gives the phase difference between the dipole oscillations at
O and A.

The fact that the lattice-points are described by a set of discrete
values of the vector r has as a consequence that the description of the

dipole oscillations given by the dipole-wave (2.99) is not unique. It is

easy to show that K can be replaced by any one of an infinit" set of
other wave-vectors each of which describes exactly the same set of
vibrations. These wave-vectors are the set K + r*, where r* is any
vector in the reciprocal lattice. This may be seen at once as follows.
We have

and the scalar product of a lattice-vector and a vector of the corres-

ponding reciprocal lattice is always an integer. (See equation (2.6a),
p. 28). Thus, since the exponential of 2ni times any integer is always
unity, we have

) ^ 1QO)
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so that the wave-vectors K and K + r* define the same set of dipole
oscillations.

This result can be expressed geometrically in a very simple way.
Let O, fig. 29, be the origin of the reciprocal lattice, and let AO be the
vector K

, the wave-vector
of the assumed dipole-
wave. Let OB be the re-

ciprocal-lattice vector r*

to the point (hkl) or (m)

say; then Km , the vector

+ r*, fm)AB is equal to

and is also, as we have

just seen, the wave-vector

of a dipole-wave that

describes exactly the same
set of dipole oscillations

as the wave-vector K .

It is clear, moreover, that

the vector from the point
A to anv nnint nf tKi^/\ 10 any point o tile

reciprocal lattice will be a

possible wave-vector for describing the same set of oscillations. These
different dipole-waves have different velocities; for the velocity is

proportional to the reciprocal of the wave-vector.
The principle underlying this idea of the alternative description of

dipole-waves may perhaps be made clearer by a very simple special

FlG - 29 - The wave-vectors of the different

equivalent dipole-waves, and the sphere of reflection

FIG. 30
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case. In fig. 30, let the circles and dots represent lattice-points, and
let all the points denoted by dots contain dipoles in the same phase,

say at crests of the wave, at a given instant; all those denoted by
circles will then lie at troughs. The lines marked AA' represent wave-
fronts of a wave travelling in the direction of the arrow (1), say. It is

clear, however, that lines such as AB are also the loci of points in the

same phase, and, so far as the oscillations of the dipoles are concerned,

may be considered as wave-fronts of a wave that travels in the direction

of the arrow (2), its velocity and wave-length being different from, but

the frequency, of course, the same, as those of the wave considered

first.

(d) The relationship of the interference wave-field to the dipole-waves :

Let us suppose now that the wave-vector AO, fig. 29, which we may
denote by K(000), or simply by K , since it is drawn to the origin of
the reciprocal lattice, corresponds to a dipole-wave having very nearly
the velocity of light. Then, as we have seen in II, 4(6), it will be

accompanied by an electromagnetic wave in the medium, which travels

with the same speed, and has an appreciable amplitude if this speed is

near enough to c, the velocity of light. Now, among the infinite

number of other waves which are alternative descriptions of the dipole-

wave, there may be some whose velocities are also nearly equal to c.

If there are any such dipole-waves, we must suppose that they too will

be accompanied by appreciable electromagnetic waves. The existence

of one train of waves in the crystal will in fact in general entail the pos-
sible and indeed necessary existence of others, and here we begin to

see the emergence of the different interference beams.

Suppose now that with centre A (fig. 29) and radius k corresponding
to the wave-vector of light of the frequency o> in free space, a sphere is

described. This sphere, which is the sphere of reflection of I, 1(6),

will pass near, but not through, the point O. We see, in fact, from

(2.98) that it will pass a distance *k from it. The amplitude of the

wave which will accompany the dipole-wave will therefore be inversely

proportional to the distance of O from the sphere. Now the sphere

may pass near other lattice-points. The line joining A to such a point

(m) is the wave-vector Km of a possible dipole-wave, and this will be

accompanied by an electromagnetic wave of amplitude inversely

proportional to the distance of the point from the sphere.
We see at once the relationship of these different waves to the inter-

ference beams in the elementary lattice theory discussed in Chapter I.

In the corresponding construction for the diffracted waves described

in I, 1(6), the point O would lie exactly on the sphere, since all the

waves are supposed to travel with the velocity of light. Diffracted

beams derived from the primary beam occur only if the corresponding
lattice-points lie exactly on the sphere. In the case we are now con-

sidering no lattice-point can lie exactly on the sphere, for it would
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correspond to a dipole-wave travelling with exactly the velocity of

light, which we shall see to be impossible when we consider the matter

dynamically. But we see that to each point lying near enough to the

sphere there corresponds a dipole-wave travelling nearly with the

velocity of light, which will be accompanied by a corresponding electro-

magnetic wave whose amplitude varies inversely as the distance of the

point in question from the sphere. All such electromagnetic waves
taken together constitute the interference wave-field corresponding to

the arbitrarily assumed set of dipole vibrations. We have no right to

call one of the beams the primary beam in preference to any other ;

for to assume the existence of any one of them implies the existence of

all the rest.

(e) The dynamical problem : We have now to pass from the purely
kinematical aspect of the problem, which has occupied us so far, to

the dynamical aspect. We have to calculate what set of interference

waves and dipole-waves can coexist, so that the system is dynamically
self-contained. We start by assuming a dipole-wave of velocity very

nearly that of light, in a certain definite direction. We do not know the

exact velocity until the problem is

solved. We know, however, that

it must be very nearly that of light,

so that we can draw the sphere of

reflection, and determine which, if

any, of the lattice-points lie near

enough to it to give waves of am-

plitude great enough to contribute

appreciably to the wave-field. Let

AO, fig. 31, be the vector K repre-

senting the wave initially chosen,
and suppose that, in all, n points
lie near enough to the sphere to

be considered, the wave-vectors

drawn to them from A being K
,

K,, ... K
f)l and the corresponding

values of c, e
,
e
1?

... m . We have now to determine the position of
the point A, and the corresponding n values of e which satisfy the

dynamical conditions. It is convenient to have a name for the point
A, and we shall call it the 'wave-point'.* Each of the n waves gives
a certain component to the total electric field at any point, and we are

now going to suppose that the oscillations of the dipoles are produced
by this field.

We first determine the relation between the moment of a dipole and
the field in which it is situated. Let the vector p denote the electric

moment at the time / of the dipole at the point defined by the vector r.

* Ewald calls it the Anregungspunkt, a term not easy to translate suitably.

(3)

FIG. 31. The wave-points and
dispersion surfaces
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The dipole* is supposed to be due to the small mutual displacement of

charges + e and -
e, of mass m. If w is the circular frequency of the

free dipole vibrations, the equation of motion, neglecting damping, is

p +o^P-^E, (2.101)

E being the electric field acting on the dipole. Since p oscillates with
the frequency w of the dipole-waves, p= -co2

p, and the solution of

(2.101) for a steady state is

E=-
2 (o,*-<V)p, (2.102)

which gives the dipole moment p in terms of the field E.
We now have to calculate the field E, which is that due to the n

waves, in terms of the dipole moments. This we can write down at

once from (2.97), which gives

There is one term for each of the n waves that have appreciable ampli-
tude, and p[ni]

is the component perpendicular to the wave-vector Kw
of the dipole-moment at the origin. The phase factor is introduced
because the field at the lattice-point defined by r is required. By
(2.100), II, 4(c), this phase factor is the same for all the n waves, and

p in (2.102) of course contains the same factor. If then we write b for

the maximum moment of the dipole, we get on substituting (2.103) in

(2.102)

where

(2 ' 105)

The quantity Q of equation (2.105) is related in a simple way to the

refractive index of the crystal for radiation of frequency w. By
equation (2.61) of II, 3(*), the refractive index n for wave-length A of
a medium containing N atoms per unit volume, each of scattering

power /(O) in the direction in which the wave is travelling, is given by

* We have retained the idea that the atoms of the lattice scatter as dipoles, which
was used by Ewald, since it is simple, and illustrates the principles involved as well
as any more complicated assumption. It must be remembered, however, that a
dipole scatters symmetrically about its axis, and effectively, therefore, we are
assuming /not to depend on the angle of scattering. A more detailed discussion
for this general case will be found in Chapter VIII.
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For a dipole of natural frequency o>
, /(0)=6o

2
/(o>

2 -<o 2
), and the

refractive index of the crystal lattice composed of dipoles is therefore,
from (2.105), given by

f
277 6* 1"- 1 + (2J06)

since N = 1/V, and \jc = 27r/o>.

Thus

--
(2.107)

The refractive index refers to a wave of frequency o> travelling through
the crystal when no other wave is excited. We cannot consider the

crystal as having a single definite refractive index when the composite
wave-field we have been discussing in the last few paragraphs is excited,
for each wave-train will travel with a slightly different speed.

In most materials the refractive index for X-rays is less than unity,
so that 8 is positive and Q negative, which corresponds to the case in
which the natural frequency o> of the dipole oscillators is smaller than
w the frequency of the radiation.

(/) The dispersion equation and the dispersion surface: Equation
(2.104) is a vector equation, and the sum on the right-hand side contains
n terms. A typical one, the mth for example, contains bfm] the com-
ponent of b perpendicular to the vector K 7n from the wave-point A to
the reciprocal-lattice point (/). The direction of Km being given, b

(m]
is therefore fixed if its components parallel to two directions, say in
-^nd perpendicular to some plane containing Kni> are given. For a
given position of A, 2n components are therefore required to express
the sum of the vectors on the right-hand side of (2. 104). The equation
can thus be written as 2n linear equations involving these 2n components.
The coefficients in these equations are multiples of 1/* , l/ l

... l/em .

These quantities are not independent of one another. If, for example,
is known, all the rest are also known. For e fixes the position of

the wave-point A for a given direction of the vector K , and once A is

known the sphere of reflection can be drawn, and the values of the

remaining quantities follow at once from the distance of the corres-

ponding reciprocal-lattice points from it (see fig. 29). Thus, in effect,
the coefficients of the 2n linear equations contain e only. The equations
have a solution only if the determinant formed by their coefficients

vanishes, and the vanishing of this determinant yields an equation of

degree In for , which has In solutions. Each solution gives a value
of e

, and thus a position for the wave-point A, and hence all the other
wave-vectors KTO , and the whole set of waves constituting the dynami-
cally self-contained wave-field.
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For any particular direction of the wave-vector K , there are 2n

possible positions of the wave-point A, and so 2n possible wave-fields

that satisfy the dynamical conditions. Moreover, for the infinite lattice,

the superposition in any proportion of any number of these independent
solutions is itself a solution. Ewald calls the equation of degree 2n for

the 'dispersion equation'.
Let the points A, A', ... fig. 31, on the line OA be the In possible

positions of the wave-point, as determined from the 2/t values of e

which satisfy the dispersion equation for the particular direction of K .

From these points we may draw the In vectors KTO , K4, K^ ... to any
lattice-point (m) which determines a wave. There will then be 2n

radiating sets of wave-vectors, each of which defines a dynamically

possible wave-field. Each wave-point is the centre of an appropriate

sphere of radius fc, the sphere of reflection, and the distance of the

point (m) from such a sphere gives cm which determines the amplitude
and velocity of the corresponding wave.
Now K might have been chosen over a small range of directions

without altering the number of lattice-points which lie near enough to

the wave-sphere to give interference waves of an appreciable amplitude.
For each of these directions there are 2n possible positions of A. If

we suppose the direction of K to vary over the permitted range, the

2n points A, A', ... will describe a surface of 2n sheets, the dispersion

surface, which is the locus of all positions of the wave-point A that give

dynamically self-contained sets of interference waves. The dispersion

equation is the equation to this surface.

(g) The dispersion surface for the case of two waves : As an example,
we shall consider the practically important case in which there are only
two sets of dipole-waves giving rise to appreciable electromagnetic

waves, so that only two points of the reciprocal lattice lie near enough
to the sphere of reflection to be considered. Let these two points be
denoted by (o) and (m) in fig. 32, and let the corresponding wave-
vectors be K and Kw . Suppose first that the dipole vibrations are

perpendicular to the plane containing these two wave-vectors, so that

b = bu]. The dispersion equation (2.104) then becomes

! + JLflf (2.108)
*0 *m

and we shall now show that the wave-point must lie on a certain

hyperboloid.
With the points (o) and (m), fig. 32, as centres let circles be described

having radii fc(l + l/.Q), k being the reciprocal wave-length in free

space of the radiation having the frequency co of the dipole-waves.
As we have seen in II, 4(/), the quantity (1 + 1/fi) is the refractive

index of the crystal for a single wave-train of frequency co. Let these

circles intersect at the point Q. Since |K |
and |Km |

will differ only
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(o)

FIG 32. The dispersion surface for two waves

slightly from k, the wave-point A will lie at a distance from Q small

in comparison with the distances Q(0) and Q(m); so that the circles

in the region with which we are concerned may be taken as coinciding
with their tangents at the point Q, the straight lines QP , QPm , perpen-
dicular to Q(o) and Q(m) respectively.

The distances of the wave-point A from (o) and (m) are |K |

and

|Km |,
which are equal to k(\ + ) and k(\ + O- Since the distance

QA is small in comparison with the distances Q(o) and A(o), the lines

Q(o) and A(0) are nearly parallel, and AM, the distance of A from the

line QP , is quite nearly enough equal to A(o) -
Q(0) ; or, if we write

fo for AM,

Similarly, if (m is the distance of A from the line QPm ,

From the last two equations

(2.109)

The dispersion equation (2. 108) can be written in the form

and on substituting the values of e and crn from (2.109) we obtain

Wm-tf/fl
1

. (2.110)
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Equation (2.110) is that of a hyperbola whose asymptotes are the

lines QP , and QPW , and whose axis is the line bisecting the angle

between the lines Q(o) and Q(m). The apses of the hyperbola, Sj and

S2 , are the points which are equidistant from the two asymptotes; so

that ^o^ftn^ kjQ9 and the diameter of the hyperbola, the distance

SjS2 , is therefore equal to 2kjQ cos 6, where 20 is the angle between the

directions of Q(o) and Q(w).
The distance of the apse S2 from the point (o) is equal to Q(o)

- S2T,

fig. 32, or to k, since Q(o)=A:(l + 1/#), and S2T =
A:/.Q. Thus S2 lies

at the point that would be the centre of the sphere of reflection if

S2 (0) and S2 (m) were the primary and diffracted rays on the simple
Laue theory. Ewald calls this point the Laue point, and denotes it

by L. The single ,point L of the elementary theory, is, on the dynami-
cal theory, replaced by the two branches of the hyperbola, or more

accurately by the two sheets of the hyperboloid formed by supposing
the figure to rotate through a small angle about an axis joining the

points (o) and (m). This small rotation allows a small variation in the

direction of incidence. Any point on the hyperboloid so produced is

a possible wave-point, when the radiation is polarised so that the

electric vector is perpendicular to the plane containing Q(0) and Q(m).
If the electric vector of the radiation lies in the plane containing

these two directions the dispersion equation is still that of a hyperbola,
which has the same asymptotes as that considered above, but a dia-

meter that is smaller in the ratio cos 20 : 1. This is easily proved by
a method very similar to that given above, and we shall not deduce

it here.

As we saw in II, 4(/), Q is negative in most cases that are of practical

importance, so that Q, the centre of the hyperbola, lies nearer to the

FIG. 33. The dispersion hyperboloids for two waves for the two states of

polarisation, drawn for the case Q negative. L is the Laue point,

equidistant I/A from the reciprocal-lattice points (o) and (m)
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points (o) and (m) than the Laue point L. The hyperbolas are shown
for this case in fig. 33, in which the dotted curves correspond to the

state of polarisation with the electric vector in the plane Q(o)(m), and
the full curve to that with the electric vector perpendicular to this plane.

Since !/?= -
8, the diameters of the two hyperbolas can be written

2k 8 sec and 2fcS sec cos 20 for the two states of polarisation,
1
- 8 being the refractive index of the crystal for the radiation concerned.

For X-rays, 8 for most substances is a number of the order of 10~5
, so

that the diameter LSlf fig. 33, is of the order 10~5 of the distances

L(m).

(h) The transitionfrom the case ofa single wave to that of two waves :

If there is only one wave, the dispersion surface is a sphere of radius

k(\ + 1/.Q), or k(\ -
8), round the lattice-point (o) as centre, corres-

ponding to a wave travelling with a velocity appropriate to the re-

fractive index 1
- 8. Suppose now that spheres of this radius are

described about both points (o) and (m), and let the dotted circles in

fig. 34 be the traces of these spheres in the plane containing the rays

Q(0) and Q(m). Their intersection Q is the centre of the two hyper-
bolas that we have considered in the last paragraph, whose asymptotes
coincide with the circles in the immediate neighbourhood of Q. If the

wave-point A lies in the neighbourhood of this intersection there will

be two waves of appreciable strength corresponding to each position of

the wave-point, and for each direction of K two possible wave-points
for each state of polarisation, corresponding to the intersections of K
with the hyperbolas.

(O)

FIG. 34

It is clear that as the wave-point moves away from the region of the

intersection we get only one wave ; because only one point will lie near

enough to the sphere of reflection having the wave-point as centre to

give a wave of appreciable amplitude. In such a case the wave-point
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must lie on one or other of the circles, and we can speak of the crystal
as having a definite refractive index. As the wave-point approaches
the region of the intersection of the circles, two waves have appreciable

strength, interaction occurs between them, and the dispersion surface

breaks up into two sheets of which the hyperboloid considered above
forms the central portion. If both states of polarisation are considered,

there are four branches. When the wave-point is in this region the

crystal cannot be said to have a definite refractive index. With

unpolarised radiation, for any given direction of K , four waves travel-

ling in slightly different directions may co-exist, and their velocities

again will depend on the exact directions.

(/) The field due to a dipole-wave in a semi-infinite crystal. The

boundary waves : We have so far considered the processes taking place
inside a crystal of infinite extent, and by so doing have been able to

neglect the effect of the boundaries. In practice, however, we are

always interested in cases in which a wave enters the crystal from out-

side. The relation between the processes taking place inside and
outside the crystal is, in fact, the really important matter, and we must
consider all that we have done so far only as a step towards the solution

of that problem. We shall therefore now consider a semi-infinite

crystal bounded by a plane surface.

We cannot suppose that the conditions for dynamical self-consistency

which we have obtained for the infinite crystal will suffice for a crystal

with a definite boundary. We saw in the elementary discussion in

II, 4(A), p. 67, that, in addition to the wave accompanying the dipole-

wave, there was another wave, the boundary wave, travelling with the

velocity of light. Discussion of the case in which the dipole-wave
travels in the semi-infinite crystal in a direction inclined to the surface

shows that to each internal wave, as we may call the wave which

accompanies a dipole-wave through the crystal, there correspond two
waves travelling with velocity c, one, the inner boundary wave, travelling

inside the crystal, the other, the outer boundary wave, travelling in the

medium outside. In what follows we shall only quote results, referring

the reader to Ewald's papers for proofs.
The boundary waves are given in terms of the reciprocal-lattice

construction as follows. Let AO, fig. 35, be a wave-vector correspond-

ing to an internal wave, and let the wave-sphere of radius k be drawn
with A as centre. The sphere does not pass through, but only near,

the point O. Let a line through O, normal to the crystal surface, cut

the sphere in C, near O. Then AC is the wave-vector of the inner

boundary wave which corresponds to the internal wave-vector AO.

If OC prolonged cuts the sphere again at D, AD is the wave-vector of

the outer boundary wave. If K is the wave-vector of the internal

wave, AC, the inner boundary wave-vector, will be denoted by k .
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FIG. 35. The relation between the wave-vectors of the internal wave
and the inner and outer boundary waves

In exactly the same way we can construct the boundary wave-vectors

corresponding to any other internal wave Km . AE and AF are two
such vectors in fig. 35, and are obtained from the intersections E and
F with the sphere of a line normal to the crystal surface through the

lattice-point (m) that determines the internal wave-vector Km . It is

evident from the construction that these wave-vectors have the right

magnitude k, corresponding to the velocity of light. We see also that

the direction of the outer boundary wave is the reflection at the surface

of the direction of the inner boundary wave. Ewald shows that the

amplitude of the outer boundary wave is equal to, and that of the inner

boundary wave equal and opposite to, the amplitude of the corres-

ponding internal wave.

Now it is evident that the condition of dynamical self-consistency
for the semi-infinite crystal cannot be satisfied by the set of waves
derived from a single wave-point A ; for, as we have seen, these con-

ditions are satisfied by the internal waves taken alone, and we have now
to add to these, which alone would maintain the dipole vibrations, the

field due to the inner boundary waves. In the corresponding optical

problem there is only one internal wave, and the solution is obtained

by superposing on the whole wave-field, inside and outside the crystal,

a wave whose direction is that of the inner boundary wave, and whose

amplitude is equal and opposite to it. Inside the crystal this wave

exactly destroys the inner boundary waves; the field inside is therefore

just that internal field which satisfies the dynamical conditions. Out-
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side the crystal the superposed wave remains as the 'incident wave' ;

the outer boundary wave is the reflected wave, and the internal wave is

the refracted wave.

For the X-ray problem we cannot proceed on exactly the same

lines ; for in general there is more than one internal wave, and so more

than one inner boundary wave. The directions of these waves differ,

and they cannot, therefore, be neutralised throughout the crystal by a

single incident wave. A solution on similar lines is, however, made

possible by the fact that there are In independent solutions of the

dynamical problem for the infinite crystal, n being the number of

internal waves. It is possible to superpose these 2n solutions in such

a way that all the inner boundary waves except one, say k , have a

resultant which is zero. k can then be neutralised by the incident

wave, and we have, inside the crystal, a dynamically self-consistent

wave-field composed of 2n suitably superposed internal wave systems,

which together constitute the interference field corresponding to the

given incident wave.

Surface

FIG. 36. Construction for the inner boundary waves corresponding to the

internal wave-vectors drawn from a series of wave-points



INTENSITY OF REFLECTION OF X-RAYS BY CRYSTALS 83

The resultant internal wave corresponding to any lattice-point (m) is

due to the superposition of In waves whose vectors are Kw , K'wf ...

all differing slightly in direction and magnitude. But the directions

of the 2/i corresponding inner boundary waves must all be the same, or

else they could not cancel one another everywhere. This gives the

key to the solution.

Let PO, fig. 36, be a vector of length k in the direction of the incident

wave-normal and therefore fixed. Through P draw a line PA'A* ...

perpendicular to the crystal surface, cutting the 2n sheeis of the dis-

persion surface corresponding to the problem in the points A, A', A' ....

Then AO, A'O, A'O, ... give K,, K',, ... the 2n possible internal wave-
vectors. With A, A', A', ... as centres, describe spheres of radius k,

and through O draw OBB'B", ... parallel to PAA' .... cutting these

spheres in B, B', ... . Then AB, AB', ... are, by the construction of

fig. 35, the 2n inner boundary-wave vectors k
, k'

,
... and these are

evidently all parallel to each other and to the incident wave-vector. It

is evident moreover that an analogous construction gives the inner

boundary-wave vectors km , k'm ,
... and that these are aiscFall parallel.

The necessity of the parallelism of the inner wave-vectors corresponding
to the different solutions, which is the first condition to be satisfied if

they are to cancel one another, fixes the wave-points A, A', A", ... for

any angle of incidence. The amplitudes must then be adjusted so that

this mutual cancellation takes place for all the waves except the one
which is chosen as the incident wave.

(j) The relation between the external and internal waves considered in

terms of the boundary conditions : The method of dealing with the

bounded crystal outlined in II, 4(i), is due to Ewald, and was that by
which the solution of the problem was first obtained. There is, how-
ever, an alternative method of considering the matter, which is perhaps
easier to follow because it is more directly physical. It was given by
Laue 22 in a very interesting paper in which the dynamical theory is

considered in terms of a three-dimensionally periodic distribution of
electric charge-density, instead of in terms of a lattice consisting of

dipoles. We shall consider this theory in some detail in Chapter VIII,
after we have discussed the representation of the crystal by means of
Fourier series, but we may anticipate some of the results here.

Let us suppose a plane wave-train, whose wave-vector is k , falls on
the plane surface of the semi-infinite crystal from outside. The wave-
field set up inside the crystal when a steady state is reached will be of

the type already discussed, but there will be certain necessary boundary
conditions to be fulfilled.

First of all, if K is the wave-vector of that wave inside the crystal
which is to be considered as the primary wave, and as derived directly
from the incident wave k , the components of k and K parallel to the

surface must be equal; for only so can the necessary continuity of
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phase at the surface be attained. This is the condition that gives
Snell's law of refraction in optics.

Let SS', fig. 37, be the trace in the plane of the paper of the surface

of the crystal, and let A(0) be the vector K drawn to the reciprocal-
lattice point (o). Let P(0) be a

P' vector k drawn to the same

point. Then if PP' is the normal
to the surface SS', A must lie on

PP', for only then will the com-

ponents of k and K parallel to

the surface be equal. Since A
must also lie on the dispersion

surface, this fixes at once the 2n

possible positions of the wave-

point, A, A', A*, ...; for these

must lie at the points of inter-

section of PP' with the 2n sheets

of this surface.

The In wave-points determine

2n possible wave-fields in the

crystal, but these are no longer

independent, for certain condi-

tions have to be satisfied in their

superposition. These conditions we have discussed in II, 4(/), in

the form in which they were given by Ewald, but they may also be
introduced in the form of the usual boundary conditions to be satisfied

by the electric fields inside and outside the crystal the continuity of

the tangential component of the electric field, and of the normal com-

ponent of the electric induction. This method of solving the problem
is physically, although not formally, identical with that given by Ewald.
The boundary waves are not present in the final wave-field, and make
their appearance only as a formal step in the solution of the problem.

(k) One primary and one secondary wave in the finite crystal: (i) We
shajl consider first the case in which both primary and secondary
wave-normals are directed into the crystal. Let K and Km be the wave-
vectors of the primary and secondary waves in the crystal, and let k
be that of the incident wave. Both K and KTO make acute angles
with the inward-drawn normal to the crystal surface, which we shall

suppose to be the direction of the z axis. In fig. 38, let (o) and (m) be
the reciprocal-lattice points concerned, and let L be the Laue point, so

that L(o) and L(m) each have magnitude |k|.

Let the radiation be polarised with the electric vector perpendicular
to the plane L(o)(w). The two branches of the dispersion hyperbola
for this case are shown in the figure. It is to be remembered that in

any actual case the distance of L from the lattice-points (o) and (m) is
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FIG. 38. Construction for wave-points of two waves, for the case in which
the secondary wave is directed into the crystal

of the order of 105 times the diameter of the hyperbola. With the

point (o) as centre, let a circle be described of radius k. This circle

passes through L, and within the region of the figure can without

sensible error be replaced by its tangent at that point, the straight line

LM. The line joining any point P on this line to the point (o) has

length k and can be taken to represent the wave-vector k of the incident

radiation. As the angle of incidence varies, P moves along the line

LM. When it coincides with L, the glancing angle of incidence on the

crystal planes that are normal to the reciprocal vector (o)(m) is , that

corresponding to the Bragg angle of reflection at those planes.

Let SS' be the crystal surface, and let the line PAA' be drawn through
P normal to the surface. Then, as we have seen in II, 4(i) and 4 (j),

A and A', the intersections of this line with the hyperbola, give the possible

positions of the wave-point for the angle of incidence corresponding to

the position of P. Each point gives a possible wave-field. The wave-
vectors K and Km , corresponding to the point A, are the lines A(o) and

A(w), and K' and K', corresponding to the point A', are the lines A'(0)

andA'(w). To avoid confusion these linesare not actuallydrawn infig.38.

The relative amplitudes of the waves (o) and (m) for any position of
of A are determined by that position ; for A determines the magni-
tudes of the vectors K and Kw , and these determine c and cm , to which
the amplitudes of the waves are inversely proportional. The relative

amplitudes of the two fields as a whole determined by A and A' are,

however, given by the boundary conditions, which, in Ewald's form,
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are here (a) that the inner boundary waves corresponding to the point
(m) must cancel each other, and (b) that the incident beam should cancel
the sum of the inner boundary waves corresponding to the point (o).

In the case we are considering, A and A' must always lie on different

branches of the hyperbola, and the two waves which constitute each
wave-train will have slightly different velocities and directions. Inter-

change of energy occurs between the primary and secondary beams,
analogous to that which takes place between a pair of coupled pen-
dulums whose frequencies are nearly equal, and a detailed investigation
shows that the primary beam has all the energy at the surface. At a
certain depth this state of affairs is reversed, and so the alternation goes
on. The depth of the layer in which a complete alternation takes

place is the greater the more nearly the velocities of the two waves

approach, but this closeness is limited by the diameter of the hyperbola,
since A and A' always lie on different branches ; so that interchange
must always occur. It is, however, improbable that it would ever be

possible to detect it experimentally, for the interchange depth is small,
and the effect would be averaged out by any imperfection in the crystal.

(ii) We may now consider the case of symmetrical reflection at a

crystal face. The crystal surface then bisects the angle between L(o)
and L(m), and these conditions are represented by fig. 39, in which the

lettering corresponds to that in fig. 38.

FIG 39. Construction for the wave-points for the case of symmetrical
reflection at a crystal face
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The line through P normal to the surface now cuts the hyperbola in

points A and A' which lie on the same branch. The solution should

still, however, be of the interchange type that we have discussed above,
since there are still two wave-fields between which interaction can take

place. This would indeed be true for a crystal strictly without absorp-
tion, but it has been shown by Kohler

23 that if the crystal has the smallest

absorption, so small that the equations need not be modified, but large

enough to ensure that no energy gets through a thick slab, only one of

the points A and A' gives rise to an appreciable wave-field. There is

thus never more than one wave-field operative at a time in the reflection

experiment in any real case, and so no interchange. A discussion of

this point will be found in Chapter VIII, l(/z).

As the point P moves towards L, that is to say, as the glancing angle
of incidence increases, A and A' move closer together, finally coinciding
at L. If the angle of incidence becomes still greater, the point P passes
into the region between the tangents to the two branches of the hyper-
bola which are parallel to z, the normal to the crystal surface, and the

line through P parallel to z cannot then cut the hyperbola. As the

angle of incidence increases still further, P moves out of this reg^n
again, and the solution once more becomes of the type we nave already
discussed. We have now to enquire more closely into the meaning of

the absence of any intersection with the hyperbola of the line through P,
and normal to the surface.

In such a case, the z components of the imaginary points of inter-

section are conjugate complex quantities, the x and y components
remaining real. The wave-vectors K and Kni corresponding to any
such imaginary point of intersection are complex.

It is also a necessary consequence of the relation

r* being the vector in the reciprocal lattice from the point (o) to the

point (m) y that if Ke and Km are complex, the imaginary parts of each
must be equal, since their difference is equal to r, a real quantity.
The two wave-vectors must thus have equal imaginary components
parallel to z. Now, as we have seen in II, 3(/j), a complex wave-
vector implies either an increase or a decrease in the amplitude of the

wave with distance travelled. The amplitudes of the waves (o) and (m)
must therefore either both increase or both decrease with increase of

depth in the crystal. It is evident that if energy is to be conserved they
can only decrease. Both primary and secondary waves thus die away
exponentially to zero as the depth in the crystal increases, and this state

of affairs clearly corresponds to a deflection of the whole energy of the

primary beam into the secondary, or in other words, to total reflection

of the incident energy. Ewald's theory, like Darwin's, thus leads to the
result that, over a certain small range of angles of incidence, reflection

from the ideally perfect crystal with negligible absorption will be total.
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It is easy to show that the two theories agree as to the angular range
of total reflection. From fig. 39, this range is the angle turned through

by the line P(0) while P moves from L to R, which is equal to LR/&,
and LR = LS cosec LS being the diameter of the hyperbola, which,

byll,4(),is2*/0cos0 .

Thus the angular range of total reflection is 2 sec cosec Q/Q, or

28 sec cosec , in agreement with the value obtained from Darwin's

theory in II, 3(e), if we assume that/(20) =/(0), which is true for the

simple classical dipole upon which the theory is based, for the state of

polarisation that we have assumed. For the simple dipole oscillators

here considered, the lower limit of the range of perfect reflection is the

Bragg angle . If, as in any actual case, /(20) is not equal to/(0),
the diameter of tfye hyperbola, and so the breadth of total reflection, are

reduced in the ratio/(20)//(0). The centre of the hyperbola remains in

the same position, and the angle of incidence corresponding to the

middle of the range of total reflection is unaltered. This applies to

radiation polarised with the electric vector perpendicular to the plane
of incidence. In II, 4(g), we have seen that if the electric vector lies

in the plane of incidence, the diameter of the hyperbola, and hence the

range of total reflection, are reduced in the ratio cos 20 : 1, again in

agreement with the results of Darwin's theory. The proofs of these

results in terms of the dynamical theory will be found in Chapter VIII,

(/) Unsymmetrical reflection : In II, 4() above, we considered the

case of symmetrical reflection in which the crystal planes are parallel

to the surface. It is easy to modify our construction to suit the case

in which the surface is inclined to the crystal planes, as shown in

fig. 40b. In fig. 40a, L is again the Laue point, and L(o) and L(m)
the directions of incidence and reflection corresponding to the Bragg
reflection condition, just as in fig. 39. C is the centre of the hyperbola,

which, to avoid confusion, we have not drawn. LQ is parallel to the

crystal surface and is inclined at an angle <f>
to the lattice-planes taking

part in the reflection, and at an angle ^ to L(0), the direction of inci-

dence corresponding to the Bragg condition ; so that = -
<f>, where

is the Bragg angle.

Let S be the intersection of CS, the line through the centre of the

hyperbola and perpendicular to the crystal surface, and LS the line

perpendicular to L(o). Then, by the construction used in fig. 39, the

line S(o) joining S to the reciprocal-lattice point (6) is the direction of

incidence corresponding to the middle of the range of total reflection.

The difference, J0
, between the angular settings of the crystal for the

middle of the range of total reflection and for reflection at the Bragg
angle is thus equal to the angle between S(0) and L(o), or

(2.111)
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From fig. 40a,

LS = LCsinLCS/sinCSL
= LC cos </sin ti = LC cos (0

-
</0/sin </r, (2. 1 1 2)

and LC, the distance from the Laue point to the centre of the hyperbola,
is by II, 4(g),

- kjQ cos , so that by (2. 1 1 1) and (2.1 12),

J0 = -
cos(0

-WQ cos sin ^
= -

(cot + tan )/,Q, (2.113)

a formula first obtained by Ewald.24

If the crystal is cut so that the incident beam is nearly parallel to the

surface when reflection takes place, </<
is small, and, by (2.113), J0

S

FIG. 40. Construction for unsymmetrical reflection

becomes large. The same result is evident geometrically from fig. 40a,
for as diminishes, the distance of S from L rapidly increases. For
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symmetrical reflection, ^ = > and S becomes S in fig. 40a; J0 then
reduces to the usual value for symmetrical reflection

J0 = -l/flsin0 cos0 .

That this normal value of the deviation from the Bragg angle can be

greatly increased by cutting the crystal so that its face is nearly parallel
to the incident beam in the position of reflection was first pointed out

by Bergen Davis,
25 and was used by him and his collaborators to

measure the refractive indices of crystals.

Let us now suppose the crystal to be cut so that the reflected beam
leaves the crystal nearly parallel to the surface ; that is to say, that ^
in fig. 40a is increased until it approaches 20 . By (2.113), J0 then

becomes -
1/2Q sin cos r half the value for symmetrical reflec-

tion, a result that is also obvious from fig. 40a ; for CS must now be
normal to L(m) instead of to L(o), and intersects LS at S', half-way
between L and S .

We shall return to these formulae in Chapter IV, when discussing the

measurement of the refractive index, but it is convenient to derive them

here, since they are deduced more readily in terms of the dynamical
theory than by treating the problem as a simple case of refraction with

a refractive index 1
-

8, where 8 = -
1/fl, as was done by Stenstrom,

Bergen Davis and others. It is in fact not really correct to do this,

since, as we have seen in the discussion of the dynamical theory, we
cannot strictly think. of the crystal, when it is reflecting, as having a

refractive index that is a definite and constant property of its material.

Ewald has shown, however, that the errors made in deducing J0 on
the assumption that the problem is simply one of refraction are of the

order of S2
, and so are within the limits of experimental error.

(m) Conclusion : The account of the dynamical theory given in this

chapter is based on Ewald's original treatment, and an attempt has
been made to keep the main lines of the argument clear, and not to

overload it with mathematical detail. The theory, as developed,
assumes the lattice to be composed of scattering dipoles, situated at

the lattice-points, and in Chapter VIII we shall return to the con-
sideration of the case in which the scattering matter is distributed

continuously throughout the volume of the cell, and in which absorp-
tion cannot be neglected. We shall find that the results already deduced
in this chapter by means of the Darwin-Prins theory also follow from
the dynamical theory, which, however, also enables us to calculate the

details of the wave-field within the crystal. It will be advantageous to

postpone the more detailed discussion of the theory until certain other

aspects of the subject have been dealt with ; but because of the impor-
tance of the dynamical theory in the development of the treatment of
diffraction by crystals, and because of the intrinsic beauty of the methods

by which Ewald attacked and solved the problem, a preliminary account
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has been introduced at this stage that will serve to give an idea of the
main content of the theory.
The discussion has shown what an essentially complicated matter

the diffraction of short waves by a crystal lattice is, if rigidly treated,
but it has also shown that in so far as the directions of the spectra are

concerned, the results of the dynamical theory differ from those of the

simple theory of Laue and Bragg by seconds of arc only. For many
purposes, such as the analysis of crystal structure, they are thus insig-
nificant. But with the intensities, matters are different ; the divergence
between the two theories is very great, and we shall have to discuss at
some length in Chapter VI what experiment has to say in deciding when
one theory or the other has to be used. It is not, however, possible
10 do this until we have discussed the atomic scattering factor,/, which
occurs in all the intensity formulae, and the effect of the temperature
motion of the lattice. The next three chapters will accordingly be
devoted to these topics.
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CHAPTER III

THE ATOMIC SCATTERING FACTOR

1. INTRODUCTORY
AT the beginning of the last chapter, in II, 1(), we defined provision-
ally a quantity /, the atomic scattering factor, which is a measure of
the amplitude scattered by an atom when radiation of a given amplitude
falls upon it. It is expressed in terms of the amplitude scattered by a

single classical electron under the same conditions, that is to say, by an
electron scattering according to the Thomson formula (2.8). We have
seen in the last chapter how all expressions for the intensity of X-ray
spectra contain this quantity/, whose existence we have, however, so
far merely assumed in a formal way. At this stage it is necessary to
deal with it in much greater detail, and to discuss to what extent it is

possible to calculate it theoretically in terms of atomic properties.
Such a discussion is of the greatest importance to crystal analysis, for
in the detailed determination of structures, comparison between the
observed intensities of the spectra and those calculated from some
assumed atomic arrangement plays an essential part; and such cal-

culations cannot be made unless the /-factors of the atoms concerned
in the structure are known.
The importance of the atomic scattering factor has been realised

from the beginning. Laue introduced it formally into his equations,
and Darwin used it in his early papers, and indicated clearly that it

must depend on the spatial arrangement of the electrons in the atoms.
In their first papers on structure analysis, W. L. and W. H. Bragg took
the amplitude scattered by an atom as proportional to the atomic
weight, but Sir William Bragg

1 in his Bakerian Lecture of 1915

expressed clearly the importance of taking into account the effect of
the distribution of electrons over a region whose dimensions are com-
parable with the wave-length of the radiation employed. About the
same time, Debye

2
pointed out that atoms irregularly arranged, as

in a gas, must still produce diffraction effects with X-rays, because of
the grouping of the electrons which are responsible for the scattering
about the atomic nuclei; and in a very important paper, which laid

the foundations of subsequent work on the scattering of X-rays by
gases, he showed how to calculate the scattering factors with certain

assumptions as to the electronic arrangements. A, H. Compton 3

in 1917 calculated the scattering factors for certain simple configura-
tions of electrons, and used them to estimate the dimensions of the
atoms in calcite and rock salt by comparison of observed and calculated
intensities of spectra. Similar estimates were also made by Debye and
ScherrerMn 1918.
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In all these papers the classical theory of the scattering of electrons

by X-rays had of necessity to be used as a basis for calculation, for the

older quantum theory provided no means of calculating the scattering

of coherent radiation by electrons. On the other hand, the existence

of the diffraction of X-rays by crystals showed definitely that such

coherent radiation forms an important part of the total scattering.

The situation was theoretically very unsatisfactory ; for while in the

time just preceding the development of the newer quantum mechanics,

the gradual accumulation of accurate intensity measurements was

making it clear that calculations based on the classical theory of scat-

tering gave results of the right general type and order of magnitude if

an electron distribution in harmony with the Bohr atomic theory was

assumed, yet there was no proper theoretical sanction for using the

classical formulae. The difficulties have been largely, although not

entirely, removed since the advent of the new quantum mechanics and

the development of the theory of scattering in the hands of Wentzel,

Waller, and others ; for the quantum-mechanical and classical formulae

are found to be formally nearly identical, so that the general agreement
between experiment and theory based on the mixture of classical and
old quantum ideas, which had to be used in calculating the scattering

factors, was satisfactorily explained.

2. THE CLASSICAL CALCULATION OF SCATTERING FACTORS

(a) General considerations : We shall first discuss the scattering of
radiation by atoms according to the classical theory, which forms a

useful introduction to the treatment in terms of the quantum theory.
The assumptions which we shall make in this section may be summed
up as follows :

(1) We shall suppose the atom to contain electrons which are dis-

tributed throughout a volume comparable with the atomic dimensions,
and with the wave-length of the radiation which falls on it.

(2) Each electron is supposed to be so loosely bound in the atom that

it scatters according to the Thomson formula as a 'free' electron. If we
suppose the electron to be bound in the atom with such a force that it

oscillates with a natural frequency <u when disturbed, we are in effect

supposing that co, the frequency of the incident radiation, is very large

compared with co
, but yet is not so large that relativitycorrections become

important. The electron will then scatter exactly out of phase with the

incident radiation, with an amplitude given by the Thomson formula.

(3) We also assume that any orbital motion of the electrons within
the atom takes place so slowly that there is no appreciable alteration

of the configuration during a large number of complete alternations of
the field-vector of the incident radiation. Using these assumptions, we
can deduce in a general way certain properties of the scattering factor.

In the forward direction there will be no path difference between the
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waves scattered by electrons in different parts of the atom, Since the
electrons are all supposed to be loosely bound, any change of phase on
scattering is the same for all of them, and so the amplitude scattered
in a forward direction will be Z times that due to a single electron, Z
being the total number of electrons in the atom. On the other hand,
in a direction making a finite angle with the direction of the incident
radiation there will be path differences between the waves scattered

from electrons in different parts of the atom, which will therefore

interfere, and produce a resultant amplitude smaller than Z times that

due to a single electron. The phase differences that may be attained

depend on the angle of scattering, the wave-length, and the volume
throughout which the electrons are distributed. The scattering factor

/will thus approach Z for small angles of scattering, and will fall away
with increasing angle at a rate that, for a given wave-length, is deter-

mined by the distribution of electrons within the atom.
We can see then from these very general considerations that it is not

sufficient to take the amplitude scattered by an atom as proportional
to the atomic number Z at all angles. The ratio between the amplitudes
scattered by two atoms of different kinds will, moreover, not be con-

stant, since f for each atom will, in general, depend in a different way
on the angle of scattering;* and this may be of great importance in

crystal analysis. We see too that if it is possible by any means to

determine /experimentally as a function of the angle of scattering we
can get direct information concerning the distribution of the electrons

within the atom. Both the above aspects of the subject have been

important in its development.
In calculating scattering factors by classical methods, we obtain

different results according to whether we consider the atoms as forming
part of a crystal lattice, or as irregularly arranged in a gas. In either

case, we must in practice deal with an average effect due to a very large
number of atoms, and the method of averaging depends on the con-
ditions of the problem. We shall consider the point in a little detail,

since the principles involved are important, and are not always clearly
understood.

(b) Scattering by atoms arranged in a crystal lattice : Suppose that

every point of a lattice is occupied by an atom of the same kind, the

centres of the atoms coinciding with the lattice-points. The atomic
electrons then form a group of scattering points associated with each

lattice-point, and the problem to be solved is evidently similar to that
of calculating the structure factor for a composite crystal unit. The

scattering factor that we have to calculate is in fact the structure factor
of the atom. There is, however, a difference. We can no longer

* A very direct demonstration of this for the atoms of calcium and fluorine is

-given by the intensities of the spectra from the crystal fluorite. See, R. W. James
and J. T. Randall, Phil. Mag., 1, 1202 (1926).
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assume the groups at the lattice-points to be identical. They will be
identical on the average, but, since the electrons may be moving in the

atoms, at any given instant the electronic configurations about the
different lattice-points may differ. We recognise here, in the assump-
tion of an instantaneous configuration of point electrons, just that type
of concept which characterises the classical point of view, and which
the quantum theory declares to be without physical meaning. For the
time being, however, we shall use it.

Suppose to begin with that each atom contains only one electron,
the position of which with respect to the centre of the atom, and so to
the corresponding lattice-point, is determined for one of the atoms by
a vector r. The phase difference at a distance large compared with the
atomic dimensions between the wave scattered by this electron and by
one supposed coincident with the atomic centre is arS-r, by (7.6). The
vector S is normal to the plane that would reflect the direction of
incidence into the direction of scattering, and its magnitude is 2 sin 6,

where 29 is the angle of scattering; K is equal to 27T/A.

Let us now suppose the direction of scattering to be that correspond-
ing to a spectrum, so that S is normal to the corresponding lattice-

planes. The radiation scattered by electrons supposed coincident with
the lattice-points will now be in phase from all the atoms. In cal-

culating the amplitude scattered by any configuration of electrons we
have therefore simply to take into account the phase differences due
to the departures of the electrons from the atomic centres. The
amplitude due to a given configuration will then be ZV'*s

'r
times that

due to a single electron, the sum being taken over all the electrons in

all the atoms. Now this amplitude is just the same as would be
scattered by a single atom containing all the electrons, fixed by the

corresponding vectors radiating out from the common centre. If N,
the total number of atoms, is large, the probability that an electron
lies within any given element of volume of this composite atom is N
times the probability that one lies within the corresponding element of
volume of a single atom chosen at random. Let us denote by p(r)dr
the probability that an electron in any atom lies within an element of
volume dr

9 whose mid-point is defined by the vector r. Then we can write
for the amplitude scattered by the composite atom considered above

the integral being taken throughout the whole volume of a single atom.
Thus the amplitude scattered by the whole lattice in the direction of
the spectrum is the same as it would be if each lattice-point were

occupied by an atom scattering / times the amplitude scattered by a

single electron, where

(r)e'
s 'r

</r. (J.I)
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Let r make an angle with the direction of S. Then

/cS-r = 2/c sin r cos a =/x/- cos a,

where u = 2/c sin = 4

97

Now suppose that p (r) depends only on the magnitude of r, and not
on its direction, so that the average atom is spherically symmetrical.
Then we may take as a convenient element of volume an annulus of a

spherical shell of radius r, thickness dr, and width d<*> having S as

axis. (See fig. 41.)

Thus dr ^ 2nr* sin a dot. dry so

fir sin a doc. = dx, (3.1) gives

FIG. 41

that if we put fir cos a = ,v, and

fir -nr

If U(r)dr is the probability that an electron lies between radii r and
r + dr in any atom, U (r)

= 4nr2
p (r), so that (3.3) becomes

[fir
(5.4)

where fi=4ir (sin ^)/A. The scattering factor is spherically symmetrical
and real. The calculation is very similar if, instead of a single electron,

each atom contains a number of electrons, say Z. For generality,

suppose the motions of all the electrons are of different types, having
different probability functions pl9 p2 ,

... p t . Again we shall suppose
that all directions of the radius are equally likely for any of the elec-

trons, so that we can define radial probability functions U^r) ... U,(r),

giving the probability that, in any atom, electrons of any given type
should lie between the radii r and r + dr. Then it is evident that (3.4)

becomes



98 THE OPTICAL PRINCIPLES OF THE DIFFRACTION OF X-RAYS

where now U(r)dr =2Un (r)dr, and is the total probability that an

electron will be found between radii r and r + dr in any atom. The

relation \J(r)dr = Z, where Z is the number of electrons in a single
M)

atom, must of course hold good.
The average taken here is that over the instantaneous positions of

the electrons in all the atoms in the crystal, but it will usually be assumed
that this is the same as the time-average of the distribution in a single
atom. The orientation of the atom has been taken as a random one,
so that the average atom has spherical symmetry. The possibility of

taking the average in this way depends on the fact that the centres of
the atoms are fixed and that we are considering the reflection of a

spectrum, and not of the general background, so that there is a regular
phase relationship between the radiation scattered from corresponding
points in the different atoms. We can therefore add the amplitudes
scattered by the electrons in different atoms.

(c) Scattering by atoms distributed at random : Let us suppose
now that the same atoms are irregularly distributed, as in a gas. There
is no longer any regular phase relationship between the radiation scat-

tered from corresponding points of different atoms. We have now,
therefore, to average the intensities scattered by a large number of

independent atoms, which can have any orientation. This is equivalent
to taking the intensity scattered by any configuration of electrons in

one atom, and averaging over all possible configurations and orien-
tations.* Let there be Z electrons, fixed by vectors r,, ... rn ,

rm , ... .

Then the amplitude scattered by the atom in the configuration given
by these vectors is Ze*****, the sum being over all the Z electrons.

The intensity for this particular configuration is the square of the
modulus of this expression. The measured intensity is the average of
this intensity over all possible configurations. Thus, in terms of the

intensity scattered by a Thomson electron, we have

The double summation in (3.6) contains terms involving all possible
pairs of electrons in the atom. Those terms for which n=m are all

equal to unity on averaging, so that they contribute in all Z to the

intensity. To get the average values of the terms for which w ?t w we
proceed as follows. Let p n (rn)drn9 pm (rm)drmy be respectively the pro-
babilities that the electrons n and m lie within the small elements of

* This procedure neglects external interference effects, produced by the relation-
ship of electrons in different atoms, and this is justifiable if the average distance
between atoms is large in comparison with the wave-length. (See Chapter IX,
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volume drn and drm fixed by the vectors rn and rw . The product
Pn(*n)pm (*m)dTn dTn gives the probability that electron n lies in drn
while at the same time electron m lies in drm , and this gives the weight
to be assigned to the term in the double sum involving n and m in taking
the average. To get the average value of such a term we multiply it

by this weight, and integrate over the whole volume, both for drn and
drm . We get in this way for the average intensity

n^Lm f

1 =Z + rn

*

L.(r.)**' drn . (3.1)
J

We have here supposed the positions of the electrons to be independent.
so that the position of m does not depend in any way on that of n,
The two integrals can therefore be evaluated independently, and so

by (3.1)

m

where/ and/w are the scattering factors that would have been obtained
for the individual electrons had the atoms been arranged in a crystal
lattice.* In what follows we shall always use /in this sense. Since
there are Z electrons altogether, we may write (3.8) in the form

I -27(1 -/n
2
) +( /)* = (1 -/n*) +/* (j.9)

where /2?/n> and is the scattering factor for the whole atom, as
defined by (3.5). The method followed in the calculation just given is

based in principle on the work of Debye.
2

Compton 6 and Raman 6

have given essentially similar treatments. Compton, however,
assumed / to be the same for each atomic electron, so that it could
be taken as equal to//Z, where /is the scattering factor for the whole
atom, and Z is the total number of electrons in the atom. Equation
(3.9) becomes on this assumption

The assumption ofequal/'s for all the atomic electrons is not justifiable,
as we shall see later, and the more exact expression (3.9) is therefore

preferable to (3.10), although the numerical difference between them is

not in fact great. The expression for the classical scattering in its more
exact form was first given by Woo,7

and, independently, by James.8

We may now compare equation (3.5), which refers to atoms arranged
in a crystal lattice, and (3.9), which refers to the same atoms arranged
as a gas. Suppose that in each case there areN atoms in all. The intensity
scattered by the gas will be N times the average intensity scattered by
a single atom, or N{2?(1 -/n*)*/

2
}. On the other hand, for the

direction of the lattice spectrum the total amplitude is N/ and the

* In the formulae of this paragraph the /'s are supposed to be real With complex
lues of /the correct form of the product in (J,8) would be/r*/n .

values
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intensity N2/2
. The two formulae have, moreover, quite different de-

pendences on angle of scattering. We can see this most easily if we
take the case of an atom containing a single electron. Equation (3.9)

then reduces to unity, which means that each atom scatters as a Thom-
son electron, as would be expected, since the electrons in the different

atoms form a random arrangement. If the radiation were polarised
with the electric vector perpendicular to the plane containing the

directions of incidence and scattering the scattered intensity in this

plane would be the same at all angles. The single-electron atom in the

crystal, however, scatters with a factor / which depends on the angle
of scattering, decreasing as it increases.

The difference between the two cases can be put briefly in the following

way. The first formula assumes that the whole statistical distribution

of charge in the average atom scatters at once, so that the amplitudes
of the waves from each element of the distribution may be added. The

regular arrangement of atoms allows this to be done. In the second

case all the elements of the statistical distribution are supposed to

scatter independently, corresponding to the idea that they represent

entirely independent configurations of the same or of different atoms,
with no regular phase relationship between them. We have therefore

to average the intensities scattered by the different configurations. One
is essentially a statement about amplitudes, the other about intensities

(d) Coherent and incoherent radiation : The classical treatment that

we have just given assumes the scattered radiation all to have the same

wave-length as the incident radiation, while actually a very considerable

fraction of it is scattered with an increase in wave-length. This in-

coherent or Compton scattering can take no part in the formation of

the interference maxima, and in these we are concerned only with the

coherent radiation. Incoherent radiation occurs only in the back-

ground, and forms a very small fraction of the intensity of a strong

spectrum. On the other hand, the radiation scattered from a gas
contains a very much larger fraction of incoherent radiation, since the

coherent radiation is not now reinforced by the agreement in phase of

the contributions from the different atoms.

Equation (5.9) shows that according to the classical theory the total

radiation scattered per atom by a monatomic gas is

Now the amplitude scattered per atom when the atoms are arrayed in

a crystal lattice is, for the directions of the interference maxima, /,

and here we must suppose only the coherent radiation to take part.

If the formula could be taken over into quantum theory, the second

term / might be interpreted as giving the intensity per atom of the

coherent radiation, and the first term 27(1 -/*) as giving that of the
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incoherent radiation. This was suggested as an interpretation by A. H.

Compton.
The quantum theory of scattering, as we shall see, does in fact

suggest that formally this is very nearly correct. The scattering from
an assemblage of electrons, calculated according to the classical theory,
is equal to the total scattering, coherent and incoherent, calculated

according to the quantum theory, if interaction between the electrons

is neglected, or if it is taken into account in certain approximate
manners, and if the exchange terms are neglected. Nevertheless, al-

though it appears to be formally correct to assign the first and second
terms of (3.9) to incoherent and coherent radiation respectively, it

seems at this stage to be rather arbitrary to do so; for the whole
calculation is based on interference methods, and assumes no change of

wave-length. These difficulties emphasise the need for a treatment of
the theory of scattering based on quantum principles, and we shall

outline such a treatment in the third part of this chapter.

(e) Numerical calculation ofscattering factors on classical basis : The
first serious attempt to evaluate the radial probability function U(r)
on which the /-factor depends was made by Hartree 9 in 1925, on
the basis of Bohr's orbit theory of the atom. He estimated the dimen-
sions of the orbits from the X-ray and optical term values, and deduced
the necessary time-averages, and so obtained U(r). The scattering
factor could then be calculated from (3.5) by numerical integration.
Hartree's /-curves obtained in this way were of great value in crystal

analysis, where a general idea of the way in which scattering depends
on the angle of scattering may often be enough, particularly if the

relative values for different atoms are fairly correct. Absolute compari-
sons with /-curves obtained experimentally by W. L. Bragg, James
and Bosanquet,

10 and others, showed important systematic deviations

between theory and experiment. The Hartree curves always showed
a hump for moderate angles of scattering, which was not found

experimentally. Williams,
ll and Jauncey

12 tried to account for

this in terms of incoherent scattering ; but since these curves have been

entirely superseded by the much more accurate ones subsequently
obtained by Hartree himself on a quantum-mechanical basis, using his

method of the self-consistent field, we shall not discuss them further,

and shall proceed at once to the consideration of the quantum theory
of scattering.

3. THE TREATMENT OF SCATTERING
BY THE METHODS OF WAVE-MECHANICS

(a) Introductory : In the classical treatment of the scattering of radi-

ation by electrons it is assumed that we have the right to employ such
ideas as the exact position and velocity of an electron at a given instant.
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Now from the point of view of the quantum theory it is impossible in

principle to determine exactly the simultaneous position and velocity
of a particle; for any exact determination of position involves the
interaction of the particle with radiation, and this will alter its momen-
tum, and so the whole of its subsequent motion. We cannot consider
ourselves to be outside a system, impartially noting the positions and
velocities of each of its particles, without in any way altering these,
which is in effect what classical physics assumes.

Although we cannot determine exact configurations in this way, we
possess in the methods of wave-mechanics a calculus enabling us to
determine the probability of finding an electron in a stated region,
given the field of force acting on it. To each mechanical problem there

corresponds a certain equation, the wave-equation, whose solution,
known as the wave-function, we shall denote by u. It is a function of
the co-ordinates and of the time, which is in general complex. Let
dv = dx dy dz be a small element of volume in the neighbourhood of the

point (x, y, z). Then \u(x, y, z, t)\
2 dv is to be interpreted as the

probability that, under the conditions of experiment to which the wave-
equation applies, the electron will be found at time / in the element of
volume dv. In a certain sense therefore e\u\

2 or euu*, where u* is

the conjugate of w, may be thought of as the average charge-density
at the point (x, y, z), an interpretation first given to it by Schrodinger.
It is better, however, to use the probability interpretation, since we are
led into difficulties in many cases in using the idea of the charge-density.
The justification for using the idea of the charge-density is that e\u\

2

occurs in some expressions, notably, as we shall see, in that for the

scattering factor, exactly in the way in which charge-density occurs in
the corresponding classical case. For a number of electrons the pro-
bability interpretation has to be extended as follows. Suppose the
co-ordinates xl9 yl9 z

?>
... xn , y n , zn refer to the electrons (1) ... (ri).

Then u will be a function of all these co-ordinates and of the time, and
the probability that at time / electron (1) lies within the element of
volume dvl in the neighbourhood of (xl9 yl9 Zj), electron (n) within the
element of volume dvn in the neighbourhood of (xn , yn , zn), and so on is

|w(*i, yi, *i, ... *n > yn , zn , t)\
2 dvv .. dvn .

The problem that interests us in this section is the calculation of the

amplitude of the scattered radiation when an electromagnetic wave
falls on an atom whose wave-functions when undisturbed by the radi-
ation are known. This problem has not yet been fully and satisfac-

torily solved. To deal with it, it would appear to be necessary to
consider the atom and the total radiation field as forming a single
quantised system, a method that has been used by Dirac, but which is

entirely beyond the scope of the present treatment.* There exist,
however, other methods which, while less satisfactory logically than

* Sec for example, Fermi, Reviews of Modern Physics, Vol. 4, p. 87. 1932.
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the fuller treatment, give the results that we require much more simply,
and have in fact generally been used in such problems. The calculation
of the coherent and incoherent radiation from electrons under the
influence of an electromagnetic wave was first carried out by Wentzel,

13

and by Waller.14 The work is an extension of the dispersion formula of
Kramers and Heisenberg

15 to waves of lengths comparable with the
atomic dimensions. The dispersion formula had already been obtained

by the methods of wave-mechanics for long waves by Schrodinger
16

.

In the brief outline of the methods which follows, we shall consider
the case of an atom containing a single electron. We have already
seen that the quantity e \u\

2 can then be considered in a certain sense
as the average charge-density in the atom at the point where the wave-
function has the value u. In ordinary electrical theory, /> the charge-
density, and j the current-density at any point are connected by the

equation of continuity,

dp

jJf
+ divHO. (3.11)

Schrodinger showed that it is possible to derive from the wave-equation
an equation of the same form as (3.11), in which p is represented by
e\u\

2
. The quantity in the equation corresponding to j may therefore

be interpreted as a current-density. We shall refer to it in what follows
as the Schrodinger current-density.
The simplest method of treating radiation problems is to assume that

the electromagnetic field due to an atom whose wave-function is known
is to be calculated from the Schrodinger current-density in just the
same way that the field due to a distribution of currents is calculated

according to the ordinary classical electromagnetic theory. So long as
the atom is in a stationary state, the Schrodinger charge and current-

density do not depend on the time, and the atom will not radiate, but
if an electromagnetic wave falls on the electron, the field acting on it

now varies periodically with the time. We may treat the field due to
the incident wave as a perturbation of the atomic field, and calculate
the resulting perturbation of the wave-function. The corresponding
perturbed current-density now varies periodically with the time, and
gives rise to radiation, which is to be calculated according to the
known laws of classical electrodynamics for a periodically varying
current distribution. This method is only approximate, for it neglects
altogether the reaction of the atomic field on the radiation field ; but
so long as we can treat the incident electric field as a small perturbation
of the atomic field, and this is justifiable in the case to which we shall

apply the method, it yields results that agree with those of the more
detailed theory.

(b) The wave-equation : We have first of all to write down the wave-
equation appropriate to the problem, which will be that for an electro-
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magnetic field varying with the time. We shall use the non-relativistic

form of the equation, although for the heavier atoms relativity effects

will be appreciable for the inner electrons.

The usual method of obtaining the wave-equation is as follows. We
write the total energy of the electron in the Harmiltonian form, as a

function of its momenta and co-ordinates, and in the Hamiltonian

replace the momentum by the operator (A/0 grad.* The Hamiltonian
is thus transformed into an operator, which is made to operate on the

wave-function w, and the whole is then equated to Ww, W being the

total energy. Since we are dealing with a field varying with the time,

W is not a constant, and it must be replaced by the operator ihdjdt, a

transformation that is arrived at as follows. For a stationary state of

energy W the wave-function u may be written in the form

-iwi
u = t(x,y,z)e

h
, (3.12)

where $ is a function of the co-ordinates only. From this equation it

is clear that i7i3w/3/ = Ww, so that W is equivalent to the operator

ihd/dt, and this is now assumed to hold generally.
The wave-equation is thus

Hi*Wi*-/A~, (3.13)
ot

H being the Hamiltonian operator.
For an electron of mass m in a field of vector-potential A and scalar

potential <j>, the appropriate form of the Hamiltonian isj

The vector p is related to the ordinary mechanical momentum wv by
the equation

p^wv + eA/c, (3.15)

and it may be shown that it is p that has to be used in place of the

ordinary mechanical momentum if the equations of motion of the

charge are to take the Lagrangian form. We may therefore infer that

in writing down the wave-equation according to the rules given above,
it ii p, as defined by (3.15), that must be replaced by the operator

(A//) grad.
The electric intensity E is connected with A and ^ by the relation

E~-^-gradf (3.16)

*
It is convenient to use h =A/2tr, where h is the usual Plank's constant, since this

materially simplifies the formulae by getting rid of a large number of factors 2* .

t See for example, W. Heitler, Quantum Theory of Radiation, 2nd Edn., Chap. I,

(2) and (6), or C. Schaefer, Einfiihrung in die theoretische Physik, Vol. 3, pt. 2, 46,
p. 294.
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We now suppose the field acting on the electron to be that due to

the nucleus of the atom, together with that due to an incident plane

electromagnetic wave, which we shall further assume to be plane-

polarised. The wave-field is to be treated as a small perturbation, so

that terms involving the square of the vector potential A may be

neglected. The scalar potential of the wave-field is zero. Using
these results, we obtain for the wave-equation, according to the rules

given above,

H nu - ~
(A-grad) = ih , (3. 1 7a)

irnc dt

or H au + H'w-//4
W

, (3Mb)
ut

where H a is the Hamiltonian operator for the unperturbed atom. If

u n is a solution of the equation for the unperturbed atom,

du
H aun

= ih
gi

=Vf nu n , (3.18)

and the various solutions of (5.18), w lf t/2 , ... wn , are the characteristic

wave-functions corresponding to the different stationary states of

energies W^ W2> ... W N . These states may be discrete, corresponding
to negative energy values, and to the closed orbits of the older quantum
theory ; or they may belong to the continuum of positive energy states,

the analogues of the hyperbolic orbits of the older theory. The second
term of (3.17b), H'w, contains the effect of the perturbing field, and our

problem is to solve (3. 1 7), treating it as a perturbation of (3.18).

(c) The calculation of the perturbed wave-function : Only a b?re out-

line of the solution of (3.17) can be given here, and for details th. reader
is referred to books on wave-mechanics. Whatever the solution u

may be, it can always be expressed as a linear combination of 'vave-

functions satisfying the unperturbed equation (3.18), so that we can
write

u = ^amum = ^am+m e~
HV

, (3.19)
m m

where \am \*
is the probability that as a result of the perturbation the

atom is in the state m. Our aim is thus to determine the coefficients

am . To do this we substitute (3.19) in (3.17b), and using (3.18) obtain

at once

m
a

-

(3.20)
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In order to determine how any coefficient, say ak , varies with the time

we first of all multiply both sides of (3.20) by uk
*

9 the conjugate of uk,

and then integrate over all space.
The wave-functions are supposed to be orthogonal and normalised,

so that

f JO' if m^k
Jrf-W*-!, if m _ km

(3.21)

The integration thus gives

(3.22)

Equation (3.22) is exact, but it cannot be used directly to determine

ak , since the right-hand side contains all the unknown coefficients a,

and to proceed further we must approximate. Suppose the atom to be

initially in the state /i, so that to begin with we know that an = 1, while

all the other coefficients are zero. We may then, as a first approxi-

mation, suppose that all the coefficients except an remain small, and
can neglect them in (3.22), and at the same time may put an = 1 . This

gives as a first approximation, which will suffice for our purpose,

where

The determination of the perturbed wave-function thus involves the

calculation of the quantities H'nk, which are called the matrix elements

of the perturbing field. These contain the vector potential of the inci-

dent wave, and we must write down an expression for this.

Suppose the electric field in the incident wave at a point whose
distance from the origin is given by the vector r is

E =E cos(o>f
- *s r), (3.25)

where s is the unit vector in the direction of the wave-normal. Then

by (3.16), since ^=0,

- sn
a>

or in the more convenient complex form,

A = -^ e**t-i*rr + conjugate term. (3.26)
2/cti

Now H', by (3.17), contains the scalar product of A and a gradient,
which is equal to the magnitude of A multiplied by the component of
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the gradient in the direction of the electric field-vector in the incident

wave. Let us denote this direction by * . Then we can write for H'nk

If we denote the first integral in (321) by B*k, and if B{ is its con-

jugate with n and k interchanged, then it is easy to show by partial

integration, remembering that s is perpendicular to JCG, that the second

integral in (3.27) is equal to -
B$*. Thus (5.27) becomes

This value of H^ must now be substituted in (5.23), and the integration
for ak carried out, which by (5.19), and on the assumption that an * I,

gives for the perturbed wave-function u

-'-w t e\E I

where the summation is to be taken over all values of k except n, and
is to include integration over the continuum of positive energy states.

The quantity wkn in (5.29) is defined by

so that it is the circular frequency corresponding to the transition of

the atom from the state k to the state n. Owing to the action of the

perturbing field, there is a certain probability, given by the square of
the modulus of the expression in the square brackets in (5.29), that the

atom, initially in the state n, will be found in another state k, and this

probability can evidently be calculated if the wave-functions are known.
For X-rays, for which co is large, the probability that the atom is in a state

other than n will be small, unless the frequency of the incident radiation

is nearly equal to one of the possible transition frequencies of the atom,
but in this case the corresponding coefficient may be considerable.

(d) The calculation of the current-density and of the corresponding
scattered radiation : If we multiply equation (5.17) for u by w*, and the

conjugate equation for w* by w, and subtract one from the other, we
obtain

(wV
2w* - w*V2

w) + A-(w* grad u + u grad w*) = ih ^(uu*).Zm tnc ot

Since div A=0 for a plane electromagnetic wave, this may be written

in the form

(the e* } d
div <r (M grad u* -u* gradw) -- A uu* > +

^(euu*) =0.
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If now we compare this equation with the equation of continuity,

(3.11), remembering that euu* is a charge-density, we see that j, the

Schrodinger current-density, is given by

j
=
gi(

M grad w* - w* grad w)
-^ A ww*. (3.30)

The coherent radiation scattered by the atom, having the same wave-

length as the incident radiation, is now to be calculated by treating this

current-density as if it were

,-~ ^
v

an ordinary classical current-

density obeying the laws of

electrodynamics, and employ-

ing for u in (3.30) the perturbed
wave-function (3.29).

" ~ "
-

p Suppose now that the cur-

X^ ^S rent-density at a point Q,

FIG. 42 fi- 42, whose position relative

to the origin O is fixed by the

vector r, is j, and let j oscillate with circular frequency o>. Let the field

at a point P distant R from O be required, R being large in comparison
with the dimensions of the region about O within which the current-

density is appreciable, and let s be the unit vector in the direction of

OP. Then the result, from classical electrodynamics, that we shall use

is that the amplitude of the scattered radiation at P may be derived

from an electric moment M at O, given by

M= - Up ***'* (3.31)
IOJ J

In this expression, jp is the component of j perpendicular to the unit

vector s in the direction of scattering, and is supposed to contain the

time through a factor e ia
*. The integration is to be taken over the whole

of the volume of the current distribution. If j, the current-density, is

real, the real part of (3.31) is of course to be understood as the moment.
The electric field at P is found in the usual way by multiplying the

moment M by o>
2
/c

2
, and by the appropriate phase and amplitude factors

corresponding to the distance of P from O. The exponential term in

the integrand of (3.31) allows for the effect on the phase of the scattered

wave of the varying distance of the element of volume dv from O.

(e) The scattering of radiation offrequency large compared with the

atomic absorption frequencies: (i) Coherent scattering: If o> the

frequency of the incident radiation is large in comparison with any
of the atomic transition frequencies a>kn , we can neglect the terms

under the summation sign in (3.29), since they are then small and,

moreover, only appear in the expression for the current-density in
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terms of order E 2 which is itself a small quantity, since the field

is to be considered as a small perturbation. The first term in (530)
does not then contain the time, and contributes nothing to the

scattering, and we are left with the time-dependent current-density

-(e*/mc)\\u\\ or -
(<?

2
/wt')A|</f n |

2
if the atom is in the state/?.

By (5.26), A is equal to the real part of

Q/.J (u><-KS T)
<~ 9

lOJ

so that the current-density vector is proportional to and in the direction

of the incident electric field vector E. If we substitute this value of A
in (5.31) we obtain for the scattering moment M the real part of

-
2 HO,**" f I&, |

V <-"'>
dv, (5.32)

/Wco J

and for the scattered coherent intensity at unit distance in the direction s

(3.33)

Here E0j) is the component of E perpendicular to s. If E is perpen-
dicular to the plane containing both s and s, E0p = |E |

; if it lies in this

plane EQP
=
|E |

cos 26, where 26 is the angle between the directions of

incidence and scattering. In (5.33) we have again written S for s - s .

The intensity of the coherent scattering of unpolarised radiation by
an atom in the state n at unit distance is therefore

~
l/n ' n '

2
' (J -34)

WhCrC
fn.n

= (Vn|
2 tKS 'r

<**> (3-35)

Equation (5.34) shows that the intensity of coherent scattering by
the atom is |/n , n |

2 times the intensity scattered under the same conditions

by a Thomson electron (cf. equation (2.1 1)) : so that fn>n is the atomic

scattering factor for coherent radiation when the atom is in the state n.

If we compare (5.35) with (5.1) of III, 2(fc), which gives the classical

scattering factor for atoms arranged in a crystal lattice, we see that the

two expressions become identical if we put P(T) equal to |0n |

2
, that is to

say, ifwe employ for the probability that an electron is inany given region
of the atom the probability |^n |

2 calculated according to the methods

of wave-mechanics. In other words, to obtain the coherent scattering

we may treat e|0n |

2
, the Schrodinger charge-density, as a classically

scattering charge-density, n being so normalised that l^nl
8* 98 U so

that the probability of finding the electron somewhere is unity. The

radial charge-density U(r) of (5.4) is equal to 47rr2
|/rn |

2
.
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There is now, of course, no difference between atoms in a crystal
and in a gas. The difference between the two cases depended on ideas
about electron configurations that are not valid in quantum mechanics,
Formula (3.34) gives the coherent scattering in either case. This

important result was obtained independently by Wentzel,
13 and by

Waller " in 1927. It is to be remembered that it applies only when the
incident frequency is considerably greater than the natural frequencies
of the atom, and yet is not so great that relativity effects become
important.

(ii) Incoherent scattering: The coherent scattering is associated
with processes in which the electron remains in the same energy state.

We can bring the incoherent scattering into the same scheme by assuming
it to be associated with transitions from an initial state n to other final

states m. The natural extension of the method that we have already
used is to take the current-density associated with such a transition
under the influence of the perturbing field to be

Jn,w =^(wn grad u* - M* grad wn) - A wnw*. (3.36)me
We assume the incident frequency to be subject to the same restrictions
as before. The first term in (3.36) now depends on the time, but is

associated with the spontaneous emission from the atom ; the effect
of the perturbation is contained in the second term. Using methods
exactly analogous to those discussed above, we find for the intensity
associated with the transition from n to m

*s'r dv |Eo,l
2
,

where a>'=a>~^mn , and is the frequency of the scattered radiation,
which is now no longer equal to that of the incident radiation. The
total incoherent scattering is to be obtained by summing (3.37) over all

values of m except n; and the total scattered intensity, including that
of the coherent radiation, by extending the summation over all values
of m, including n. Now we are assuming o> to be much greater than
o>mn for all possible values of m, and thus, to a close approximation,
we can put (o//w)

2 = 1. This gives for I, the total scattered intensity,
expressed now in terms of IT , the scattering by a Thomson electron,

IT- (3.38)

We may now show that, with the assumptions as to frequency we have
made, I =IT for an atom containing a single electron. The proof is as
follows. Any function may be expanded as a linear combination of a
set of characteristic functions

i/jk . Let us then put

(3.39)
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Any coefficient such as Cnm is determined by multiplying each side

of (3.39) by ^* dv, and integrating over all space. By the orthogonality

and normalisation conditions obeyed by the wave-functions,
vanishes for k^m, and is unity for k=m, and so we get

By (3.38), therefore, the total scattering is |Cnm |

2
IT , and we have

to show that -|Cnm |

2
is unity.

m
in

Now by (3.39)

(3.40)

If we multiply each side of (3.40) by dv, and integrate over all space,
the orthogonality conditions give

which proves the proposition, since each integral is equal to unity by
the normalisation conditions.

For the single electron, within the limits of frequency imposed, we
have therefore

Icoh
=

|./l
2
IT ; Imc = (l-|/l

2
)lT. (3.41)

We have here written /for the scattering factorfn>n of equation (3.35),
and shall in general do this when, as will usually be the case, it is

assumed that the atom is in the ground state initially.

It is interesting to compare the results obtained in this section with
those derived from the purely classical theory of scattering. According
to the latter, an atom.containing a single loosely bound electron should
scatter as a single Thomson electron. Apart from a polarisation factor,
the scattered intensity should be the same in all directions, and all the

scattered radiation should have the wave-length of the incident radiation.

According to the quantum theory, however, the intensity of the coherent

radiation, having the same wave-length as the incident radiation, should
have the classical value only for very small angles of scattering, and
should fall off rapidly with increasing angle. This falling off is to be
calculated by supposing the point charge to be replaced by a con-
tinuous charge-distribution which has everywhere a density proportional
to |0|

2
, and determining the scattering from this distribution by the

ordinary methods of interference, making due allowance for the phase
difference between the contributions from different parts of it. As the

intensity of the coherent scattering falls off, that of the incoherent

scattering, which has wave-lengths slightly greater than that of the

incident radiation and extending over a small range, rises, but the sum
of the coherent and incoherent intensities in any direction is equal to

the classical value. This result is due to Wentzel.13
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The whole of the discussion in this section refers to an atom contain-

ing a single electron. We are natuially more interested in atoms

containing a number of electrons, and in a later section we shall discuss

how the results that we have obtained can be extended to such cases.

Before going on to this, however, we shall complete the discussion of

the hydrogen-like atom by considering briefly the case in which the

frequency of the incident radiation is nearly equal to one of the transition

frequencies a>kn of the atom.

(/) The dispersion terms : As o> approaches co fcn , the corresponding
term in the summation of (3.29) becomes large, and we can no longer

neglect it in calculating the scattering. We shall expect the value of/
for radiation of frequency not far from that of an atomic absorption

edge to differ appreciably from the value calculated from (335). We
should, of course, expect the same thing on purely classical grounds ;

for when the incident frequency approaches that of one of the free

vibrations of the system we can no longer use the formula for scat-

tering by a free electron, and resonance effects occur. The effect is

closely related to anomalous dispersion, for we have seen that the scat-

tering factor determines the refractive index, so that anomalous

dispersion means anomalous scattering. We shall discuss this in detail

in Chapter IV, but it will be convenient at this stage to calculate M,
the scattering moment for coherent radiation, when the dispersion

terms are taken into account.

For brevity, we shall denote the summation in (3.29) by 27, and its

conjugate by 27*. In calculating the current-density from (5.30) we

may neglect those terms in -
(e*/mc)A\u\

2 which contain or 27*;

for they will be at least of the second order in E , which is a small

perturbing field. We have to consider the products of un and w* with

the gradients of 2* and 27 respectively ; and of 27 and 27* with the

gradients of u* and wn . This, after a certain amount of algebra, leads

to the following expression for the scattering moment for coherent

radiation for an atom containing a single electron in a state n, in the

direction of the unit vector s

M = -

Here /n ,n is the scattering factor as defined in (3.35), and E0p is the

component of the electric vector in the incident radiation perpendicular
to s, the direction of scattering. The sum is to be taken over all values

of k except n, and includes integration over the continuum of positive

energy states.

The factor BJk is given by

"
grad 0* <lv, (3.43)
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and the suffix p in equation (3.42) denotes that it is only the component
of the gradient in a direction perpendicular to s, the direction of scatter*

ing, that is effective. This fact has been used in reducing (3.43) to the

form given above ; and it has also been assumed that the wave-functions

$n and \l>k are real. This will be the case in such numerical applications
as we shall make of the formula, and it has the effect of materially

simplifying the expression for M, the moment.

(g) The general form of the scattering factor for the many-electron
atom : We shall now discuss briefly how the ideas developed in the

earlier part of this section may be extended to the case of an atom
containing a number of electrons. The appropriate form of the wave-

equation is now

h'
2 \ the

\
du

2m I me J dt

The suffix k refers to the co-ordinates of the electron k, and the sum is

to be taken over all the electrons in the atom. The wave-function u is

now a function of the time, and of all the electron co-ordinates, 3Z
in number if the atom contains Z electrons.

The wave-functions corresponding to the stationary states of the

unperturbed atom are of the type
i

u = *P Cr, TO r )e~*^
nt

(345)Mn * nV*l*2> 2/c , \J*1J)

where Yn is a function of the co-ordinates of all the electrons, which
are supposed to be given by the vectors r lt ... i**, ... rz , and W n is the

energy of the state n. These wave-functions are solutions of (3.44)
when the perturbing field is zero.

We have first to find a quantity to represent the average charge-density
for the different electrons. The quantity \u\

2
dv, where dv = dvl dv2 ...dvz ,

gives the probability that electron (1) lies within the element of

volume dvl9 at the distance r
t , electron (2) within dv2 at r2 , and so on.

Suppose |w|
2 dv to be integrated over all the electron co-ordinates except

those of electron (k). This integral gives the probability that the electron

(k) lies within the element of volume dvk at r
fc while the remaining

electrons are anywhere at all, and so is in a sense a measure of the average
charge-density at r

fc due to the electron (k). We can thus write for pk ,

the charge-density associated with the electron (k),

I

J
</</,, (3.46)

where dv'k denotes that the integration is over all electron co-ordinates

except those of (k). The charge-density pk , integrated over the co-

ordinates of electron (k), is, as it should be, equal to the electronic

charge, since I \u\
2dv = 1, the wave-function u being normalised to unity.
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By a method analogous to that given in 3(d) of this chapter, it can be

shown that pk > as defined in (3.46), obeys the equation

where j fr(
the current-density associated with the electron (/c), is the

expression (3.30) integrated over all the electron co-ordinates, except
those of (k) ; and this confirms the identification of /> A

. with the charge-

density associated with electron (k). Accepting this identification, we

may infer from 3(e) of this chapter that the appropriate scattering

factor for coherent radiation from an atom in the mh state is, by

analogy with (3.35),

(3A1)

where r A
. is the vector to the element of volume dvk >

and the integration

is over ail the 3Z electron co-ordinates.

The corresponding expression for the total scattered intensity,

coherent and incoherent, when the frequency of the radiation is much

greater than ajwn is by analogy with (3.38)

=X fm J

e<"**dv (3.48)

Here again, the atom is supposed to be initially in the state n, and the

sum is to be taken over all the possible wave-functions *PW of the atom.

The term m - n in the sum gives, of course, the coherent scattering.

By a process very similar to that given in 3(e) ii, using the orthogon-

ality and normalisation conditions of !PW and * we can transform

(3.48) into the simpler expression

I. IT, (3.49)

which reduces again to IT if there is only one electron.

(A) Approximate forms of (he expressions for coherent and total

scattering for a many-electron atom. The exclusion principle : The
exact solution of the wave-equation for an atom containing a number
of electrons is in general impossible, and we have to be content with

approximations of varying degrees of closeness. We shall consider the

form taken by the expressions for the scattering for some of the more

important of these.

For certain approximations to the total wave-function, *Pn may be

expressed as a product of Z individual electronic wave-functions. This

is, for example, permissible if we can neglect the interaction energy of
the electrons, or if the interaction is taken into account by certain

approximate methods to be considered below. We can then write

Vn -^(rOMO ... Mr*) ... Mr,). tf .50)
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With this approximation, (3A1) reduces at once to

(351)

or the /-factor for the whole atom is the sum of the /-factors for the

individual electronic wave-functions, each calculated according to

equation (3.35), a result that is very important in the numerical cal-

culation of/-factors.
With the same approximation, equation (3.49) for the total intensity

expressed in terms of the Thomson scattering IT as unity reduces at

once to , ,

where /, and fk are the /-factors for the electronic wave-functions </,

and $k9 and each sum is taken over all the values of j and k except
those for which j = k. It is assumed that the individual electronic

wave-functions are normalised. This expression, it will be seen, is

formally identical with (3.8) of III, 2(c), which we obtained by a

purely classical argument. We have thus the interesting result that

the total scattering from an atom, calculated classically, is formally
identical with that calculated according to wave-mechanics if we may
express the total wave-function of the atom as the product of the

wave-functions of its individual electrons. The true wave-function

can never be written in this simple form, and we shall discuss later

what sort of approximation is made by doing so, but we must first

consider another point.

Even if we retain the products of the individual electronic wave-

functions as a basis for the total wave-function, the form (3.50) for *Fn

is too simple, for it associates a specified electron with each wave-

function. For example, electron (k) is supposed to occupy the wave-

function
fc , and so on. Now this goes beyond any knowledge that we

can possibly obtain about the electrons. We have no means of identi-

fying particular electrons, and every possible permutation of the elec-

trons amongst the Z wave-functions of (3.50) will correspond to the

same energy. The correct wave-function to use, if we are to keep to

the product form, is a linear function of Z! products such as (3.50),

representing all the possible permutations of the Z electrons amongst
the Z wave-functions. Such a total wave-function does not assume

any particular distribution of the individual electrons, but assigns an

equal probability to all such distributions.

The total wave-function must, however, satisfy a further condition.

By Pauli's exclusion principle, no two electrons can occupy identical

wave-functions, and this also must be shown by the form of the total

wave-function. This is attained by writing !Fn as the determinant of

Z rows and Z columns whose successive rows are
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and so on, the suffixes denoting the different electronic wave-functions,
and the numbers in the brackets the electrons. This determinant is a

linear function of products of Z wave-functions, involving all possible

permutations of the electrons amongst the wave-functions. It also

vanishes if any two of the wave-functions become identical
; for then

two rows of the determinant will be identical. The vanishing of the

total wave-function symbolises* the fact that the probability of two
electrons occupying identical wave-functions is zero. The total wave-
function in this form thus expresses (a) that we cannot identify particular

electrons, and (b) that no two electrons can occupy identical wave-
functions.

If we use a wave-function of this type in (5.47) and (3.49), we find

that the scattering factor for coherent radiation /, takes the same
form as for the simple expression (3.50). It is still the sum of the

scattering factors corresponding to the individual wave-functions which
the electrons can occupy. The expression for the total scattering I is,

however, slightly modified. We find

) * 3k
The new quantity f)k that appears in the expression is defined by

v
99 (3.54)

the integration being over all the co-ordinates of any one electron (p).
The quantity fik will usually be small, since fa is in general small in

those regions where fc is large, and vice versa, but the correction may be

appreciable in some cases. Equation (3.53) for the total scattering was
first given by Waller and Hartree. 17

&=k
Since

| V/J-V|/ji + /,/;*, equation (3.53) gives for the

coherent and incoherent parts of the scattered intensity

I**H /*!'. (3-55)

Itoc-^d-IAI
1

)-^:!/^!
1

. (3.56)

Physically, the last term owes its existence to the fact that, in the many-
electron atom, a number of electron levels are occupied. Transitions
which involve the passage of electrons to such occupied levels are for-

bidden, and this is taken into account by the particular form of wave-
function used.

In using (3.56) or (3.53), it is important to notice that the extra

term -
V|/,*|

2
, due to exchange, appears only when the two electrons

IF
associated with the wave-functions have the same spin. The inte-
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grations considered above refer only to the space wave-functions. If

the spins of the two electrons are the same, they cannot occupy the same
space wave-function, but if their spins are opposite, there is nothing to

prevent their doing so, since Pauli's principle does not apply to the

space wave-functions considered alone, but to the whole wave-function,
including the spin. For electrons with the same spin, the space wave-
function must be written in the determinant, or antisymmetric, form
considered above, which leads to the extra term in the scattering
formula

; but if the electrons have opposite spins, the wave-function
is symmetrical in the electron co-ordinates, and the extra term does
not then appear. Thus, the summation in the last term in (5.53) or

(3.56) is to be taken over all pairs of different electrons with the same
spin. Equations (5.55) and (5.56) are the best approximations to the
scattered radiation to be obtained within the limits of frequency that
have been assumed, using a non-relativistic wave-equation, and a total

wave-function based on the products of the individual electronic wave-
functions.

4. NUMERICAL METHODS

(a) The method of the self-consistent field : The wave-function V for
the whole atom could be expressed as a linear function of the products
of the individual electronic wave-functions if there were no interaction
between the electrons. The problem of an atom with Z electrons then
becomes virtually Z independent three-dimensional problems, instead
of a single problem in 3Z-dimensional space, as it is if interaction is

taken into account, hi practice we cannot, of course, neglect the inter-

action of the electrons. Nevertheless, it is possible to treat the problem
as a set of Z 3-dimensional problems, and at the same time to allow for
the interaction of the electrons to a fair degree of approximation. The
method that we shall describe was introduced by Hartree,

18 and it has
the very great merit that it leads to numerical estimates of the atomic
wave-functions.

An electron in an atom is acted on by a central field due to the
nucleus, together with the field due to all the other electrons, which will

not, in general, be a central field. Let us suppose, however, that we
may represent its average effect as a central field. To calculate the
wave-function of this electron we have then the problem of a single
electron in a central field, a 3-dimensional problem. If this process is

repeated for each electron, we have finally Z wave-functions, all of
which may be treated as independent, since they already contain an
allowance for the interaction of the electrons. V, the total wave-
function for the atom, can then be built up from their product, and the

scattering from the atom can be calculated from them using the equa-
tions developed in the last section. Moreover, it can be shown that the
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approximation so obtained is the best possible if V is to keep the simple

product form.

Before discussing the method in greater detail, it will be necessary to

quote a few results from the wave-mechanical theory of an electron

in a central field. Each negative energy state of such an electron is

characterised by four quantum numbers, n, /, m, and s. Of these, n is

the total quantum number, which mainly determines the energy of the

state ; / is a measure of the total angular momentum of the electron in

the state concerned, and m of the possible components of that angular
momentum parallel to a specified direction. For any value of / there

are 21 + 1 possible values of m, ranging from - / to + /. The fourth

quantum number, s, represents the electron spin, and can have two

opposite values. The group of wave-functions with given values of

n and /, which we shall in future call an (n> /) group, thus consists in

all of 2(2/4-1) different states. States for which /=0, 1, 2, 3, ... are

known respectively as s, p, </,/, ... states. A complete s-group contains

two states, a /?-group 6, a rf-group 10, and so on. A complete group is

denoted by putting the symbol for the type of electron in brackets, and

writing as an index the number of electrons in the group. For example,

(2s)\ (2/?)
6

, (3d)
10

. Now l^n -
1, so that the possible groups are:

Is, containing in all two states and constituting the K shell when

occupied by electrons in an atom ; 2s and 2p, containing in all 8 states,

constituting the L shell; 3s, 3p, and 3d, containing 18 states, constitut-

ing the M shell ; and so on.

Each wave-function of an (n, 1) group has n - 1 - 1 radial nodes,
which occur at the same radii for all the functions of the group, but,

except for the ^-states, the individual wave-functions have not spherical

symmetry. The total probability function, 27|0|
2 for all the wave-

functions of a completed (/?, /) group has, however, spherical symmetry.
All the atomic electrons, with the exception of the outermost ones,
will usually be members of such closed groups. If the outer electrons

are in ^-states, the total charge distribution of the atom will have

spherical symmetry, and it will be necessary to consider only the radial

variation of the wave-functions. We shall assume this to be so in what

follows, although the outermost electrons will often be in states that are

not spherically symmetrical. For these we must be content with a

radial average.
For such a spherically symmetrical atom the radial probability

function, U(r), which occurs in equation (5.4) of III, 2(b), for /, has

according to the wave-mechanical theory of scattering to be replaced

by 47rr227|0|
2

. We have therefore to calculate rift which, following

Hartree, we shall denote by P. In terms of P the radial wave-equation
for an electron in a central field becomes
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V(r) is here the potential of the central field at a point distant r from the

centre of the atom, and E is the total energy of the electron.

If the electron is a member of a closed (/i, /) group, V(r) will be made

up of the potential due to the nuclear charge, together with that due
to the electrons of the other closed groups and to the other electrons

of its own group. Let us assume that we4cnow the charge distribution

in the whole atom. We can then calculate the field at any distance r

due to it. This, however, will not be the field acting on the electron ;

for it includes the field due to the density distribution of that electron

itself, which must therefore be subtracted from the total field to give
the field acting on the electron. The density distribution due to the

group (n, I) will no longer be spherically symmetrical when the con-

tribution to it from a single electron has been subtracted. Hartree,

however, as an approximation, takes this residual field to be spheri-

cally symmetrical, and obtains it simply by subtracting from the total

field due to the group 1/2(21 + 1) of its value. In this way, starting with

an assumed charge distribution in the atom based on our general know-

ledge of atomic structure, we make as good an estimate as possible of

the field V(r) acting on the electron. We shall call this the initialfield.

It will not, of course, be known as an analytical function, but as a series

of numerical values, tabulated for different values of r.

With this assumed initial field, equation (3.51) must be integrated

numerically, subject to the necessary conditions that P must be every-

where finite, and must be zero for r = and r = oo . Solutions satisfying

these conditions can be found only for certain discrete values of the

energy parameter E. The energy of the state for which we are carrying
out the integration will be known approximately from the X-ray or

optical term values, and this approximate value of E is used for the first

integration. For the actual method of carrying out the numerical

integration the reader must consult the papers of Hartree. The inte-

gration is carried out with an assumed value of the energy parameter
E. If the right value of E has been chosen, the solution dies away
exponentially to zero for large r, and the value of E must be adjusted

by trial until this condition is satisfied. The integration carried out

with this correct value of E gives the radial wave-function P correspond-

ing to the initial V(r). Since (3.57) is a homogeneous equation, the

absolute value of P is not determined, and this must be fixed for the

problem under consideration by appropriate normalisation. P is to

represent the radial charge-density for the closed (, /) group, and we
must therefore have

^ 2(2/+l), (3.58)

which gives the normalisation factor.

From the radial charge-distribution so determined we can calculate

the contribution of the (n, I) group concerned to the total potential
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V(r). If we have started initially with the correct atomic field, this

calculated contribution must be equal to the assumed contribution of

the group to the intial field. If this is so, then the field is said to be

self-consistent, and we may assume that the correct wave-function for

the group (u, /) has been found. If the initial and final fields differ, as

they usually will, the initial field must be modified, and the calculation

must be repeated until self-consistency is attained. Unless the error is

large, it is not necessary to rework the whole integration, for appropriate
variation methods may be used. This process must be carried out for

U(r)

30

0,5 ,
" Atom radius r in A

Fio. 43. Radial charge distribution for the different electron groups of K+
(James. Ervebni*$e der technitctun R6ntgmkund<t vol. Ill, 1933)

each electron group, until complete self-consistency for the whole
atomic field is reached.

In applying the method, one is greatly helped by the fact that there is

not much overlapping of the density distributions of the different

electron shells. This will be apparent from fig. 43 in which the nor-
malised values of |P|

2 for the different groups of electrons in the potas-
sium ion, K+, are shown. Because most of the charge due to the I
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and M shells lies outside the region of the K shell, it gives only a small
contribution to the field acting on the K electrons. The field of the

latter can therefore be adjusted to self-consistency first of all, and will

need only slight changes, even if the subsequent work shows the initial

fields assumed for the L and M electrons to need considerable modifi-
cation. After the K electrons, the L are dealt with, and then the M,
and so on. The method involves a considerable amount of labour,

although it is not, in practice, so great as might be supposed, and self-

consistent fields have been calculated for a number of the lighter atoms,
and for a few of the heavier ones. The labour is much greater for the

heavier atoms, owing to the greater number of electron groups involved.

(b) The self-consistent field including exchange Fock's equation :

It can be shown that so long as the total atomic wave-function is

expressed, as in (3.50), as a product of a set of wave-functions for single
electrons in central fields, the method of the self-consistent field, as

outlined in III, 4(a), leads to the best solution. A rather closer approxi-
mation to the wave-function takes into account the fact that individual

electrons cannot be identified, and, as we saw in 3(A), this is allowed
for by writing the wave-function in the determinant form there discussed.

Slater 19 and Fock * independently suggested the modification of the
method of the self-consistent field to include this exchange principle,
and Fock and Petrashen 21 have given a numerical solution for the case
of sodium. D. R. Hartree and W. Hartree 22. 39 42 have obtained solu-

tions for beryllium and for certain other atoms.
It is not possible to give details of the solutions here. The method

makes use of the variation principle. It can be shown that if the wave-

equation is written in the form

(3.59)

for a state of energy W, then

W = ?P*Hy fo* dv
9 (3.60)

and that if f is not exactly, but approximately, a solution of (3.59),
then that approximation is the closest that makes W, as defined by
(3.60), a minimum. If V is written as a simple product of wave-

functions, application of this principle leads to the equation of the

self-consistent field, in which the field acting on any one electron is that

due to nucleus and to the statistical charge-density of the remaining
electrons. The method of Slater and Fock consists in putting V in the

determinant form that takes account of exchange, and determining the

best value by the variation method. This leads to a set of simultaneous
differential equations for the electronic wave-functions, whose numerical
solution by a method analogous to that of the self-consistent field is a
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matter of considerable complexity, for the details of which we must

refer those interested to the original papers.

Fig. 44, plotted from data taken from the paper of Hartree and

Hartree, shows the radial electron-density for the 3p wave-function of

Cl~, as calculated by the method of the self-consistent field, and from

hO'

'O 1-5 2-O 2-5

Distance from Atomic centre in A units

FIG. 44. Curves showing Pa for the 3p electron group of Cl~, calculated

by the method of the self-consistent field. The full line is calculated with
allowance for exchange, the dotted line without (Hartree & Hartree)

Fock's equation. It will be seen that for this electron group the differ-

ence is considerable, and that there is a tendency for the Fock charge-
distribution to be drawn in towards the centre of the atom, as compared
with that calculated without exchange. The effect of exchange is much
smaller for the inner electrons, and the change in /is therefore not very

large, although appreciable. In fig. 45, the full and dotted lines show

respectively the /-curves for Cu+ calculated with and without allowance
for exchange. For certain other atomic properties, however, such, for

example, as the diamagnetic susceptibility, which depends on r2 and so

is sensitive to the radial charge-distribution, the effect is greater, and

agreement between theory and experiment is materially improved by
taking exchange into account.

Both methods that have been discussed neglect spin and relativity

effects, which could probably be taken into account with a considerable

amount of labour. A more important approximation is that inherent
in the use of central-field wave-functions the neglect of the interaction

between individual pairs ofelectrons, and its replacement by an averaged
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FIG. 45. /-curves for Cu+, with and without allowance for
exchange. Full line with exchange, dotted line without.

effect. It is not easy to see how this modifies the wave-functions, and
little quantitative work has yet been done on these lines. For the

purpose of calculating /-curves for use in the analysis of crystals the

approximations so far made are, however, probably in nearly every
case quite good enough.

(c) The Pauling-Sherman method : Pauling
a has calculated approxi-

mate atomic wave-functions by assuming each electron of the atom to
move in a hydrogen-like field, that of the nucleus reduced by an approp-
riate screening constant, different for each electron group. Extending
this work, Pauling and Sherman M have determined a complete set of

/-curves for all atomic numbers. Pauling's method is simpler than
that of the self-consistent field, but its results are almost certainly less

accurate, since the electronic fields must depart rather widely from the

simple Coulomb type. The method tends to accentuate the maxima
and minima in the radial wave-function. We shall discuss the effect

of this on the scattering factor in 4(<?) of this chapter.

(d) The Thomas-Fermi method : An approximate method of calcu-

lating atomic fields and charge distributions that does not depend on
the direct application of wave-mechanics was developed independently
by Thomas 26 and Fermi. 26 The atomic electrons are treated as a

degenerate gas obeying Fermi-Dirac statistics and the Pauli principle,
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the energy of the atom in its ground state being in fact simply the zero-

point energy of this gas. Electrons are supposed to be distributed in

the 6-dimensional phase-space corresponding to the 3 position co-

ordinates .v, y\ z, and the 3 momentum co-ordinates, pX9 pv , pz , of an

electron, at the rate of two in each /j
3 of volume. Thus, if there are N

electrons in all, we may write

dxdydzdpxdpv dpz , (3.61)

where the integration is over the whole of the phase-space occupied

by electrons. Now the range of the momentum co-ordinates is limited

by the assumption that the electron cannot escape from the atom, so

that if V is the potential at any point, we must always have \p\<\/2meV.
The integration oVer the momentum co-ordinates can therefore be

replaced by the volume of a sphere having a radius \/2me\. Equation

(3.61) then becomes

N = I ~^.(2meVY dxdydz, (3.62)
J 3/r

and, if p is the average charge-density at the point x, y, z,

0*. (^.63)
jrr

Now, by Poisson's equation, V2V = -
4irp, which, since V is a function

of r only, can, by (3.63), be written in the form

(2meV)
f

. (3.64)

This equation has now to be solved with the conditions that V-^0
as r-> oo

, and Vr->Ne as r->0, N being the total number of electrons in

the atom. Thomas solved this equation numerically for the case of

caesium,* N - 55, obtaining V, and hence, by (3.63), the charge-density

p, as a function of the radius r ; and once the charge-density is known
the /-curve can be calculated, since U(r) of (3.5) is equal to 4-rrr

2
p.

The Thomas-Fermi charge distributions for different atoms bear the

following relation to one another. If a total charge Z , including the

nuclear charge, lies within a radius r for an atom of atomic number N ,

then a charge Z = Z (N/N ) lies within a radius /=r (N /N)
i for an

atom of atomic number N. If we notice that the radial charge-density

U(r) is equal to -rfZ/rfr, we may easily deduce the following rule for

determining the /-curve for an atom of atomic number N, given that

for one of atomic number N . To obtain the value of/for an atom of
atomic number N at (sin 0)/A

= x, take the value of/from the curve

* An extended numerical solution of the Thomas-Fermi equation for caesium
has been given by Bush and Caldwell, who used the Bush differential analyser.
Phys. R*v. t 38, 1898 (1931),
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for the atom of atomic number N for (sin 0)/A = .x(N /N)\ and multiply
it by N/N . In this way, given the /-curve for any standard atom, it is

easy to calculate the /-curves for all other atoms.

Heisenberg
27 has shown how to calculate the incoherent scattering

from an atom, using the Thomas field, and Bewilogua
28 has deduced

the necessary numerical tables for applying Heisenberg's method to

the rapid calculation of the incoherent scattering from any atom.
(Cf. Chapter IX, \(b).)

(e) The calculation of f-curves from the charge distributions : We
shall consider in this section how to calculate the scattering factor /
for coherent radiation when the radial charge-density distribution U(r)
is known, and also how the character of this distribution determines

the way in which/depends on the angle of scattering, and on the wave-

length of the scattered radiation. The determination of/involves the

evaluation, graphical or numerical, of the integral

, (,.65)

where /* =47r(sin 0)/A. The wave-length A and the angle affect /only
in the combination (sin 0)/A, so that / has the same value for a given
order of spectrum from a given crystal whatever the wave-length of the

radiation, provided of course that this lies within the range over which
the theory so far developed is valid.

In discussing the evaluation of (3.65), it is most convenient to take

a definite example, and we shall consider the case of the potassium

ion, K+, for which U(r) has been determined by Hartree 29
by the

method of the self-consistent field. This method allows us to determine

/separately for the different electron groups of the atom, and a know-

ledge of these separate /-curves is often useful. They are required, for

example, in the calculation of the incoherent scattering, according to

equations (3.9) or (3.56), and it is important, too, from many points
of view, to know which parts of the atom contribute most strongly to/.
The normalised values of P2

, which is the same as U(r), are shown
in fig. 43. Curve A of fig. 46 shows again the value of P2 for the 3p

group of ionised potassium, plotted as a function of r, and the other

curves in the same figure show (sin Mr)/K> also plotted as a function of

r, for a series of values of (sin 0)/A. To find the value of/ for the 3/?

group for any particular value of (sin 0),'A, we draw another curve,

whose ordinates are the products of corresponding ordinates of the P 2

curve, A, and of the (sin /xr)//xr curve for the value of (sin 0)/A concerned.

The area of this curve is equal to the integral (5.65), and so to/*. A
series of such curves is shown in fig. 47, and it is instructive to study

* The integration can, of course, be carried out numerically instead of graphically,
and this is often more convenient in practice.



126 THE OPTICAL PRINCIPLES OF THE DIFFRACTION OF X-RAYS

FIG. 46. The radial charge-density P
a for the 3p group of K+, curve A,

and curves of (sin nr)lnr for different values of (sin 0)/A,

plotted as functions of r

the way in which they vary with increasing (sin 0)/A. The curve for

(sin pr)/nr has a main maximum, of value unity, for pr = 0, and falls to

zero at r = TT//X, or A/4 sin 9. For larger values of r, the curve is alter-

nately positive and negative, but the subsidiary maxima and minima
are all considerably smaller than the main maximum, and fall off in

amplitude rather slowly. If (sin 0)/A is small, the whole effective part

0-4-

1-4 h6 1-8 2-0 2-2

FIG. 47. Products of P* for 3p group of K+ and (sin iu)ltur for different
values of (sin 0)/A plotted as functions of r
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of the curve for P2
lies within the main maximum of the curve (sin /ir)//xr ;

the curve of products then differs only slightly from the P2 curve itself,

and /is nearly equal to the total number of electrons in the group. As
(sin 0)/A increases, the main maximum of (sin /*r)//xr becomes narrower,
and the area beneath the curve of products becomes smaller. The
curves in fig. 47 show clearly how the outer parts of the charge-
density rapidly become ineffective in producing scattering as (sin 0)/A
increases. For (sin 0)/A = 0-4, for example, there is a considerable

negative area beneath the curve of products, due to the first minimum
of (sin /Ar)//zr, which now lies in regions of r occupied by the main bulk
of the charge distribution P2

. This negative area nearly neutralises the

positive area due to the main maximum, and the total area is very small.
At a rather larger value of (sin 0)/A the total area, and so /, actually
becomes negative, although the negative value never becomes greater
than about 0-03 per electron. At a still larger value of (sin 0)/A, /
becomes positive once more, but never exceeds about 0-03 per electron,
and it thereafter dies away slowly without again becoming negative,
The /-curve for the 3/7 group is shown in fig. 48, together with the
curves for the other groups of electrons in the potassium ion.

5 -

FIG. 48. /-curves for the individual electron groups of K+
(James, Ergebnine der Uchnischcn Rontgenkunde, vol. Ill, 1933)

The behaviour of/ that has been described is typical of a charge
distribution of this kind. Once / has fallen to zero it never again
reaches an appreciable value, either positive or negative, and this is

primarily due to the broad main maxima of the charge distribution P2
.

When (sin 0)/A has become so large that the first zero value of (sin ^r)j^r
lies at a smaller radius than the main bulk of the charge distribution,
the breadth of the latter includes not one but several of the alternately

positive and negative subsidiary maxima and minima of (sin ftr)/^/-.

The curve of products thus oscillates, and its area is always small.
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It is evident that the narrower the main maxima of P 2
, the more

pronounced will be the oscillatory character of/after it has once fallen

to zero. An infinitely narrow maximum, that is to say, a spherical shell,

would give for/simply the curve (sin /xr )/M/o, where r is the radius of

the shell. The definite humps on the /-curves obtained from the orbit

model of the atom had their origin in the circular orbits, which, on the

average, are equivalent to such spherical shells of charge. With the

much more diffuse distributions characteristic of the wave-mechanical

treatment of the problem, these humps are smoothed out, and this, as

we shall see, is entirely in accordance with experiment.
It will be clear from fig. 46 that the smaller the radius at which the

main charge distribution of the group lies, the more slowly will / for

that group decrease as (sin 0)/A increases. The contribution to / from

the K electrons, fcfr example, falls off very slowly for all but the lightest

atoms. There will in fact be little falling off in the/-curve with increas-

ing angle of scattering if the main bulk of the charge distribution lies

within a sphere whose radius is small compared with the wave-length
of the radiation. It is interesting to compare the /-curves shown in

fig. 48 for the Is, 2s, and 3s groups in potassium, each of which contains

the same number of electrons, and to correlate them with the corres-

ponding charge distributions, which are shown in fig. 43.

In carrying out the calculation of/ by the method described above,
the necessity for plotting a series of (sin/*r)//xr curves, one for each

value of /x, may be avoided by the use of a device due to Mr. A. Baxter.

Let the curve of (sin r)jr be plotted against log r as abscissae. Then the

curve of (sin /xr)//zr may be derived from this simply by moving the

origin of log r through a distance log /x. The curve of U (r) is plotted

also as a function of log r, on a piece of tracing paper, and by superim-

posing this curve on that for (sin r)\r the relative positions of the two
curves can be obtained for any value of /z by a simple displacement

parallel to the axis of log r. To obtain the product of U(r)(sin /xr)//xr

for different values of r for any given value of p, we make the abscissae

of log r for the U(r) curve coincide with those of log r -f log/x for the

(sin r)/r curve. The products required are then those of corresponding
ordinates of the two curves.

In fig. 49 the (sinr)/r curve and the U(r) curve for the 3p group
of Cl~ are shown plotted as functions of log r. The relative positions
of the curves correspond to (sin 0)/A

= 0-6. The dotted lines show the

positions of the main maximum of the U(r) curve for a series of values

of (sin 0)/A. This method of plotting shows very clearly how rapidly
the value of/falls away with increasing (sin 0)/A for this electron group,
for its value is small unless a considerable part of the main maximum
of U(r) lies within the main positive region of (sin r)/r.

In general, the uncertainties in the calculation of the wave-functions

by the method of the self-consistent field are greatest for the outer

electrons of the atoms. On the other hand, as we have just seen, these
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FIG. 49. Curves of P2 for 3p group of Cl~, and of (sin r)/r, plotted as
functions of log r, for (sin 0)/A =0-6

electrons make a comparatively small contribution to /, except for

quite small values of (sin 0)/A. The Hartree method will thus give

/-curves which are likely to be fairly accurate for large values of (sin 0)/A,

but less trustworthy for the smaller values, a limitation, however, that

it shares with all other methods yet devised.

(/) Comparison of f-curves based on different atomic models. A
discussion of the available tables off-values : The methods available for

the calculation of/may be summarised as follows: (1) The method of
the self-consistent field, with or without exchange. (2) Approximate
methods, such as those of Pauling and Sherman, in which the atomic
wave-functions are treated as hydrogen-like, with appropriate effective

nuclear charges. (3) The method of Thomas and Fermi, in which the

atomic electron-cloud is treated as a degenerate electron-gas.
Of these, the Hartree method (1) is almost certainly the best, especi-

ally if the effects of exchange are included. At present, however,
Fock's equation has been solved numerically only for a few atoms, and
even the simpler calculation of the self-consistent field has been made
for relatively few, and these mostly among the lighter ones. The
labour involved in the calculation, especially for the heavier atoms, is

such that it will probably be some time before anything like a complete
table of/values calculated by this method will be available. Moreover,
for the heavier atoms, the dispersion and relativity effects are in any
case considerable, and the /-values calculated from them not very re-

liable. It is possible to do something towards filling up the gaps by



130 THE OPTICAL PRINCIPLES OF THE DIFFRACTION OF X-RAYS

interpolation. James and Brindley have given tables of/ calculated

by a method of interpolation based on the self-consistent fields of ten

different atoms, and these should be fairly accurate for atoms with
atomic numbers less than about 25. The values so calculated are given
in Table XIV, Appendix IV, Vol. 1, p. 328. At the time the tables

were constructed data were lacking on which to base reliable inter-

polations for the heavier atoms. The interpolations were based, not on
the values of/for the atoms as a whole, but on those for the individual

electron groups, and James and Brindley
*>

give in their paper tables

from which the/-curves of such groups can readily be calculated. Self-

consistent fields have now been calculated for a number of atoms not
included in the tables, notably for caesium, tungsten, gold, and mercury,
among the heavier atoms.

Pauling and Shetman,
24

using method (2), have calculated complete
tables of/-curves for all atomic numbers. While the curves they obtain
are in fair general agreement with those obtained by the Hartree

method, there are certain systematic deviations. The Pauling method
tends to accentuate the maxima and minima of the radial charge
distributions. Now, as we have seen on p. 128, a narrowing of a maxi-
mum in the radial distribution corresponding to any group causes a
more marked oscillation of the /-curve for that group with varying
(sin 0)/A, and this oscillation will leave its impress on the/-curve for the
atom as a whole. The /-curves calculated from the old orbit model of
the atom showed marked humps, corresponding to the sharp maxima
in the radial charge-distribution due to the circular orbits. The
smearing out of the charge-distribution which is characteristic of the

wave-mechanical models of the atom tends to remove these humps
from the curves. Vestiges of them remain, however, both on the
Hartree and on the Pauling-Sherman curves, but they are much more
marked on the latter.

As we have seen in III, 4(rf), the Thomas-Fermi method (3) allows
us to calculate very easily the /-curves ior all atoms if the curve for any
atom is known, simply by an appropriate change of scale of ordinates
and abscissae. Curves obtained in this way were first given by W. L.

Bragg
31 in his report to the Solvay Conference in 1927, and in a paper

with J. West 32 he soon afterwards gave a short table of Thomas /-
values. More complete tables, taken from a paper by James and
Brindley,

33 will be found in Appendix IV, Vol. 1, p. 332, Table XV
;

and also in Tables !&!!, XI(Z>), p. 571 of the International Crystal
Tables,* from calculations by Pauling.
The Thomas field, apart from a change of scale, has the same general

form for all atoms, and so it cannot reproduce any of the individual

peculiarities of the fields of particular atoms. It is essentially an
average field, and the maxima and minima in the charge-density due to

*
Internationale Tabellen zur Bestimmung von Kristallstrukturen, Borntraeger,

Berlin (1935).
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the different electron groups are entirely smoothed out. The /-curves
calculated from the Thomas distribution show no trace of the slight
oscillations that appear on the Pauling-Sherman curves, and to a lesser
extent on the Hartree curves. We should, on the whole, expect the
Thomas curves to be a better approximation for the heavier atoms than
for the lighter ones, but not to be so good an approximation as the
Hartree curves. In figs. 50 and 51 the Hartree, Pauling-Sherman, and
Thomas curves are plotted for a number of atoms for comparison.
It will be seen that although all three methods agree as to the general
magnitude of/at all angles, yet there are very considerable differences
in detail, amounting for some of the heavier atoms to several units.

Moreover, it does not seem possible to give any simple general rules for

expressing the nature of the differences between the curves of various

types. For the heavier atoms it would apppear to be best to use the

^^^.^.J-.RNa)

0-5 0-6 0-7

(Sin 9)/\ in A' 1

FIG. 50. Comparison of /-curves for Na, Na+ and Li calculated from
Hartree, Pauling-Sherman and Thomas-Fermi charge distributions.

Hartree, Pauling-Sherman, Thomas-Fermi

Hartree curves if they are available, and, in their absence, the Thomas
curves. It is possible that a more general survey of the effects of
exchange on the Hartree curves for the heavier atoms might invalidate
this conclusion ; but it is not very likely since the effect of exchange on
the inner electron groups of the heavier atoms, which give the main
contribution to/, is not large.
For neutral atoms, the Thomas-Fermi charge-distribution does not

fall away exponentially with increasing radius, as a wave-mechanical
distribution would, but more slowly; for a positive ion, all its charge
lies within a finite radius, and for a negative ion, no distribution can be
obtained. Lenz M and Jensen have sought to avoid these disadvan-
tages, while retaining the advantage possessed by the Thomas-Fermi
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0-2 0-4 1-20-6 0-8 l-O

(Sm0)/A in A"
FIG. 51. Comparison of /-curves for Hg, Rb and K calculated from
Hartree , Pauling-Sherman and Thomas-Fermi

charge distributions.

field that it can be applied to any atom, and have applied a wave-

mechanical variation principle, starting with the Thomas-Fermi

equation. Tables of/-values based on the Lenz-Jensen model have been

published by v. Sz. Nagy,
36 which do in fact agree rather more closely

with the Hartree curves, in those examples where comparisons can be

made, than do the Thomas curves. The method does not, however,

appear to be very sound in principle, although it may nevertheless be

a fairly good empirical approximation.

(g) Limitations ofapplicability ofthe tabulatedf-curves : In this chap-

ter, we have dealt with the theoretical calculation of the scattering

factors of atoms for X-rays on the basis of the quantum theory. We
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shall see later that the agreement between the values so calculated and
the observed values is fairly satisfactory, but this comparison must be left

until certain other matters have been discussed. It is, however, advisable

at this stage to emphasize once more the limiting assumptions that have

been made throughout the discussion in this chapter. First of all, it

has been assumed that the incident radiation has a frequency consider-

ably higher than any absorption frequency of the atom. It will be evident

that for the X-rays generally employed in work on crystal structures

this condition does not hold for the heavier atoms, although it is fairly

well satisfied for the lighter ones. The /-values for the heavier atoms

given in the tables that we have discussed must therefore be regarded as

limiting values for high frequencies, and care must be exercised in using
them. We shall discuss in the next chapter the effect of using radiation

of frequency comparable with the atomic absorption frequencies, and
shall see there that very considerable corrections have to be made to

the tabulated /-curves on this account.

Secondly, the non-relativistic form of the wave-equation has been

used throughout. We must not therefore expect the results that we have

obtained to apply when the frequency of the incident radiation is too

large; nor can we expect relativity effects to be negligible for the inner

electrons of the heavier atoms. At present no numerical data are avail-

able to make an estimate of the magnitude of this effect at all easy, but

it is probably by no means negligible and, because it affects the inner

electrons, it will influence the whole range of the /-curves. We shall

deal briefly with the scattering of high-frequency radiation at a later

stage, in considering the scattering of X-rays by gases, but it has little

application to the problems of crystal analysis.
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CHAPTER IV

THE ANOMALOUS SCATTERING AND DISPERSION
OF X-RAYS

1. THEORETICAL

(a) Introductory ; In calculating the atomic scattering factor, we
have hitherto assumed the frequency o> of the incident radiation to be

large in comparison with any natural absorption frequency wkn of the

scattering atom. This assumption has enabled us to neglect the terms

involving the frequency in formula (3.42), III, 3(/), for the scattering
moment, and to use only the first term in calculating the /-curves for
the atoms. Such procedure gives a good approximation to the scat-

tering of radiations such as those usually employed in crystal analysis
by the lighter atoms ; but it is nevertheless unjustifiable in many cases
of practical importance. To take only one example : in the investi-

gation of the structure of alloys containing metals such as copper, zinc,

iron, or manganese, Cu Ka radiation is often employed, the frequency
of which is of the same order of magnitude as the K absorption fre-

quencies of these elements, being higher for some and lower for others.
The assumption that ou:cofcn cannot therefore be justified in such cases,
and we must make some estimate of the importance of those terms in

the formula for the scattering moment that have so far been neglected.
Reference to equation (3.42) will show that the additional terms are
not very important unless o> is nearly equal to <*>kn . Their values may
then, however, be considerable; so that for radiation of frequencies
differing only slightly from that corresponding to the absorption edge
of the scattering atom / may depend markedly on the frequency. There
will in fact be an anomalous scattering which is very closely connected
with the anomalous dispersion of the radiation in the material of the
scatterer. Even for frequencies differing considerably from that of an
absorption edge, the effect of dispersion is not entirely negligible.
The most direct method of dealing with the problem, and formally

the most correct one, is to discuss the coefficients of the second term in

formula (3.42), which involve the atomic wave-functions. This has
been done by H5nl, but we shall postpone the consideration of his work.
We prefer here to begin by making use of the close formal similarity
that is found to exist between the classical and quantum-mechanical
formulae for scattering, and to approach the subject from the classical

point of view, showing afterwards the correspondence between the
formulae so obtained and those of quantum mechanics.

(b) Scattering by a classical dipole-oscillator : The classical theory
of dispersion supposes the atoms to scatter as if they contained electric
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dipole oscillators having certain definite natural frequencies, which are

identified with the absorption frequencies of the atoms. Such oscil-

lators may be considered as produced by the simple harmonic vibration

of charges e with a relative displacement ;c at time t. For definite-

ness, suppose the oscillator to consist of an electron of mass m vibrating

about, a massive positive charge, which we may consider to be at rest.

On it falls an electromagnetic wave of circular frequency oj, whose
electric vector at the position of the dipole is given at time t by E = E e tu>

.

The equation of motion of the electron under the action of the wave is

x +H + cos
2x=^V"'. (4A)m

In this equation, a damping factor k, proportional to the velocity of

the displaced charge, has been introduced, and ws is the natural circular

frequency of the dipole if the charge is displaced, and allowed to oscillate

without either applied field or damping.* The action of the magnetic
field of the incident wave on the motion of the dipole, which is small,

has been neglected.
When a steady state has been reached, the dipole executes forced

oscillations of frequency o> under the action of the incident wave, its

moment at time t being given by

p2 Iff e it*>t

M=e\= . V , (4.2)m cj
s
2 - co

2 + ikw

a result easily verified by direct substitution in (4.1). The axis of the

resultant dipole oscillator is parallel to the direction of the incident

electric vector E.

The oscillating dipole is the source of an electromagnetic wave of the

same frequency. At distances great in comparison with the amplitude
of oscillation this wave is spherical, and its electric vector at a distance

r at a time t at a point in the equatorial plane of the dipole is co
2
/c

2
|r|

times the moment of the dipole at the time t - |r|/c. The amplitude A
of the scattered wave at unit distance in the equatorial plane is therefore

A -*
2 "'f (..3)me2

CDS
2 - a)

2 + ika>

Now /, the scattering factor of the dipole, is defined as the ratio of

the amplitude scattered by the oscillator to that scattered by a free

classical electron under the same conditions. The scattering by a free

electron is obtained by putting o>s
= and fc=0 in (43)', for in the

limit, when the restoring force on the electron is zero, the natural

frequency is also zero. For the free electron, the scattered amplitude
at unit distance in the equatorial plane is therefore A' = -

(e
2
/mc

2
)E .

* If the damping is due purely to the classical radiation damping, k - 2el
o>

t
/3mc8

,

where o> is the frequency of the oscillation. See, for example, Lorentz, Theory of
Electrons, p. 48

; Compton and Allison, X-Rays in Theory and Experiment, p. 266,
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The negative sign means that the wave scattered by the free electron in

the forward direction has a phase opposite to that of the primary wave.

Using this result, we get for/, the scattering factor of a dipole oscillator

of natural frequency w,, for waves of frequency w,

'- (4A)

It is to be emphasised that, with the definition of/used above, the

scattered wave is opposed in phase to the primary wave when the scatter-

ing factor /is positive.

lfw^>a) s ,f for the oscillator is unity. If oj oj
s ,f is negative, and the

dipole then scatters a wave in phase with the primary wave, the ampli-
tude of which is proportional to the square of the incident frequency.
The difference between the values of / for very high and very low

frequencies is thus unity. In the two cases we have discussed, the term

ika> in the denominator of (4.4) could be neglected. This is no longer
so when aj is nearly equal to aj

$ , and the scattering factor then becomes

complex, which means that both the amplitude and the phase of the

scattered radiation depend on the incident frequency.

(c) The relation between the scattering and the absorption and refrac-

tive index in a medium containing dipoles : Suppose now that a plane
incident wave passes through a medium containing a large number
N of similar dipoles per unit volume, each of which scatters a wave
that we shall assume to be in phase with the primary wave in the

direction of incidence. That is to say, we shall assume/for the dipoles

to be negative. Then, by the method of Fresnel zones, the waves

scattered by the dipoles lying in any thin sheet of the medium parallel

to the primary wave-front may be shown to combine to form a resultant

wave whose phase lags rrj2 behind that of the primary wave. The
successive additions of these small components 7r/2 out of phase with

the primary wave cause the resultant transmitted wave to travel through
the medium with a phase-velocity which is less than c, the velocity of

light in free space. In other words, the medium has a refractive index

for the waves that differs from unity. We have seen in II, 3(6), p. 54,

that for X-rays the refractive index n is given in terms of the scattering

factor/by
. NA* e*

r ,

2rrNe2

/I = 1
- ----/= 1

-- 4
277- me-

in the case we have considered, in which / is negative, corresponding
to oj<<ca>g , the refractive index of the medium will be greater than unity,

and the phase-velocity of the wave less than c. If, however, aj^>a>3 , so

that /is positive, the refractive index is less than unity, and the phase

velocity of the transmitted wave is greater than c. In neither case is

there any appreciable absorption of the radiation by the medium ; the
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effect of the scattering is merely to change the phase-velocity of the
transmitted wave. If, however, a> is comparable with cu

s,/will be com-

plex. By (4.5), the medium will then also have a complex refractive

index, and this, as we saw in II, 3(A), p. 62, means that it absorbs
the radiation.

Let us put

/=/'+'/" (4.6)

n = 1
- a -

/ft (4,7)

so that a = (27rNe
2
/wa>

2
)/', j3

= (27rNe
2
/wa>

2
)/''. (^.g)

Then by (2.88), p. 63, the medium will have a linear absorption
coefficient

JLIO for waves of frequency o>, given by

/LIO
= 2o>/c = (47rNe

2
/mo>c)/", (4.9)

where/" is the imaginary part of the expression (4A) for f.

From (4A), we find for/' and/"
a>aj

7
(a,

2 -a)5
2

giving for /*a (eu), the absorption per dipole of the medium for a wave
whose frequency is exactly w,

It is instructive to consider the question of absorption in a slightly
different way. By (4.10), f" is always positive. The imaginary part
of/, i/", thus denotes a component of the scattering by the dipole the
phase of which lags rr/2 behind that of the primary wave. We have
seen that the dipoles lying in any thin sheet parallel to the primary wave-
front produce a resultant wave whose phase is retarded n/2 behind that
of the waves scattered by the individual dipoles in the sheet. If this

phase already lags n/2 behind that of the primary wave, the retardation
of the resultant scattered wave will be -n, so that it opposes the primary
wave. The effect of the imaginary part of / will be to add to the
resultant scattered wave a component that at each point of the medium
is out of phase with the primary wave. There is thus a progressive
diminution in the amplitude of the transmitted wave, or, in other words,
an absorption.

(d) The breadth of the absorption lines: The expression (4.11) for
the absorption per dipole has a maximum value for a frequency very
nearly equal to <os ,

and this maximum is sharper the smaller the damping
coefficient k. If a train of waves consisting of a continuous range of
frequencies, which includes o>8, passes through the medium, only those
frequencies very near to <o, will be appreciably absorbed. The medium
thus exhibits line absorption, and the breadth of the absorption lines
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is measured by k> which is easily shown to be the breadth at half-value
of the maximum in /*a (oj) expressed in terms of <*>.

Let E(w)da> be the energy passing per sq. cm. per second in the
incident wave-train associated with frequencies between a) and w +da>.
Each dipole in the medium absorbs a fraction of this energy equal to

fi (a>), and if the train of waves contains frequencies extending over a
continuous range from o^ to co2 , which includes o>s , the total energy
absorbed per dipole per second from the wave-train will be

E (abs) =
I
V

Ja>

E (o>) da>. (4. 1 2)

If k is small, the breadth of the maximum in jia (w) is also small. For
the purpose of the integration, therefore, E(o>) can be taken as constant,
and equal to E (o>,), its value in the neighbourhood of a>3 . For the same
reason, the range of integration is not important so long as it includes

<o,, and may therefore be taken from <o =0 to o> = oo . Using (4. 1 1), we
may therefore write (4A 2) in the form

r?/ x47T?
2
A: f 0)

2JCO
E(co,)

-- -
(4.13)me j o (a)*

- eog
2
)
2 + /c

2
o>

2

Because of the small breadth in o> of the integrand, we can replace
co

2
by <u

5
2 in the small term 2

<o
2
, and can also put a>

2 = a>a>8 in the
numerator of the integrand. This gives

f
00

J

The integral is now a standard form, and its value is n/kwty so that

K), (4.15)

that is to say, each dipole absorbs from the continuous radiation a
fraction 2Tr*e

2
/mc of the energy density at a frequency oj8 equal to the

natural frequency of the dipole. If instead of the circular frequency
to we use the true frequency v(

=
co/27r), we have

E(abs)=^E(v5), (4.16)

where E(v,) is now the intensity per unit frequency range in the incident
radiation in the neighbourhood of i> = >v This formula was first

obtained by Ladenburg.
1

Equation (4.15), giving the energy absorbed by the oscillator, does
not contain the damping coefficient k. Integral (4.14), from which
(4.15) is obtained, assumes k to be small, and the final result of the

integration does not then depend on its actual value. Equation (4.15)

gives in fact the absorption by an oscillator with negligibly small

damping. Houston 2 has shown that the same expression may be
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obtained by considering the work done by the incident electric field on

the oscillating charge. In the limit, when the damping becomes negligibly

small, and the frequency of the incident radiation coincides with the

natural frequency of the oscillator, the amplitude of the oscillations

increases indefinitely with the time. This must be considered as the

classical analogue of the photoelectric effect, and (4.15) may be used,

as we shall see below, to calculate the photoelectric absorption coeffi-

cient. The more exact expression (4.13), which approximates to (4.14)

only in the limiting case of very small damping, includes loss of energy

by scattering as well. This may be seen as follows. Let us suppose
that o> differs greatly from ws . Then, by (4.1 1) and (4.12), SE, the energy

absorbed from the radiation between frequencies o> and a; + dw, is

me oj
2

Now if k is due only to the electromagnetic damping of the oscillations

its value (see footnote, p. 136) is 2e2
o>

2
/3wc

3
,
which gives

and this is the Thomson expression for the scattering by a free electron.

(e) Comparison between the classical and quantum-theory expressions

for the scattering factor. The oscillator strength: Equation (4.10)

shows that unless to is very nearly equal to co
a ,
and so long as the damp-

ing is small, we can write for/', the real part of the scattering factor

for a single dipole for radiation of frequency to,

f'=-^l- ^ 17>
CO CO

From (4.9), /", the imaginary part of the scattering factor, is given by

where /xa (<o) is the absorption coefficient per dipole for radiation of

frequency co. This absorption coefficient is extremely small for an

oscillator with small damping unless o> is very nearly equal to co
s , and

for the time being we shall neglect it and consider only the real part,/'.
Let the atom contain a number of oscillators, say g(l) of frequency

w
i> #(*) of frequency cos . Then the total real part of the atomic

scattering factor is

which may be written in the form
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We shall call g(s) the oscillator strength corresponding to the natural

frequency a>8 . Expression (4.20) for the scattering power of an atom
must now be compared with that deduced in the last chapter by the

methods of wave-mechanics. We note first of all that with the assump-
tion made throughout this chapter, that the polarisation factor is unity,
which means that we are considering only the scattering in the plane

perpendicular to the electric vector of the incident radiation, the

scattering from an atom containing dipole oscillators is independent of

the angle of scattering. As we saw in the last chapter, this is not true

of the scattering from a real atom unless the region of the atom within

which the charge-density has appreciable magnitude has dimensions
small in comparison with the wave-length of the radiation ; and it is

only in such a case that any real comparison can be made between

(4.20) and the expression for/obtained from equation (3.42), on p. 1 12.

Let us for the time being, however, assume that we are dealing with

radiation the wave-length of which is large in comparison with the

atomic dimensions. For our present purpose, the investigation of the

dispersion terms, this assumption is less of a limitation than might at first

sight be supposed. Those dispersion terms corresponding for example
to the K absorption edge are only important for frequencies of the inci-

dent radiation near the K absorption frequency, and the corresponding

wave-lengths are considerably greater than the linear dimensions of

the K charge-distribution. The corresponding statements for the other

absorption edges are also true; so that for the dispersion terms the

assumption that we have made gives a very good approximation.
With this assumption in mind, let us compare equation (4.20) with

the value off derived from equation (3.42) of III, 3 ( / ), p. 1 12. It

is to be remembered that (3.42) applies to coherent scattering from an

atom containing a single electron in the state n. Moreover, in deducing
it, no allowance was made for any form of damping or loss of energy
from the atomic system by radiation. The value of/deduced from (3.42)

therefore corresponds to the real part,/', of the scattering factor. To
obtain it we put E equal to unity in the square bracket in (3.42), getting

It will be seen that the two expressions (4.20) and (4.21) have the same
form. To each natural dipole frequency o>

5 in the classical expression
there corresponds in the quantum expression a frequency o> fcn , which is

the Bohr frequency associated with the transition of the atom from the

energy state k to the state n in which it is supposed to remain during
the scattering. To each oscillator strength g(s) there corresponds a

coefficient g(k,n\ where

)
= -"B

fc(B**)>*n . (4.22)m
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The term/n , n in (4.21) is the scattering factor for the atom in the state
n for coherent radiation of frequency large in comparison with any
transition frequency wkn ; and this has to be identified with the sum of
the oscillator strengths for the whole atom. If the incident wave-
length is large in comparison with the linear dimensions of the atom,
/n>n is equal to the number of electrons in the atomin the case of the
one-electron atom that we are considering, unity. Thus, if the two
expressions (4.20) and (4.21) are to be identified, we must have for the
one-electron atom

]>>(*)
= !. (4.23)

9

Let us now return to the consideration of the quantities g(k, ri), the

analogues of the oscillator strengths of the classical expression. With
the assumption that we are making as to wave-length, (4.22) reduces to
a simpler form. Suppose the electric vector E to be parallel to the
x direction. Since A^>>|r|, we can put e"***** equal to unity in (3.21)*
and so get

From the properties of the wave-equation it is then not difficult to
show that

B2* =J Wfcn xnk , B*k =- wkn xkn , (4.24)

where xnk =

Equation (4.22) then becomes

)
=~a>kn \ Xnk \*. (4.25)

The oscillator strength g(k, n) is thus proportional to the square of the
co-ordinate matrix-element xnk , and so to the probability of the
spontaneous transition of the atom from the state k to the state n with
the emission of radiation of frequency wkn polarised parallel to x, the
direction of the incident electric vector.

Since x represents a direction fixed relative to the atom, and since,
on the average, the atom may present any aspect to the incident radi-

ation, equation (4.25) is more correctly written

Now it can be shown that with g(k, ri) defined as in (4.25) or (4.26)

2>(M) = 1 (4.27)

^ ti!
n tf

l!
r *or

r
s

' we ^e neglecting the phase differences between the contributions
to the scattering from the different parts of the atom.
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for a one-electron atom.* This result is known as the Thomas-Reiche-
Kuhn 3 summation rule, and we see that it leads to the result that we
had already inferred from the comparison of (4.20) and (4.21).
With the assumption we have made as to wave-length, the formal

relationship between the classical and quantum formulae for the

scattering of coherent radiation is now complete for the one-electron
atom. The atom scatters as if it contained a number ofdipole oscillators,
one for each of the possible transition frequencies from states k to the
state n in which the atom is supposed to be, usually of course the ground
state. The strength of each such virtual dipole oscillator is to be taken
as proportional to the transition probability between the two states

concerned, and its frequency as equal to the corresponding Bohr
frequency. The total oscillator strength is equal to unity, the number of
electrons the atom contains. The states k include, of course, not only
the discrete states of negative energy, but also the continuum of positive
energy states, and, for these, the summations in (4.20) and (4.21) will
become integrations.

The quantum dispersion formula was first given by Kramers and
Heisenberg

4 on the basis of the correspondence principle. It was first

obtained in terms of the concepts of wave-mechanics by Schrodinger
5

and was extended to include X-ray frequencies by Waller.6

(/) Extension to the many-electron atom : The dispersion formula
as we have deduced it in (3.42) applies only to an atom containing a
single electron, and we are as a rule more interested in atoms containing
many electrons. To the extent to which we can regard the atomic
electrons as being independent, or their interactions as being taken into
account by some method such as that of the self-consistent field, we can
think of the dispersion formula for the atom as a sum ofa set offormulae
such as (4.21), one for each electron, or group of electrons, such as the
K, L, or M groups : but here certain difficulties arise which are absent
when a single electron is considered. They are most easily discussed by
taking a special case, say the electrons of the K shell. The K state is

then the state n of (3.42) or (4.21), and w fcn is a frequency corresponding
to the transition from the ground state K to another state k. Now we
have seen that the strength of the virtual oscillator associated with this

frequency is proportional to the probability of a transition between
these two states. If this probability is zero the corresponding oscillator

strength is also zero. In a one-electron atom, the electron may pass
from its lowest state to one of a number of discrete states, each transition

corresponding to a definite frequency in the line absorption spectrum
* The law is true for a many-electron atom if we define xnk as (</'**, n rfr,

where x
t

is the co-ordinate of the ith electron, the integration being then over the
configuration space of all the electrons. The sum of the oscillator strengths is then
equal to Z, the total number of electrons in the atom. See Bethe; Geiger and
Scheel's Handbuch der Physik, Vol. 24, Part I, 2nd Edn.
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of the atom ; but many such transitions to discrete energy states possible
for the single electron cannot take place if the electron is a member
of the K shell of a many-electron atom. A number of these states will

already be filled, and it would be necessary to remove an outer electron

in order to create a vacancy to which the K electron could pass ; for

by Pauli's principle an electron cannot pass to a state already occupied

by another electron. The probability of transition to these states is

therefore zero ; and so are the corresponding oscillator strengths in the

dispersion formula. The electron can pass only to the outermost

unoccupied discrete states, or to one of the states of positive energy,

corresponding to the removal of the electron from the atom a hyper-
bolic orbit on the older quantum theory.
The matrix elements corresponding to the transitions of the K elec-

trons to the outer
'

discrete states are small, for they depend on the

product of the wave-functions of the two states concerned, and the

wave-function of an inner state is small in those regions where the

wave-function of an outer state is appreciable, and vice versa. In effect,

therefore, only the outer states of positive energy are important. These

form a continuous set of energy levels, and not a discrete set, and

correspond to a region of continuous absorption, and not to line

absorption. The virtual oscillators by which the scattering from the

K electrons can be represented thus also form a continuous set, having

every possible frequency, from the K absorption frequency, correspond-

ing to the energy ha>K just sufficient to remove the electron from the

atom, upwards. We have now to discuss the way in which the distri-

bution of the oscillators in this continuum depends on the frequency.

(g) The oscillator-density for the continuum ofpositive energy states :

Let (dg/da>)da> be the number of virtual oscillators having frequencies

lying between the limits co and w + rfco. We shall refer to dg/dw as the

oscillator-density at frequency w. For the K electrons, it has a lower

limit at CO = OJK , the K absorption frequency. The total oscillator

strength associated with the K electrons, in so far as the continuum of

energy states is concerned, is therefore

lu>. (4.28)

The value of this integral will in general be considerably less than 2,

the total number of K electrons. Sugiura
7 has shown that for a

hydrogen-like electron in the \s state the integral over the positive

energy states has the value 0-437, instead of unity as it would have if

the sum over the discrete states were also included. The K electrons

in actual atoms are not hydrogen-like, and we cannot expect the oscil-

lator strength to be 0-437 per electron ; but we are at all events prepared
to find it considerably less than unity.

Similar considerations apply to the L electrons. Again, the
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only possible transitions are to the positive energy states. The
absorption edge is more complicated, because of the different types of
L level, but the principles are the same. We must note, however, that

amongst the forbidden transitions are not only those to the outer
electron groups, but also those to the K levels having bigger negative
energies. Now the oscillator strength corresponding to a transition

from L to K must be considered as having the opposite sign to fhat for

the corresponding transition from K to L. That is to say, we assume

generally g(k, n) = -g(n, k). The justification for this may be seen if

the matter is considered statistically. The one transition corresponds
to an absorption of radiation, the other to an emission, and the net

result of equal numbers of the two types of transition will be zero.

Algebraically, therefore, the L oscillators, because of the forbidden
transitions L to K, are in excess of their normal strength by just as

much as the K oscillators are deficient because of the forbidden
transitions K to L. We can extend this argument to the whole atom,
and arrive at the result that the total oscillator strength for it is still

equal to the total number of electrons it contains. Formula (4,20)

therefore becomes

where o>, is now the frequency of the incident radiation, and (dg/dw)K is

the oscillator-density at frequency w corresponding to theKcontinuum.
The sum is to be taken over all the electron groups K, L, M, ... . The

f
10

integral (dg/da^xdw will not in general be equal to the number of
JcuK

electrons in the corresponding group, but to a smaller number.
Formula (4.29), like all the formulae of the last few paragraphs,

applies only if the wave-length of the incident radiatron is large in

comparison with the atomic dimensions. This, as we have seen, is

always true for those wave-lengths for which any given dispersion term
is appreciable. We can thus as a good approximation to the total real

part of /for an actual atom use (4.29) for the dispersion terms, and

replace Z by / , the scattering factor for frequencies high in comparison
with any natural frequency of the atom. As a very useful approxima-
tion for the real part of the scattering factor for incident radiation of

frequency cu
t
we may therefore write

/'=/o + 4A (*30)
where

without restriction as to wave-length, except that it must not be so

short that relativity corrections become appreciable. We have discussed

the numerical calculation of the scattering factor / in the concluding
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sections of Chapter III, and its values are to be found tabulated. It

becomes equal to Z for the limiting case of long wave-lengths or small

angles of scattering.

(h) The determination of the oscillator-density from the photoelectric
absorption : In principle, the oscillator-density can be determined if

the atomic wave-functions are known, so that the necessary matrix
elements can be calculated, and we shall discuss this method in due
course. We propose, however, first of all to consider a simpler method,
which uses the connection between the oscillator-density and the atomic
absorption coefficient.

We have seen by (4.15) that each oscillator of frequency w absorbs
in unit time a quantity of energy (27r

2e2//wc) . EH, where E(a>) is the

energy-density in the incident radiation at frequency o>. Suppose now
that radiation containing frequencies extending over a narrow range
da>, which is yet large in comparison with the natural absorption-width
of an oscillator, falls on the atom.
The total energy incident per sq. cm. per sec. is E(w)da>; and if

(dg/dw) is the oscillator-density in the neighbourhood of to, there will
be in each atom (dg/d<*>)d<*> oscillators that absorb the radiation. The
atomic absorption coefficient fta (o>) for frequency a> is therefore

given by

/ia (<i>)= Energy absorbed per atom/Energy incident per sq. cm.

or (dg/du>)= (me/277
2eVa (a>). (4.31)

The distribution of oscillators and the variation of the photoelectric
absorption with frequency thus follow the same law, apart from a
numerical factor, and the oscillator-density can therefore be determined
empirically from the experimental values ofthe photoelectric absorption
coefficient.

Dispersion formulae based on this connection have been given by
Kronig,

8
by Kallmann and Mark,

9 and by Bothe. 10 Kallman and
Mark assumed the total number of oscillators associated with the K
absorption edge to be two, the number of K electrons, and taking
Ma() as varying inversely as o>3

, proceeded to calculate the absorption
coefficients, and the dispersion formula. The values they obtained in
this way were of the right order of magnitude. We have seen, however,
that the total K oscillator strength is less than two, andwe shall therefore
reverse the argument, and use the measured values of the absorption
coefficient to calculate the oscillator strength, a method that has been
used by Williams u and others.

Prins,
12 from measurements of the refractive index of iron for X-rays

of frequency near that of the K absorption edge for iron, concluded that
K for iron should be about 1-3 instead of 2, a result that is supported
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by the calculations of Williams from the photoelectric absorption,
and by those of Honl from the wave-functions. An explanation on
the lines that we have discussed above of this apparent deficiency in

oscillator strength was shortly afterwards given by Kronig and
Kramers.13

The variation of the atomic absorption coefficient with frequency
for the K edge is fairly well represented by the empirical formulae

/x (co)=0 foro><o)K , (4.32)

where n has a value not very different from 3, o>K is the frequency of
the K absorption edge, and pa (ajj the absorption coefficient due to
the K electrons for that frequency. Assuming a formula of this type,
we get, by (4.28) and (4.31), for the oscillator strength associated with
the K edge

mcA, r d<*> me a>K
~~^

sss

o~T~~2 j Pa(<*>x)' (4.33)

From this formula the oscillator strength gK can be calculated if n
and /ia (o>K) are determined from experiments on absorption.
From (4.30a) we get for J/i, the contribution to the dispersion

terms in/' from the K electrons, for radiation of frequency co
t ,

and there will be similar expressions for each of the other absorption
edges.

We give below the values of (4.34) for n=2, 2-5, and 3.

n =2-5, J/; -fc - cot-'** -
i log,

j

, (.36)

-3. ^/E-fcilog.1*'-!!, (4.31)X

where x = eo,./wK, and gK is the total oscillator strength for the K edge,
which can be determined from (4.33).
For a single oscillator of strength gK and frequency o>K, the cor-

responding value of J/K would be

All these expressions become infinite for jc = l, that is to say, when
w,=a>K ; but it must be remembered that they all cease to be valid
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over a short range on either side of the absorption edge,* and the proper
expression could be calculated only if the damping could be allowed
for accurately,

(/) The imaginary part of the scattering factor : We have not yet
considered /", the imaginary part of the scattering factor, corresponding
to a scattered wave whose phase in the forward direction lags xr/2

behind that of the primary wave. So long as we are dealing with scat-

tering by a system containing only a discrete set of oscillators with

definite frequencies, /" is important only when the incident frequency
lies very close to one of the natural oscillator frequencies. Provided
that such frequencies are avoided, the total scattering from such a sys-
tem may be taken as/'. Matters are, however, different when, as in

the case of an actual atom, the virtual oscillators have frequencies

extending over a continuous range. Suppose, for example, we are

considering the electrons of the K shell. Then if <o
t , the frequency of

the incident radiation, is greater than tuK , the K absorption frequency,
w

i must always coincide with the frequency of some oscillator of the

K continuum, and /" will have a value not in general negligible. If we
denote by lAf'^ the contribution of the K electrons to the imaginary
part of/, we see from equation (4.9) of IV, 1 (c) that

), (4.39)

where /AK (a> t.) is the contribution of the K electrons to the atomic

absorption coefficient for frequency <o
t
. Since p>*(<*> t)=Q if ^<">K

J/K' will differ from zero only if o>
t >o>K .

Using the relation (4.31) between the absorption coefficient and the

oscillator-density, we obtain from (4.39)

If we assume an inverse power law of the type (4.32) for the variation

of the absorption coefficient with frequency, we can express J/^ in

terms of gK , the total oscillator strength of the K continuum. Thus,
from (4.39) and (4.32),

by (4.33), where x = a></<i>K , as before.

*
It has been assumed in the calculation that led to these formulae that n changes

inappreciably with a change of frequency of the order of k, the natural width of an

absorption line, i.e. that -
-^ <C 1 ,and this condition is not fulfilled at the absorption

edge where /* changes suddenly.
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(j) The total scatteringfactorf: To sum up the last few paragraphs,
let us write for/, the total atomic scattering factor for frequency ou

t ,

/=/ + J/'+/J/", (.42)

where / is the atomic scattering factor for frequencies high in com-

parison with any atomic absorption frequency, and is independent of

the incident frequency, while Af and Af" are the real and imaginary
parts of/that depend on the frequency. Then

W =2 4T* =2 ? ,(#/</).,
-2S

K K Z K we

J/K being zero for o>,<o>K .

The atomic scattering factor that occurs in the formulae for the

intensity of reflection of X-rays by crystals developed in Chapter II

is the modulus of/as given by (.42), or |/|, and is given by

|/|
2 =

(/o +4n2 + (4T)
2

. (.44)

The difference between |/| and/ , the value of /calculated from the

atomic charge-distribution by the methods outlined in Chapter III on
the assumption that the frequency of the radiation is large in comparison
with any atomic absorption frequencies, is denoted by S/, and is a

convenient measure of the part of/that depends on the frequency.

(A:) The variation of the scatteringfactor with frequency : In order to

get a definite idea of the way in which the scattering factor varies with

frequency according to the theory we have outlined, we may consider

the case of an atom containing a K electron group whose contribution

to the atomic absorption coefficient varies inversely as the cube of the

frequency of the incident radiation. In this case, by (.37) and (.41),

(4.45)
.A-

The curve A of fig. 52 shows J/K/KI the curve B, Af'^/g^, plotted against

x, the ratio of the incident frequency to the K absorption frequency.
For very large values of x, that is to say, for frequencies large in

comparison with the K absorption frequency, both J/ and J/K' tend

to zero, and this means that, so far as any effect of the K electrons is

concerned, the scattering factor is then/ , the calculation of which was
considered in Chapter HI.

For very low frequencies, on the other hand, J/i, the real contri-

bution to J/K , tends to -gK , while the imaginary contribution J/'
is zero. For frequencies much lower than that of the K absorption
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4-Or

FIG. 52. Corrections to the scattering factor on account of dispersion for
a K electron whose contribution to the atomic absorption coefficient varies
as the inverse cube of the frequency of the radiation. Curve A shows

4/K/*K and curve B Af'^jg^ Curve C is the corresponding curve for a

simple harmonic oscillator

edge, therefore, the standard scattering factor/ has to be reduced by
#K , the oscillator strength of the K continuum.*

In terms of the classical picture, this corresponds physically to the

fact that an oscillator forced into vibration by a wave of frequency
much smaller than its own natural frequency acquires a negligibly small

amplitude. The K electrons for these low frequencies contribute noth-

ing to the scattering factor. If we confine our attention for the moment
to radiation scattered in the direction of the incident wave-normal, so

that / is equal to Z, the total number of electrons in the atom, we
might expect that the elimination of the scattering from the two K
electrons would diminish the value of/by 2. Actually the diminution
is only gK, which is always less than 2, and may be as low as 1-2 or

1-3. This apparent contradiction may be explained as follows. For

scattering in the forward direction, the total oscillator strength is Z.

Because transitions of the K electrons to the occupied L, M, ... states

are forbidden, gK is less than 2, as we have already seen. But gL9 the

oscillator strength of the L continuum, is in excess because of the

forbidden L to K transitions by exactly the amount by which gK is too

* We are considering here only the variation of the contribution of the K shell
with frequency, and are neglecting the variation of the contributions from the other
groups, which must also occur. We are considering a state of affairs corresponding
fairly well to a frequency small in comparison with that of the K edge, but large
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small because of the forbidden K to L transitions. The total oscillator

strength of the atom thus remains Z
; but when the K electrons cease

to contribute it is diminished by gK , and not by 2.

As x increases from very small values, J/K decreases, slowly at first,
but rapidly as the value x = 1 is approached, tending to an infinitely

great negative value at x = \ itself, although, as we have seen, the

approximation to the dispersion terms that we are using is not valid
in the immediate neighbourhood of jc = l, owing to the fact that

damping has been neglected.
For x<\ the scattering factor is less than/ by at least gK , and for

radiation just on the long wave-length side of the absorption edge by
considerably more.

When x is just greater than unity, or the incident frequency just
greater than the K absorption frequency, J/^ is again a large negative
quantity. It rises rapidly as x increases, becomes positive, and reaches
a maximum of about 0-28gK for x about 2-2, thereafter slowly decreasing
towards zero for large values of x. The height and position of the maxi-
mum depends on the value of n, the inverse power according to which
the absorption varies with the frequency. The maximum is higher,
and occurs at a smaller value of x, the greater n. Williams has shown
that the locus of the maxima is the curve for Af'K corresponding to a

single dipole oscillator of frequency WK , and strength gK . Such a curve

represents the limiting case for which n = oo . The curve for such an
oscillator is shown by the dotted line C in fig. 52. It will be seen that
the curve for the single oscillator tends to infinite positive values as x
tends to unity from larger values. Curves such as that for n = 3 may
be considered as produced by the superposition of an infinite set of such

dipole curves, corresponding to the continuum of oscillators, each
successive curve being displaced relative to its predecessor in the
direction of increasing x, and correspondingly diminished in ordinates.

This superposition of curves produces large negative values on both
sides of x = 1 .

(/) The effect of the imaginary component off on the amplitude and
phase of the scattered wave : The imaginary part of J/K has values

differing from zero only when jc>l. For the case considered in IV,

l(/c), its value is irgR for x = l, and it decreases slowly to zero as jc

becomes large. It represents a component of the scattered radiation
from the atom having a phase that lags -rr/2 behind that of the primary
wave. The phase-lag of the resultant wave, which is TT for very high
frequencies (large x), thus diminishes as the frequency of the incident

radiation approaches that of the absorption edge from the short wave-

length side, and an increasingly important component with a phase-lag
of 7T/2 is added ; and it may differ very appreciably from TT if the fre-

quency of the incident radiation is only just greater than that of the

absorption edge.
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On the long wave-length side of the absorption edge on the other

hand, apart from any effects due to damping, or to the other absorption

edges, which will always be small, the scattered wave will have a phase-

lag TT if the resultant /for the whole atom is positive.

In order to discuss the effect of the imaginary component, it is best

to take a numerical example. We shall consider an idealised iron

atom, containing K electrons for which J/K an^ 4f* are given by
(4.45). The total number of electrons is 26, and only the K electrons

are supposed to contribute anything to the dispersion and absorption.
The oscillator strength of the K continuum, gK , we shall take as 1-3,

in agreement with the observations of Prins 12 for iron. The curve

giving/ for the atom as a function of (sin 0)/A we shall take to be that

calculated from the Thomas-Fermi charge distribution, as tabulated

by James and Brindley. These assumptions will serve to give a general
idea of the numerical magnitude of the effect we are considering.
We shall take two cases, (1) when (sin0)/A=0, and / = 26, and

(2) when (sin 0)/A = l-OA"1
, / = 6-3. Using these values we calculate

the value of |/| from the equation

with the values of J/* and J/R' given by equation (4.45). This assumes
that the scattering by the K electrons is independent of (sin 0)/A which
is nearly enough true for an atom such as iron over the range in (sin 0)/A

under discussion.

3r

2-

0-5 I'O f)//l-5 2-0 2-5 3-0 T5 415

FIG. 53. Illustrating the effect of an imaginary component J/" of the

scattering factor. 8/ is plotted as a function of O^/OIK for the K electron
of the iron atom. In curve (1), J/" is neglected, in curves (2) and (3) it

is included for (sin 0)/A equal to and 1A" 1
respectively
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With the values of |/| so determined we calculate &/H/|-/ ,

which is the correction to be added to/ to give | /|, the total scattering
factor.

Curve (1) of fig. 53 shows again Af'Kt plotted as a function of x.

This is the value of Sf neglecting the imaginary component Af'^.
Curves (2) and (3) are those for S/ including the effect of the imaginary
term, for (sin 0)/A =0, and (sin 0)/A

= 1 respectively. The effect of the

imaginary component is much greater for the larger value of (sin 0)/A,

because the scattering factor for the electrons other than the K electrons

has there fallen off very greatly, and the imaginary component makes

relatively a far greater contribution to the total scattering factor than
it does for (sin 0)/A -0. If the scattering from the rest of the atom is

large, (Af^)
2

is nearly negligible in comparison with (fo + Af'K)
2

.

The phase of the scattered wave lags behind that of the primary wave
by an amount -n - <, where

__*&_
R-

tan<^
/o-f J/i"

This may be understood from

fig. 54, in which the direction OA
represents the phase of the primary wave, and OB and OC the phases
of the real and imaginary parts of the scattered wave, lagging respect-

ively TT and 7T/2 behind the phase of the primary wave. If OB and OC
also represent the magnitudes of the real and imaginary components,
OR gives the resultant magnitude, and the angle AOR the phase-lag of

the scattered wave.

FIG. 54
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FIG. 55. The phase-lag of the scattered radiation from iron as a function
of x ^WJ/COK for different values of (sin 0)/A

In fig. 55 this phase-lag IT -
<f>

is plotted as a function of jc for (sin 0)/A
= and 1 . It will be seen once more that the phase variation with x is
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much more important for the large values of (sin 0)/A than for the

small, and the reason for this will be obvious from what has been said

above. The importance of the variation of
| f\ and the phase-lag with

(sin 0)/A was first clearly pointed out by Coster, Knol and Prins.14

It is clear from the discussion of the last two sections that there is in

general a sudden change both in the value of/and in the phase of the

scattered wave when the frequency of the incident radiation passes
through a value equal to that of the absorption edge. The usual

formulae for the structure factors of crystal units containing atoms of
different kinds are deduced on the assumption that all the atoms scatter

in the same phase, and are therefore valid only when the frequency of the
radiation differs considerably from any atomic absorption frequency.

It will also be evident that the numerical values of/, as usually

tabulated, which are always values of/ , cannot be applied indiscrimin-

ately to the scattering of X-rays of any wave-length. If the wave-

length A is greater than that corresponding to an absorption edge of the

scattering atom, the tabulated value of/ must be reduced by at least

the oscillator strength of the corresponding electron group. With the

heavier atoms, and with the wave-lengths usually employed in the

analysis of crystal structures, it may easily happen that A is greater than

both AK and AL , so that the proper value of/to use may be perhaps
seven or eight units below the tabulated value. With the data at present
available as to oscillator strengths, it is not easy to apply accurate

corrections
; but it is not difficult, and it is certainly worth while, to

make rough estimates of the kind we have given, based on such oscil-

lator strengths as are known.* The corrections will be practically

independent of the angle of scattering, for the reasons we have con-
sidered above.

(m) The influence ofdamping of the oscillators onf: We have so far

entirely neglected the damping coefficient k in the calculation of/.
In this section we shall consider its influence, and it will be found that

this is very small, except in the immediate neighbourhood of the

absorption edge, so that no serious error is made in neglecting it.

From equation (4A) of IV, 1 (b), we see that the complex value of/
for a dipole oscillator of natural frequency w, for incident radiation of

frequency o>, is

to,
2 -

<

If the oscillator-density of the K continuum in the region of frequency
a> is (dg/d<*>), the total complex value of/for the K continuum is

(dgldt*>)do>of
00

''"
2

-*(*)i

Suppose that, as in the last two sections, (dg/da>) = A/to
3
. Then,

* Sec Appendix III for corrections in the case of the K electrons.
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since the total oscillator-density of the K continuum is gK , A =2gKo>K2,
and (4.46) may be written

2 \ (4A1)
J WK

<*r (a>i
z - a>

2 - iko) i)

We now make the substitutions x = o>
f/wK ,

=
W/COK, *=A:/<oK, and

(4.47) becomes

Prins 12 has given the value of the integral in (4.48). His results may be
written in the form

f *
~ X2 + fox) + X2 - JKX .. .m/= -
- <*49)

If K is so small that its square and higher powers may be neglected,
Prins shows that the separation of the real and imaginary parts of
(4.49) yields approximate formulae, which in our notation may be
written as follows :

(a) Forx<l

(b) Forx>l

These formulae are not valid in the immediate neighbourhood of x 1,

although for the values of K that occur in practice they cover most of
the necessary range. Glocker and Schafer 15 have given the closed
forms of these expressions, but we shall only quote their results for
the special case x = 1, when their formulae take the form

AP Iff _
J */gK

+*2

(1+K2
)
2

-(l -ic2)-Hic(l

For very small damping, these formulae reduce to the approximate forms

4/*K/SK=T/2, (4.52)

which are useful for estimating the lowest value that/can take in the

neighbourhood of an absorption edge.
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From experiments on the natural breadth of spectral lines, it may be
inferred that * is of order of magnitude 10~3 . This is greater than the
value calculated from the classical damping factor, k = 2e2w2

/3wc
3

,

which gives for the wave-length of the absorption edge, AK ,

K = k/wK = (4Tr/3)(e*/mc
2
)/\K . For the K absorption edge of iron,

AK = 1-74A, and * = 7x 10~5
.

On evaluating the formulae (4.50) and (4.51) with K equal to 10~3 ,

we find that the curve for Af'K , plotted as a function of *, instead of

approaching minus infinity as x approaches unity, has the finite value

-6-91gK for x=l. Except, however, for values of x within about
0-005 of unity the curve follows so closely that of fig. 52, which was
plotted neglecting damping, that the two carves could not be shown
separately on the scale of the diagram.

3-0-

0-96 0-98 100 1-02

FIG. 56. The effect of damping on the imaginary part of the scattering
factor in the neighbourhood of o>,/a>K = 1

In fig. 56, the curve for Af^/gK as a function of x is shown for
values of x in the neighbourhood of unity. The full curve was drawn
assuming K = 10~3 , and the dotted curve assuming K =* 0. The curve for
zero damping meets the axis of ordinates at J/K /* =

*, but the curve
for finite damping reaches a maximum for a value of x slightly greater
than unity, and then falls very rapidly, crossing the axis at

4T* /fa -1-56.

It does not become zero immediately for ;c<l, but approaches the
x-axis gradually.
For very small damping, the intersection of the curve with the axis of

ordinates occurs atAfe/gK = *r/2, and the fall ofthe curvebecomes sharper
as K becomes smaller, until in the limit, for K -0, it follows the axis.
The results of this section show that it is in general unnecessary to
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consider the effects of damping in comparing theoretical and experi-
mental dispersion curves. The errors introduced in neglecting it are

certainly smaller than the experimental errors, or than our uncertainty
concerning other quantities, such as the oscillator strengths, that occur
in the formulae.

(n) The calculation of oscillator strengths from the atomic wave-

functions : Another method of approach to the problem of determining
the oscillator strengths, in principle less empirical than that discussed

above, consists in using such information as we have concerning the
atomic wave-functions to calculate them directly from formulae such
as (4.22) or (4.26). This method has been used by Sugiura

7
and, more

recently, by Honl.16

Only for the hydrogen-like atom are the wave-functions known
accurately enough for a solution of the problem along these lines to be
more than an approximation. For the K electrons, the approximation
is probably as good as that obtained from the measured absorption
coefficients

;
for the L electrons it is probably worse.

We shall first suppose the wave-length of the incident radiation to
be long in comparison with the dimensions of the K shell, so tint equa-
tions (4.25) or (4.26) may be used for the oscillator strengths. Sugiura
showed that, for a single electron bound in a Coulomb field in its

ground state Is, the oscillator-density dg/du, for frequency o> in the K
oscillator-continuum, is given by

where z = co/o>0> o> being the K absorption frequency; and

--. (4.54)

By graphical integration over the K continuum, from z = 1 to 2 = oo
, he

finds that the total oscillator strength corresponding to the continuum
of positive energy states for a single hydrogen-like electron is 0437.
Honl has shown that, with the limits l<r<4, g(z) may be replaced

to a close approximation by the much simpler expression

~(4z-l). (4.55)

Using this, instead of g(z), in (4.53), we get for the total strength of the
continuum of oscillators for a single electron

27

4
f*/4 1\ .-

9 Ht (?-?)*

(4.56)

According to this result, therefore, the total oscillator strength for the
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K electrons of the atom, assuming them to be hydrogen-like, and that

only transitions to positive energy states are possible, ought to be about

0-87, a conclusion that had already been reached by Kronig and
Kramers.13 Now calculations based on absorption measurements, and
on experiments such as those of Prins on total reflection, suggest that

a value of the order of 1*3 is more nearly correct for most atoms. We
have now to consider the reasons for this large discrepancy, and possible
means of correcting it.

The two main corrections that have to be made to the calculations

of Sugiura to make them applicable to electrons bound in an atom are

discussed by Honl. They depend on the fact that the K electrons in

real atoms form part of a complex electronic structure. The influence

of the other electrons has therefore to be considered. To a fair degree
of approximation the K electrons can, as a matter of fact, be treated as

hydrogen-like ; but, owing to the screening effect of one K electron on

the other, the effective nuclear charge must not be taken as Z, but as

(Z
-

s), where s may be taken as approximately constant and equal to

about 0-3. The value obtained by Hylleraas
17 for helium is 5/16. In

addition to this, however, the outer electrons, although they produce

only a very small field in the region of the K shell, give a nearly constant

potential V . The effective potential V(r) at distance r in the region of

the K shell may therefore to this degree of approximation be written

The negative energy of the ground state will thus be decreased by an
amount eVQ , and we shall have for the ionisation energy IK ,

IK = (Z-*)
2RAc-eV , (4.57)

where R is Rydberg's constant ; or if cu is the frequency of the ab-

sorption edge for a hydrogen-like atom of nuclear charge Z -
s, and

o K that for the actual atom, then

.-od-8J, where S,^"^'"
1^. (4.58)

{, -S)

For the heavier elements, terms in

(Z -5)
4 a2

, (Z -.y)
6 a4

, and (Z -s)
8 a6

,

where a is the fine-structure constant, the value of which is 7-3 x 10~3 ,

must be added to (Z -s)
2 in (4.58). IK , the ionisation energy, in terms

of the wavelength of the K absorption edge, is equal to /*c/AK , and
since 108/R- 911, the expression for 8K can be written in the form

8K = (A-911/AK)/A, (4.58a)

where AK is expressed in Angstrom units, and

A =Z!
2 + 1-33 x 10-5

Z!
4 + 3-55 x KH^6 + 1 1-7 x IQ-"^

8
, (4.58b)

where Zi = Z -0*3.

The values of the matrix elements that determine the oscillator-
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density depend on the values of the wave-functions of the ground and
excited states of the K electron in the region where both have appreci-
able magnitude ; that is to say, in the region of the K shell. Now in
this region, as we have just seen, the wave-functions may still be con-
sidered to be hydrogen-like. The oscillator-density for any frequency
w of the K continuum may thus still be calculated from equation (.53).
If we express the oscillator-density in terms of OJK , the actual frequency
of the absorption edge, we obtain for the two K electrons, since

The oscillator-density so derived is the sum of two terms, each of which
is of the form A/cu

n
, and over the relevant frequency range it approxi-

mates fairly closely to a single term varying inversely as o>
2 * 7

.

Although the oscillator-density remains to a good approximation the
same as that for a hydrogen-like atom, the total strength of the con-
tinuum will be altered. For, as we have seen, the ionisation energy is

reduced by the presence of the outer electrons, or, in other words, the
K continuum of positive energy states extends to a lower energy value.
To get the total oscillator strength, we have to take as a lower limit of

integration for (4.56) a value of z corresponding to w = OJK, instead of
z = 1, which corresponds to w = w . The integration must thus extend
from z = 1 - 3K to z - oo

, and this gives at once for the two K electrons,

2 \

A virtually identical explanation of the difference between the values
of gK for a hydrogen-like electron and an electron forming part of an
atom was given independently by E. J. Williams.11

The figures in Table IV. 1 are taken from Honl's paper, and give the
values of 8K and gK for a number of atoms, as calculated from (.58)
and (.60) using the known values of the K absorption edges. Some

TABLE IV. 1

K Oscillator strengths (Honl)
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values obtained by Williams from atomic absorption coefficients, as

tabulated by Jonsson,* are shown in Table IV. 2.

TABLE IV. 2

K and L Oscillator strengths (Williams)

4/*K and J/R' can now be calculated at once from (4.43) and (4.43a)
of IV, l(j), if the value of the oscillator-density given by (4.59) is

used. The result is

i 1 .v-1

2'e-4 f

-r'{;9

= 0if

where x = w
a/a>K , as before.

Honl makes similar calculations for the L electrons, which are not,

however, on so sound a theoretical basis as those for the K electrons,
since the underlying assumption of a hydrogen-like L electron is not a

good approximation. Some values of the L oscillator strengths so

calculated are given in Table IV. 3. It will be seen that they differ

appreciably from those calculated by Williams, and show a greater
variation with the atomic number of the element.

TABLE IV. 3

L Oscillator strengths (Honl)

Wheeler and Bearden 1B have also calculated the oscillator strengths
from the wave-functions for a number of atoms by a method that has
the advantage of relative simplicity, and that does not make the assump-
tion of hydrogen-like electrons. It would appear, moreover, to be
applicable to the L as well as to the K electrons.

*
Uppsala Dissertation, 1928
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TABLE IV. 4

K Oscillator strengths (Wheeler and Bearden)

Let m be an occupied wave-function of an atom, other than a K
wave-function. Then, by the summation rule, gK , the oscillator

strength for the K electrons, is given by

K = 2{1 -Zg(K, m)}, (4.62)m

where g(K, m) is the oscillator strength of the virtual oscillator associ-

ated with the transition from the state K to the state m. The sum has
now to be taken over the relatively few occupied discrete states, instead
of over the continuum, and avoids the extrapolation of the continuum
of the hydrogen-like atom that is used in the Honl method. The
oscillator strength g(K 9 m) is given by (4.26), and is determined

numerically from the Hartree wave-functions calculated by the method
of the self-consistent field. As Wheeler and Bearden themselves point
out, it is not really correct to use these functions in (4.62), since the
summation rule does not properly apply to them. The self-consistent

wave-functions, although of course normalised, are not strictly ortho-

gonal. They consider, however, that the errors introduced by this are

probably smaller than those due to uncertainty in the values of the

wave-functions. The general agreement between the values of gK as

calculated in this way and as calculated by Honl's method is in fact

remarkable.

(o) The quadrupole terms in the scattering factor : So far, our
calculations of the dispersion terms have been based on the assumption
that A, the wave-length of the incident radiation, may be considered as

very large in comparison with the dimensions of the electron shell

concerned. To conclude the theoretical discussion of dispersion, we
must see what errors are introduced by this assumption. This problem
also has been dealt with by Honl.19

It involves detailed discussion of
the matrix-elements of equation (4.22), which determine the oscillator

strengths, and we must be content here with a very brief outline of the

results. For particulars, reference must be made to the original paper.
The effects due to the K shell are considered, and if a is the mean

*D. R. Hartree and M. Black, Proc. Roy. Soc. t A, 139, 311 (1932).

t D. R. Hartree, Proc. Roy. Soc. t A, 141, 282 (1933) ; A, 143, 506 (1934),

L
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radius of the shell,* a/X is still assumed to be small, although not now
negligible, so that its increasing powers decrease rapidly in magnitude.
This assumption can always safely be made in practice.
The quantities to be evaluated are

and Bfc, which is the same integral, with s, the unit vector in the

direction of scattering replacing s , that in the direction of incidence.

The gradients in B%k and B** are to be taken parallel to the direction

of the incident electric vector and perpendicular to the direction of

scattering respectively.

The wave-function
\fjn in the case we are discussing is that corres-

ponding to the ground state, Is, of a hydrogen-like electron; while

$k corresponds to one of the states of positive energy of the same atom.
Such a wave-function may be written as the product of two functions ;

one, which is not quantised, and determines the energy of the state,

depending only on r, the radius from the centre of the atom
; the

other, a function only of the angular co-ordinates, a spherical harmonic

of the type Pf (cos 8)
C
P
S m*

determined by the two quantum numbers
sin tn<p

I and m. For every energy-value of the continuum of energy states

there are still a number of different wave-functions, corresponding to

the different values of / and m.

It can be shown that Bj* differs from zero only if m = 1 ; but / may
still take any value except zero, which is excluded, since /<m. For
each value of the energy of the excited state there is thus a series of
values of the matrix-elements, one for each value of /. For any given
value of /, we may write

A^,, (4.63)

where A, depends on the energy of the excited state, and 0j is an angular
function, depending on the direction of polarisation of the incident

radiation, and the angle of scattering 26.

By (4.22), therefore, for any given frequency w of the K continuum,
the oscillator-density is proportional to Z|Aj|

2
0j/cu, and the oscillator

strength will be the sum of a set of integrals, one for each value of /.

Hdnl shows that the angular factor tf>, differs in form for different

values of /. If / = 1 , 4>, is unity when the incident electric vector is

perpendicular to the plane containing the directions of incidence and
scattering, and cos 20 if it lies in this plane. This is the angular depen-
dence on the direction ofpolarisation characteristic ofa dipole oscillator,
and we may call the terms for which /= 1 the dipole terms.

More precisely, a is the parameter in the hydrogen-like wave-function for theK electron, ^e~r
l
a

t and has the value a9l(Z~s) t a* being the radius of the first
Bohr hydrogen orbit, 0-532A.
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When / = 2, the values of
t
for the perpendicular and parallel

directions of the electric vector are cos 20 and cos 46 respectively, and
these values are characteristic of a quadrupole oscillator. The terms

for which / = 2 may therefore be called the quadrupole terms; and

similarly, / = 3 gives octopole terms. In practice, as we shall see, even

the quadrupole terms are very small, and those for higher values of /

are quite negligible.

We have now to consider the quantities |Aj|
2

. Honl shows that they

may be expanded in ascending powers of *2
, where K = 2nal\ provided

that /c
2

is small. In his notation

|A 2 |

2 = K2/2
<2 > + *4/2

<4 > + ... Quadrupole terms

|

A3 |

2 = *4/3
<4 > + . . . Octopole terms (4.64)

The largest quadrupole term is thus proportional to *2
,
and the largest

octopole term to K4
, so that in comparison with the largest dipole term

they are of small importance.
For the coefficients in (4.64) Honl gives the values

f (vj ?! !
(z)71

A* 3 z*
g( '

-

15

where z and g(z) have the same significance as in (4.53). For the

limiting case of very long waves, all the terms in (4.64) vanish except

/i
(0)

, the first of the dipole terms in JA^
2

, and the oscillator-density
must in this case reduce to that given by equation (4.53). By comparing
(4.65) and (4.53), we see that z/i

(0)
is, apart from the polarisation factor

t , proportional to dgfdz, the oscillator-density for the case of long
waves. If we include in the expression for dgfdz the terms involving
K2 as well, we obtain from (4.65) for the two K electrons:

(1) Dipole terms

<*.)

(2) Quadrupole terms

If the approximate value for#(z) from (4.55) is used, the terms involving
*2

, which are the correction to be added to the oscillator-density

applicable to very long waves, are :
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Dipole terms

dg\ _2-/4 9,
/r 45 V** 2*

+

Quadrupole terms

These expressions apply to the hydrogen-like electron. To allow for

the influence of the other electrons, we proceed exactly as in IV, l(/i),

p. 159, expressing the oscillator-density at the frequency o> in the K
continuum in terms of o> and o>K , the actual K absorption frequency,

by writing z = (1 ->8K) O>/CUK in (4.61). Similarly, to obtain the additions

to the total oscillator strength, (Sg^i and (S&)* on account of the

new terms, we integrate (4.67) with respect to z between the limits

1 - 8K and infinity. It is not necessary to give the resulting expressions

explicitly ; they are numerically very small in all practical cases. Sup-

pose, for example, the scattering atom to be iron. From Table IV. 1,

p. 159, 8Z =0-215, and on performing the necessary integration, and

substituting this value, we find

(8 K)i=-0-76201*
2

; (8&)t
- + 1-04402*

2
.

For Fe, Z = 26, and a=0-0207A. For Mo Ka(A=0-71A) we then

have *2 = 0-033; while for wave-lengths in the region of the K ab-

sorption edge for iron (A
= 1-74A), where the other factors in the

correcting terms are by far the largest, we find K2 =0-0056 ; so that the

error made by neglecting these terms in the oscillator strength, and

consequently in /, will be much smaller than the present limits of

uncertainty in the determination, either theoretical or experimental, of

these quantities.

The correction to J/i, the real part of the dispersion terms, is ob-

tained by performing the integration (4.43) using the additional terms

in the oscillator-density. The integrals are all of a simple type, but the

resulting expressions are rather cumbersome, and we shall refer the

reader to H6nFs paper for particulars. The general order of magnitude
of the change in J/i is roughly 4/K^>K/K which again is of the order

of *2
J/K, a quantity of little importance in the present state of our

knowledge.
In addition to the correcting terms in the real part of J/K , there will

be corresponding terms in the imaginary part Af*. These may be

calculated at once from (4.61), by means of (4.43a), which gives

4/*K -5 *i dgldzi, (zt-wtM if z<> 1 ; and Aft =0, if z<<l.

(p) The total scattering factor, including quadrupole terms : We may
now calculate the total scattering factor, including both the real and
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imaginary parts of the dispersion terms, and the polarisation factors.

Although the terms involving *2 are very small, as we have seen, we
shall retain them in order to show the effect of such terms on the form
of the total scattering factor. For the whole scattering factor, assuming
any direction of polarisation, let us write

/- (/o + li
(0) + *2

fi
(2))0i + *2 f2

(2)#a + /{Oh
(0) + ^2

>?i
(2))*i + *2W2)

*2}.

(4.68)

We have here followed in part Honl's notation for the dispersion
terms, ft

<> and 7y1
(0) are the quantities we have previously denoted by

Af and Af". They are the sums for all the absorption edges of the real

and imaginary parts of the dispersion terms respectively, assuming the

incident wave-length to be very large in comparison with the dimensions

of the K shell. The terms /c
2^(2) and *2

2
(2) are the corresponding

additions to the real part of the scattering factor due respectively to

the dipole and quadrupole terms of (4.67); /c
2
^/

2* and Ac
2
7? 2

(2) are the

corresponding imaginary terms.

Let/i and/2 be the scattering factors when the incident electric vector

is respectively perpendicular and parallel to the plane of scattering.

The values of $>
l and 2 are, f r /i unity and cos 29 ; and for/2 , cos 26

and cos 40. Then, from (4.68),cos . en, rom .,
/i =/o + fi

(0) + 2
i
(2) + *2

2
(2) + i foi

(0) + *V2) + *V2) cos 20)

/2 ~ (/o + i
(0) + *2

fi
(2)

) cos 20 + *2
2
<2> cos 40

+
'{ Oh(0) + *V2)

) cos 20 +*V2) cos 40}. (4.69)

For unpolarised radiation, the total intensity factor for scattering is

Kl/il
2 + l/2 |

2
}, and this is equal to ||/|

2
(1 + cos2

20), if/is the scatter-

ing factor defined in the usual way, in terms of the scattering by a

classical electron.

From (4.69), retaining the terms in *2
, we obtain

(4.70)

where A = (/ + ,<>)* +

From (4.69), (4.70) and (4.71), after a certain amount of reduction,

treating products of the quantities f and
77

as small, and retaining
terms up to *2

, we get for Sft the difference between the total scattering
factor

| /| and/ , the limiting value of/for very short waves,

In equation (4.72), we have again written for f1
(0) and ^> the values
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Af and Af, the real and imaginary parts of the dispersion terms for

very long waves. The first two terms give the value of 8/, assuming
long waves. It was this that was plotted in fig. 53. The correction

that has to be applied if the dimensions of the electronic system con-
cerned are not negligible in comparison with A is contained in the term

depending on *2
, which represents the whole difference between the

result of the simpler considerations of IV, l(n), and the detailed

discussion of the present section.

(q) The dependence of 8/ on the angle of scattering : The quantity

8/ represents that part of the total scattering factor |/| which depends
on the frequency of the incident radiation. From (4.72), it will be seen

that this correction does not depend very greatly on the angle of

scattering 26.

The first term Af, which is by far the most important, does not

depend on 26. The second term, which contains Af", that part of the

scattering factor due to radiation scattered nj2 out of phase with the

incident wave, will depend on the angle of scattering ; for it contains
in the denominator/^ which diminishes as 26 increases. This term will

therefore increase with increasing angle of scattering. We have

already discussed this from a rather different point of view in IV,

!(/), and the difference between the values of 8/for two angles of

scattering for a typical case is shown in fig. 53. The effect is appreciable
but not very large, amounting perhaps in some cases to half a unit
in /, between small and large angles of scattering.
The quadrupole term involving *2

f2
(2) also depends on 26, but is in

general very small indeed in comparison with Af. It will have its

largest values for wave-lengths in the neighbourhood of the critical

absorption wave-lengths of the atom. The best chance of detecting its

existence experimentally would be given by examining the scattering
factor for A just longer than AK say ; for then the absorption term,
which also depends on the angle of scattering, will be zero for the K
absorption, and will have only very small values corresponding to the
distant L and M absorption edges, while the terms involving ** will have
the relatively large values due to the anomalous dispersion effect.

H6nl gives the values of the terms in (4.72) for Zn Ka radiation scat-

tered by copper (AK = 1-378, A/AK - 1-038), a case examined by Ruster-
holz. 20 He finds

S/=
-3-50+^-0.016.

Even in this favourable case, the effect of the quadrupole terms is far

smaller than the possible experimental error. Rusterholz finds 8/=
-
3-68, which is in excellent general agreement with the theory, but the

uncertainties in the measurements probably amount to several tenths of
a unit, and evidently there is no possibility of detecting the quadrupole
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term merely from its variation with the angle of scattering, especially
as the variation of/ itself with the angle of scattering is not known
with the necessary accuracy. At present the quadrupole term may
safely be neglected in quantitative work on scattering.

2. EXPERIMENTAL VERIFICATION OF THE DISPERSION FORMULAE
(a) Introductory : The experiments which provide the material for

testing the dispersion formulae that have been developed in the first

part of this chapter are of two main types, (1) the measurement of
refractive indices of materials for X-rays, and (2) the measurement of
the atomic scattering factor for wave-lengths in the neighbourhood of
an absorption edge. We shall consider in turn examples of each type
of experiment, beginning with the measurement of refractive indices.

We have seen in Chapter II, 3(6), that n, the refractive index of a
substance for X-rays of wave-length A, may be written in the form

(4.73)

where /a (0) is the scattering factor for the direction of the incident
radiation of an atom of type (a), of which there are N a in unit volume
of the material. The sum is to be taken over all the different types of
aU.m present in the substance. If A is much shorter than the wave-

length of any absorption edge of the atom (0),/(0) may be taken as

equal to Za , the number of electrons in the atom ; and if this is true for
all the atoms in the substance, 8/A

2 should have a constant value,

independent of the wave-length, which can be calculated from the

density and chemical composition of the substance. But as A approaches
an absorption edge, /(O) for the atom in question begins to depend on
the frequency, and we have to write for/(0) the more accurate form

Z+4/*, where Af is the dispersion correction given by (4.43) and
(4.43a). Equation (4.73) then becomes

AV2

(4.14)

8/A
2

will no longer be constant, and from its variation Af can be
determined. Measurements of the refractive index could thus provide
a check on the dispersion formulae.

Such measurements require very accurate work, for the refractive

indices of most substances for X-rays differ from unity by only a few

parts in a million. In all practical cases 8 is positive, so that the

refractive index is less than unity. It is true that the contribution to

J/from a single electron group may become negative for wave-lengths
near an absorption edge, but the negative contribution will not out-

weigh the positive contributions from Z and from the other groups.
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Another point to notice is that 8 is in general complex. If we put
8 = a + tp, then, by (4.9) of IV, l(c),

(..75)

where /* is the linear absorption coefficient of the material, and pa is

the atomic absorption coefficient for the atom of type (a). Since there

is some absorption for all wave-lengths, f$ will never be zero, although
it will not be large unless A is just less than one of the absorption wave-

lengths of an atom of the material. We are thus in general concerned

with refraction by an absorbing medium, and it is necessary to be clear

as to what is measured in an experiment of any given type.

In strictness, the refractive index of an absorbing medium, as

measured by the ratio sin //sin r, depends on the angle of incidence,

and SnelFs law is not exactly obeyed.* With a and j8 as small as they
are for X-rays, however, the variations of the effective refractive index

from a constant value are of order a2 and j3
2
, and may be neglected.

Experiments that deal with angular deviations give effectively the real

part of the refractive index, 1 - a, and determine J/', the real part of

J/. The absorption is, however, more important when the refractive

index is determined by measuring the critical angle ; for it influences

considerably the sharpness of the limit of total reflection, and reduces

the possible accuracy obtainable by such methods.

(b) Measurement of the refractive index from the deviations from
Bragg"s law : That the phase velocity of an X-ray wave in a crystal

should differ from c, its velocity in free space, was shown by Darwin
as early as 1 9 1 3, as we have already seen in Chapter II. Ewald's dynami-
cal theory, published independently of, and soon after, Darwin's work,

gives the same result. Both these writers showed that the Bragg
reflection law, 2rfsin = wA, is only approximately true, and obtained

a corrected reflection condition, which may be written in the form

mX - 2d(\
-

8/sin
2
m) sin m . (4.76)

These theoretical predictions seem, however, to have been lost sight

of, and the deviation from the Bragg law was rediscovered experi-

mentally in Lund in 1919 by Stenstrom,
21

who, in accurate measure-

ments of X-ray wave-lengths of the order of several Angstr&m units

by reflection from crystals, found that the wave-length determined was
smaller the higher the order of the spectrum used in the determination.

This variation he correctly ascribed to the refraction of the X-rays by
the crystal, but the differences depended on angular measurements of

the order of a few seconds of arc, and no really reliable value of 8

could be deduced from them.

Stenstrflm's results were soon confirmed by Duane and Patterson 2a

* Sec for example, C. Schaefcr, Eitfuhrung in die theoretische Physik, Vol. 3,
Part I, p. 431.
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and by Hjalmar,
23 with different wave-lengths and crystals. Ewald 24

then pointed out that such results were to be expected theoretically,
and showed that the deviations observed by Hjalmar were of the right
order of magnitude.

Qualitatively, the results may easily be understood from equation
(4.16). According to this, the value of 6 is greater for all orders than
that given by Bragg's law, but the deviation decreases with increasing
order; so that the observed wave-length also decreases. A detailed

account of this early work will be found in Siegbahn's book, Spektro-
skopie der Rontgenstrahlen, 2w/Edn., 1930.

In all these experiments, the crystal surface was parallel to the re-

flecting planes. The incident beam, when the crystal was set to reflect,

was therefore inclined at an angle of several degrees to the surface, and
the bending due to refraction as it entered the crystal was very small.
Davis and Terrill,

25 in 1922, pointed out that the deviation could be

greatly increased by grinding the surface at such an angle to the reflect-

ing planes that the incident beam was inclined at only a very small

angle to it when the crystal was in the reflecting position.

FIG. 57

The arrangement may be understood by referring to fig. 57. The
surface of the crystal is inclined at an angle <j>

to the reflecting planes,
and in position (1) of the crystal, the incident beam IA makes the smaller

angle, and the reflected beam ARX the larger angle with it. Let be
the angle between the surface and the direction of the incident beam
predicted by the Bragg law, so that ^+^ =

, the Bragg angle; and
let A0l be the angle between this direction and the actual direction of

incidence when reflection occurs. We have already dealt with the

theory of such unsymmetrical reflections in Chapter II, 4(/), when
discussing the dynamical theory of reflection. By equation (2.1 13),

AOl - 8 (cot <(>
+ tan )

= 8 {cot (0
-
<) + tan }> (4.77)

and it is plain that J0! increases rapidly with decreasing $.



170 THE OPTICAL PRINCIPLES OF THE DIFFRACTION OF X-RAYS

In order to measure the deviation, Davis and von Nardroff 28 used
the following device. Suppose the crystal to be rotated about an axis

through A, and normal to the plane of incidence, into position (2),
in which it again reflects, the reflected beam being now AR2. In this

position, the incident beam makes the larger angle with the surface,
and the reflected beam the smaller one. J02, the deviation of the setting
of the crystal from that appropriate to the Bragg angle, is now given by

A 2
= S {cot (0 +

<t>) + tan }. (4.78)

The angle between the two settings (1) and (2) of the crystal is

1 80 -(20 -

and this angle was^
measured to within about half a second of arc by

Davis and von Nafdroff, who used a specially accurate X-ray spectro-
meter. To deduce the values of and 8 from the measurements, we
may use the following method, due to Ewald,

28 which is substantially
equivalent to that used by Davis and von Nardroff.

Let us put <^=4(J01 +J02) + and let <x be the value of a for

symmetrical reflection, so that

ao-0 = 28/sin20 . (4.19)

From equations (4.77), (4.78), and (4.79) it is then easy to show that

~
o) *an

2 =
(a,

-
) tan

2
^, (4.80)

which can be solved for by successive approximations, since the value
of is already known with considerable accuracy. Once has been
found, the value of 8 may be calculated from (4.77) and (4.78).
Some values obtained by von Nardroff 27 for the reflection of Mo K^

(A =0-7078A) from the cube planes of a crystal of iron pyrites, FeS2 ,

are given in Table IV. 5. The increase of the deviation as ^ approaches
is plain. Similar experiments with copper radiation reflected by

iron pyrites gave 8 =(17-6 0-5). 10-
6

.

TABLE IV. 5

Mo Kai (A
= 0-7078A) reflected from FeS,

0o=7 31' 23-0"

A variation of the method, in which the crystal is rotated about an
axis perpendicular to the reflecting planes, has been used by Hatley

**

with a calcite crystal reflecting Mo Kar He obtained

8 -(2-03 0-09).HH.
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Field and Lindsay
42 have recently used the method of unsymmetrical

reflection in measuring the refractive index of cerussite (PbCO3) for

X-rays over the ranges of wave-length 2-5 to 3-6A and 4-8 to 5-4A.
Within these limits of wave-length lie the five M absorption edges of
lead. Instead of grinding a surface on the crystal they used a natural
face that made a suitable angle with the atomic planes at which re-
flection was observed. The results they obtained, while in general
agreement with theory, do not give any very definite information about
the anomalous dispersion associated with the M absorption of lead.

(c) Comparison with theory : The K absorption edges of Fe and
S are at 1-739A and 5-009A respectively. With Mo Ka radiation

(A
= 0- 708A) the dispersion corrections will be very small. From Honl's

values, given in Table IV. 1, we estimate the value of Af to be 0-2 for
Fe and 0- 1 for S, giving for Z +Af for FeS 2 the value 58-4. The lattice

spacing of the cube planes is 2-703A, and the cube having this edge
contains half a molecule of FeS2 ; so that N = 2-520 x 1023 . Substitution
of these values in (4.74) gives 8 = 3-31 x 10-6 , in good agreement with
the values obtained experimentally.
The value calculated for Cu Ka

x radiation in the same way is

15-2 x 10~6 . Here there is a rather bigger dispersion correction, since

A/AK for Fe with Cu Ka radiation is 0-88, which gives Af = - 1-4. In
the case of Hatley's measurements with calcite, the dispersion correc-
tions are negligible, and the calculated value of S is 1-93 x 1Q-6 . The
general agreement between theory and experiment is on the whole as

good as can be expected, considering the difficulty of the measurements.
Such experiments are, however, not very well suited to the investigation
of the dispersion formulae, for which it is necessary to measure the
refractive indices for a variety of wave-lengths, including those near the

absorption edge.
The methods that we have discussed in this section depend essentially

on the crystalline nature of the refracting medium, and require also that
the interference conditions should be fulfilled during the measurements.
Now matter refracts X-rays whether it is crystalline or not. In fact,
as we saw when dealing with the dynamical theory of interference, it is

strictly only when the interference conditions are not fulfilled that we
may consider the crystal as having a definite refractive index. The two
remaining methods that we shall discuss apply to non-crystalline
materials, such as glass, or to micro-crystalline materials, as well as to

single crystals.

(d) Refractive indices by total reflection : In 1922, A. H. Compton *
pointed out that if the refractive index of a substance for X-rays is less

than unity it ought to be possible to obtain total external reflection

from a smooth surface of it, since the X-rays, on entering the substance
from the air, are going into a medium of smaller refractive index. If
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we assume the substance not to absorb the rays, so that 8 is real, the

laws of refraction lead at once to the result that X-rays should be

totally reflected from a plane surface at all glancing angles smaller than

a certain critical angle C9 given by

which, since 8, and hence C , are small, gives, on expanding the cosine,

quite nearly enough

For example, if -8 for the material is 3 x 10~6
, C

= 2-4 x 10~3 radians, or

about 8 minutes of arc. The glancing angles of total reflection therefore,

although small, are easily observable, and Compton at once verified

his prediction experimentally, showing that the tungsten L line,

A = 1-279A, was totally reflected from a sheet of plate glass at an angle
of 10', and from a sheet of silver at 22-5', corresponding closely to the

angles to be expected from the theoretical refractive indices. Some
account ofCompton' s experiments has already been given in Appendix I

of the first volume of The Crystalline State, and we need not consider

them in greater detail here. We are more concerned with the appli-

cability of the method to the testing of the dispersion formula, for which
it seems at first sight to be well suited, since a wide choice of substances
is available for reflectors, and the angular deviations to be expected
are greater than those to be obtained by pure refraction at a surface.

There are, however, difficulties which to a large extent discount these

advantages.
As was pointed out by Prins,

12 the sharpness of the limit of total

reflection is much affected by absorption in the material ; and since

we are mainly interested in the refractive index for wave-lengths in the

neighbourhood of the absorption edge, this is rather serious. The
effect is well known from ordinary optical theory. Let us assume the

Fresnel laws of reflection to apply also to the case of the reflection of

X-rays. If the electric vector in the incident radiation is perpendicular
to the plane of incidence, and A and Ar are the amplitudes of the

incident and reflected beams respectively, Fresnel's formula gives

j-rtng A /^ ^Ar
= -7

~-
r-j

2 A , (4.82)v '

where n is the refractive index, and 8
l and 2 are respectively the glancing

angles of incidence onto, and refraction into, the medium.
Now cos Ol =H cos 2 , so that if n = 1 - 8, (4.82) can be written

Af _ sin 8
1
- N/K* - cos2 l = l

-
~

A sin 1 + V/i2 -cos2
1 ~01 W0J2 - 28

since 8 and O
l are small. The reflection coefficient for intensity is the

square of the modulus of this expression, which becomes unity if
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28>01
2
, provided that 8 is real. This corresponds to total reflection.

We have seen, however, that 8 is in general complex, and equal to
* +

i/l. Equation (4.83) then gives for the ratio of the incident and
reflected intensities

(4.84)

which can be evaluated by putting

V0!
2 - 2<x - 2i]3

=

from which p and g are found by squaring and equating the real and

imaginary parts. This gives

I

where

-
fl
t + 2a}. (4.86)

If the electric vector of the incident radiation lies in the plane of

reflection, an expression slightly different in form from (4.85), but

giving the same numerical values within the limits of experimental
error, is obtained for the reflection

coefficient. Similar expressions
have been given by Forster,

31

Jentzsch,
32 and others.

The types of reflection curve

given by (4.85) for zero, small,

and large absorption are given in

fig. 58, which is taken from the

paper by Prins. For all three

curves a is taken as 30 x 10"-
6

. For
curve A, )8

= 0, and the absorption
is zero. This corresponds to re-

flection from a completely trans-

parent medium, and in this case

there is a sharp limit of total

reflection. For curve B, j3
- 10~6

,

and for curve C, )3
= 7xlO-6

.

Curve B thus applies approxi-

mately to the case of the reflection

from iron of a wave-length rather

0-2

9, in radians

FIG, 58. Reflection coefficient Ir/I of iron

for X-rays as a function of the glancing
angle. A, negligible absorption. B, weak
absorption (long-wave side of Fe ab-

sorption edge). C, stronger absorption

(short-wave side of Fe absorption edge).

(After Prins)

longer than that of the K absorption edge of this element, and curve C
to a wave-length rather shorter than that of the K edge. It is plain that

when the absorption is large there is no definite critical angle.

These conclusions were verified by Prins n in a very interesting series
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of experiments in which X-rays of various wave-lengths were reflected

from an iron mirror. In some of the experiments, continuous radiation

was reflected from the mirror, which was caused to rotate so as to vary
the angle of incidence. So long as the absorption is small, for each

wave-length there is a certain critical angle of glancing incidence below
which no reflection occurs. The reflected beam falls on a crystal, the

plane of incidence for the latter being normal to that for the mirror,
and thence on to a photographic plate. The method is essentially one
of 'crossed spectra

1

, analogous to Newton's well-known method of
crossed prisms. The first spectrum is produced by the mirror, which

gives a different limit of total reflection for each wave-length. The
second spectrum is produced by the crystal, which spreads the reflected

beam into a spectrum. The limit of total reflection appears on the

photographic plate as a dispersion curve.

The difference in the sharpness of total reflection for wave-lengths
on the two sides of the K absorption edge of the iron is also well shown

in some of the photographs repro-
duced by Prins in his paper. The

experiments gave definite evidence

of the existence ofanomalous dis-

persion, and Prins concluded from

his results that the total oscillator

strength for the K continuum of

iron was 1-3, and not 2. That this

number should be nearer one than

two had already been suggested

by Houston,
2
Kronig,

8 and others ;

the work of Prins brought new
evidence of this from experiments
of a different kind. We have al-

ready discussed the reason for the

lower values of the oscillator

strength; the lines along which

the explanation had to be sought

appear to have been pointed out

first by Kronig and Kramers. 13

Perhaps the most complete set

of observations on total reflection

in the neighbourhood of an

absorption edge are those of

Kiessig,
33 who used nickel mirrors

deposited by evaporation on glass.

Angle of reflection -* 9x /0
3
radians

Fip. 59. Reflection curves from a nickel

mirror for various wave-lengths (H.
Kiessig). The short vertical lines denote

C =V28, the critical angle of reflection

without absorption

The reflection curves were measured by means of an ionisation spectro-
meter, and a number of them are reproduced in fig. 59. The abscissae

give the angles of reflection in radians (1 radian - 3-44 x 10s minutes of

arc), and the ordinates the reflection coefficients. The difference in the



THE ANOMALOUS SCATTERING AND DISPERSION OF X-RAYS 175

general shape of the curves for wave-lengths on the two sides of the K
absorption edge of nickel is very well shown ; but it is evident that even
on the long wave-length side, where the absorption due to the K elec-

trons is zero, the absorption due to the remaining electrons causes a

very noticeable rounding off of the reflection curves.

In order to compare the results with theory, Kiessig assumed a
value for equal to /^A/47r, /i being the linear absorption coefficient of
nickel for wave-length A, and then chose the value of a so as to give the
best fit between the experimental curve and that calculated from*
(4.85). The values of a he obtained are given in Table IV. 6. The
third column shows a/A

2
, which, in the absence of a dispersion effect,

should be constant. The 'anomalous dispersion', indicated by the
fall in the value of a/A

2 on either side of the absorption edge, is very
plainly shown.

In comparing the experimental values with theory, one difficulty is

to know the value of the density of the nickel film. Kiessig found the
best agreement if he assumed the density of the film to be 7-5, instead
of 8-8, the usual value for nickel. He found the low value of the density
to be confirmed by direct measurements of the thickness and weight of
nickel films on glass.

TABLE IV. 6

Values of a from total reflection by nickel (Kiessig)

If thin enough films are used, the reflection curves show maxima and

minima, which are due to interference between the rays reflected from
the outer surface, and those reflected from the nickel-glass surface

inside the film. Since 8 is greater for nickel than for glass, the refractive

index of the nickel for the rays is less than that of glass. At the nickel-

glass surface, we therefore have the normal case of reflection from an

optically denser medium. Because of the very oblique angle which the

rays make with the film, the path difference between the beams reflected

from the upper and lower surfaces is small enough to give interference,
* The formula used by Kiessig, although slightly different in form, is equivalent

to (4.85).

t Made with a different nickel mirror.



176 THE OPTICAL PRINCIPLES OF THE DIFFRACTION OF X-RAYS

even with the relatively short X-rays used in these experiments. Maxima
and minima in the reflection curve were observed as the angle of inci-

dence was altered, and from the spacing of these it was possible to

determine the thickness of the film, and hence, by weighing the total

amount of nickel, the average density. Values of the order of 7-9

were found. In the actual experiments to determine the refractive

index, disturbances due to interference were avoided by using films so

thick that no appreciable amount of radiation was reflected from the

lower surface.

In the last column of Table IV. 6, the values of a/A
2 for nickel,

calculated from HonPs dispersion formula, are given. It is not possible
to give absolute values, owing to the uncertainty as to the density of the

film, and so the observed and calculated values for the shortest wave-

length have been made equal. This corresponds to a density of about
7*3. Actually, the longer wave-lengths should give more reliable values,
because of the sharper limit to the total reflection, but the experimental

figures seem to be more variable for this side of the absorption edge.
The variations can hardly be real, and it is evident that the errors of

experiment are still considerable. The difference between the values

8*iO~
3
radians

\-*Edge ijoo

7*10"3

6*IO"3

1,600 1,700 X.U

FIG. 60. Critical angle of total reflection as a function of the wave-length.
Reflector, nickel (AK = 1-438A). The straight lines are the theoretical

curves for 26 and 28 free electrons (Lameris and J. Prins)
(PAyttca, I, 881 (1934))

of a/A
2 for long and short-waves is evidently rather smaller according

to these experiments than the theoretical work predicts. All that can
be said is that the effect is of the right general order, and that anomalous
dispersion is very clearly shown. Considering the difficulty of the work,
the agreement between theory and experiment is probably as close as
can be expected.

Lameris and Prins 34 have also made observations with nickel

mirrors, using the method of crossed spectra described on p. 174. The
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curve which they obtain, giving the relation between the critical angle
of total reflection and the wave-length, is reproduced in fig. 60. The
variations that they obtain are smaller than those observed by Kiessig,
and they attribute some of the discrepancies in his results to the fact

that he used more than one mirror, and that the densities of the different

mirrors may not have been the same. The values of a/A
2 calculated by

Lameris and Prins from their curve are, however, rather greater than
those deduced from Honl's theory.
The experiments described in this section show in a very interesting

way the essential similarity between the properties of X-rays and those
of light. They show examples of total reflection from an optically
rarer medium, ordinary reflection from an optically denser medium,
and interference in thin films. They show too that the Fresnel laws
for the intensity of reflection at a surface are with a fair degree of
exactness quantitatively true. This similarity is still further exemplified
by the next method to be described.

(e) Refractive indices from the deviations produced by prisms : The
first to determine the refractive indices of X-rays by directly measuring
the deviation of a beam of rays by a prism were Larsson, Siegbahn,
and Waller,

35
in 1924, and the method has since been used by Larsson,

36

Stauss,
37

Bearden,
38 and others. In principle it is very simple. A

beam of X-rays falls on a right-angled prism, A, fig. 61, of the material
to be investigated, at a small glancing angle of incidence, 0, which is

Fio. 61

just greater than the critical angle for the wave-length for which the

refractive index is to be measured. Suppose this wave-length to be

present in the incident radiation as a characteristic line spectrum,

together with a certain amount of continuous background. The angle
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will be less than the critical angle for some of the longer waves of

this continuous spectrum, and so there will be a totally reflected beam,
which falls on the photographic plate PP' at R, fig. 61. The character-

istic radiation is refracted on entering the prism, through a relatively

large angle, because of the very small glancing angle of incidence. It

meets the opposite face of the prism nearly normally, so that the devi-

ation due to refraction is here negligible, and falls on the plate at B. Let

C be the point at which the continuation of the incident beam meets

the plate. Then RC gives 26, and BC gives 0, the deviation of the

incident beam on entering the prism. The real part of the refractive

index, 1
-

a, is therefore given by

l-a = cos0/cos(0-0),

or, since B and ft are small,

In practice, owing to the absorption of the X-rays, only the extreme

edge of the prism can be used, and great care has to be taken to ensure

that this edge is really sharp. Because of the strong absorption of the

beam, however, that part of the radiation that just passes over the edge
of the prism makes a very convenient record on the plate of the direct

beamC.
Fig. 62 (PI. II) is an example of a spectrogram obtained in this way by

Bearden. The line-spectrum of small dispersion due to several com-

ponents in the incident beam is clearly shown. In Table IV. 7, the values

of a for calcite, obtained for a series of wave-lengths by Larsson, are

given. The range of wave-lengths includes the K absorption edge for

calcium, 3-064A, and the series of measurements is very suitable for

testing the dispersion formula.

Column (4), Table IV. 7, shows the values of Z+J/', calculated

from the experimental values by means of equation (4.14), which can
be put in the more convenient form

. . W m a
z+J/=27r7F7^'

where F is Faraday's constant, 9648-9 abs. e.m.u., p is the density of

the material, and W its molecular weight. The specific charge of the

electron, e/m 9 is then to be expressed in e.m.u. We have used the value

1-761 x 107 for this constant. The differences between the value of Z,
which is 50 for CaCO3, and the numbers in column (4) give the values

of the total dispersion correction, J/', for the whole molecule. Most
of this is due to the calcium atom, but the effect ofoxygen is by no means

negligible, and some allowance has been made for it by assuming
Hdnl's formula to hold for oxygen, in order to get the value of the

correction. For the three oxygen atoms this correction is sometimes as

high as half a unit in J/', even although the absorption edge of oxygen
is at 23-5A. This is due to the rise in the dispersion curve to positive



PLATE II

FIG. 62. Spectrum of CuKa radiation produced by a prism of quartz.

/>, direct beam, /?, reflected beam (Bearden)

(Phy*. Rev , 39, 1 (1932))

(P. 178)
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TABLE IV. 7

Refractive indices and anomalous dispersion of calcite for X-rays.

Values of a = 1 - w (Larsson)

values of J/' on the short-wave side of the absorption edge. Column
(5) in the table gives the value of Af for calcium, and the values so

obtained are plotted in fig. 63 for comparison with the theoretical

curve derived from H6nl's formula. It is evident that the general agree-

FIG. 63. 4/'K for calcium. The curve is from HonFs formula. The points
are from Larsson's experiments, corrected for the dispersion of oxygen

and carbon
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ment between theory and experiment is as close as can be expected. It

is to be remembered that what is derived from the formula is not J/',

but 50 -f J/' ;
so that no great significance can be given to the absolute

values within perhaps a tenth of a unit. Nevertheless, the points as

plotted have not been brought into agreement with the curve at any

place, and the fit, such as it is, is absolute. Since no allowance has been

made for damping, the curve is not valid in the immediate neighbour-
hood of the absorption edge. The experiments show in a very striking

way the essential correctness of the ideas underlying the theory of

dispersion.

Bearden 39 has recently made very accurate determinations of the

refractive index of quartz for Cu Ka and Kj3 radiations, using this

method. He obtains for Cu Ka, a = (8-553 0-006). 10~
6
, which leads

to 30-28 for Z + J/', Z for SiO2 being 30. Bearden indeed uses these

values to determine the wave-length of the radiation in order to decide

between the value obtained from grating measurements, and that

obtained from crystal measurements; but this would appear to be

pushing belief in the dispersion formula rather far.

Another method of using direct refraction by a prism is due to Davis

and Slack,
40 who interposed a prism in the path of the X-ray beam

between the two crystals in a double-crystal spectrometer, and measured

the resulting displacement of the maximum of reflection, which was of

the order of 5 or 6 seconds of arc. Good values of the refractive

index were obtained in this way, and the method has also been used by
Bearden and Shaw,

41 with quartz. The values they obtained for the

refractive index were in very close agreement with the values obtained

earlier by Bearden by the direct refraction method described above.

It has not been possible to include in this account of the experiments
on refractive indices of X-rays more than a fraction of the work that

has been done in this field. The examples chosen are such as serve to

illustrate the theory of anomalous dispersion, which is the main topic
of this chapter. The reader is referred to the excellent account of the

work on refractive indices given in Siegbahn's Spektroskopie der

Rontgenstrahlen. Reference to a number of papers not explicitly

quoted in the text will be found in the bibliography at the end of the

chapter.
43

(/) Tests of the dispersion formulae from the measurement of atomic

scattering factors : In this section, we shall examine the evidence that

has been obtained for the existence of anomalous dispersion from direct

measurements of the atomic scattering factors of elements for wave-

lengths in the neighbourhood of their critical absorption wave-lengths.
Atomic scattering factors may be determined by measuring the intensities

of X-ray spectra from crystals, and making use of one or other of the

formulae deduced in Chapter II
; and this would appear at first sight to

be a simple method of testing the accuracy of the dispersion formulae
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considered in the first part of this chapter. In practice, however, the

method has its difficulties, for it is not easy to make absolute measure-
ments of the intensities of X-ray spectra, and the interpretation of such
measurements is not always simple. We shall postpone to Chapter VI
the consideration of the methods of measuring atomic scattering

factors, but, for the sake of completeness, we must anticipate some of
the results of such measurements here.

We have seen that it is the real part of the scattering factor that is

determined from measurements of the refractive index. In measure-
ments of the scattering factor based on determinations of the intensities

of X-ray spectra, on the other hand, it is |/|, the modulus of the total

scattering factor/, as defined in l(;) of this chapter. If/ is the

scattering factor for waves so short that the dispersion terms are

negligible, we can take

S/H/I-/0
as a measure of the dispersion correction as determined from intensity
measurements. By equations (4.44) and (4.74), if Afa and Af'K

'

are

the real and imaginary parts respectively of the dispersion terms

associated with the K absorption edge, we can write as a good enough
approximation for most purposes

J/K is zero if A, the wave-length of the scattered radiation, is greater
than AK , the FC absorption wave-length of the scatterer. We shall use

equation (4.87) in comparing the results of theory and experiment.
The first to obtain direct qualitative evidence of anomalous scattering

in the neighbourhood of an absorption edge from the intensities of

X-ray spectra were Mark and Szilard,
44 who in 1925 reflected the Ka

radiation of strontium from the (111) face of a crystal of rubidium
bromide (RbBr). The structure of the crystal is of the rock-salt type,
and the structure factors of the spectra of odd indices are equal to the

difference of the scattering factors of Br and Rb. Now the atoms may
be assumed to be ionised in the crystal, and Rb+ and Br~ contain the

same number of electrons. The difference between the scattering
factors for wave-lengths far from the absorption edges of either element
will therefore be so small that spectra such as 111 or 333 should not

appear. Mark and Szilard found them to be absent for the Ka
radiations of Cu, Fe, Co, and Zn

;
with Sr Ka radiation, however, both

1 1 1 and 333 were quite measurable.

The K absorption edge of Rb lies at 0-8 14A, and that of Br at

0-9 18A, while the wave-length of Sr Ka radiation is 0-877A, and so

lies between the two absorption edges. The scattering factor of each

element will thus be considerably affected by anomalous dispersion.
From a rough calculation based on Honl's formula (4.61), we find the

value of 8/to be about -2-7 for Br, and -4-0 for Rb, so that there
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will be a great enough difference between the two scattering factors for

Sr Ka radiation to give difference spectra for low orders.

The experiments of Coster, Knol, and Prins 45 on the difference

between the reflecting powers of opposite octahedral faces of the polar
zincblende crystal, which have already been described in Chapter II,

\(d\ were also evidence of the existence of anomalous scattering.

In 1929, Miss Armstrong
48

published a series of measurements of

the /-factors of copper and iron for the Ka radiations of copper and

molybdenum. The metals were investigated in the form of powder
by Havighurst's method (Chapter II, 2(/), equation (2.49)), and the

values of the scattering factors were expressed in absolute measure by

comparison with a rock-salt standard. The values of \f\ for both

copper and iron were lower for Cu Ka radiation than for Mo Ka; the

difference was greatest for copper, and amounted to about three units

in
| /|, being roughly independent of the angle of scattering.

The value of A/AK , the ratio of the wave-length of the scattered

radiation to that of the K absorption edge of the scatterer, is 0-515 for

Mo Ka radiation and 1-12 for Cu Ka radiation scattered from copper.

According to HonFs formula, the scattering factor of copper for the

Cu Ka radiation should be lowered by about 2-7 units, while that for

Mo Ka should be raised by about 0-25 units with respect to the scatter-

ing factor for short-wave radiation. The author simply records her

results, and does not ascribe the difference between the/-factors for the

two radiations to the effects of dispersion.

Measurements such as those just considered are subject to some

uncertainty, owing to the difficulty of allowing for absorption in the

powder. Wyckoff,
47 * 48

shortly afterwards extended the work of Miss

Armstrong by measuring the scattering factors of nickel and oxygen
for the Ka radiations of Mo, Cu, and Ni, using powdered nickel oxide

(NiO) as the scatterer. Nickel oxide is a crystal of the rock-salt type ;

the structure factors of its spectra are therefore oftwo kinds, Fs =/Nl +/ ,

and FD =/Nl -/ , and if each is determined as a function of the angle
of scattering it is possible, by taking half the sum and half the difference

of the ordinates of the curves for F8 and FD, to calculate the /-curves
for nickel and oxygen separately. The curves for oxygen with the three

radiations were very much the same, but those for nickel differed con-

siderably, the curve given by molybdenum radiation being the highest,
and that given by copper radiation the lowest. The curve given by
nickel radiation occupied an intermediate position, and the differences

between the three values of / were very nearly equal at all angles.
The /-curves obtained by Wyckoff in these experiments are shown in

fig. 64.

For oxygen as scatterer, A/AK is 0-030 for Mo Ka, 0-065 for Cu Ka,
and 0-070 for Ni Ka. For all these radiations therefore the value of

8/ is inappreciable. For nickel, the corresponding values of A/AK for

the three radiations are 0-478, 1-037, and 1-116. On reference to the
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curve for Af for nickel in fig. 66,* it will be seen that 8/for Mo Ka is

about +0-25, while for Cu Ka it is about -3-5, and for Ni K about
-2-7. The results obtained by Wyckoff are thus in general accord
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FIG. 64. /-curves for nickel and oxygen (Wyckoff).

with the theoretical expectations, although the observed values of 8/
are rather smaller than the calculated ones.

Wyckoff, in these experiments, used as a control the fact that |/|
for oxygen is found to be about the same for three radiations, all of

which are far from its absorption frequency. The comparison of

the results for oxygen with those for nickel is free from uncertainties

due to absorption, because the nickel and oxygen are constituents of

the same crystal, so that the absorption correction must be the same for

both. On the other hand, because the two atoms are in the same crystal,

the correction for the effect of temperature is difficult, as we shall see

in the next chapter. This correction is, however, unlikely to be very

* The curve for Ni is not actually plotted. It lies so close to that for Fe that it

could hardly be plotted separately on the scale of the figure.
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large within the range of (sin 0)/A used in these experiments. The

comparison with rock salt, on which the absolute value of
| f\ depends,

is of course still subject to the uncertainties due to absorption.
Further experiments by the same general methods, and with similar

results, were made by Wyckoff,
49

using powders of metallic nickel,

copper, and iron, and the K radiations from Mo, Cu, Ni, and Fe.

Bradley and Hope 50 used as scatterers powdered crystals of the

alloy of iron and aluminium FeAl, the structure of which is of the

caesium-chloride type. The intensities of the spectra were determined

using the Ka radiations from Mo, Cu, Co, Fe, and Cr. The separate

scattering factors for iron and aluminium were determined from the

structure factors in a manner analogous to that outlined above for the

case of nickel oxide. Absolute values were obtained by assuming the

scattering factor for aluminium to be known from the work of James,

Brindley, and Wood (cf. Chapter VI), in which the measured value of/
for this element was shown to agree closely with the theoretical value,
calculated by Hartree's method of the self-consistent field . In this way,
the scattering factor for iron was determined as a function of the wave-

length. The results for the 110 spectrum of iron are given iu column

(3) of Table IV. 8. The figures originally given by Bradley and Hope

TABLE IV. 8

The atomic scattering factor for iron.
| /110 |

include no allowance for the dispersion terms in the scattering factor
of aluminium, which are not entirely negligible for the wave-lengths
used, and the figures in the table are taken from a later paper by
Bradley and Rodgers,

61 and have been corrected for this effect. The
fall in

| /| for wave-lengths in the neighbourhood of the absorption
wave-length for iron is well shown, but the absolute agreement with

theory is not very good. The high value for Cr Ka (A/AK -1-31) is

almost certainly due to experimental error. It is not to be expected
on any likely theory, and is not confirmed by the results obtained by
other workers.

The work of Bradley and Hope is of interest both on account of the

ingenuity of the methods used, and because it was undertaken with a

* Corrected for temperature.
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view to applying the results to a problem of practical importance.
Many alloys contain metals such as copper, zinc, and manganese,
whose scattering powers are so similar for most wave-lengths that it is

extremely difficult to distinguish between them in determining the crystal
structures of the alloys. The magnetic Heusler alloys, for example,
contain copper and manganese, and since the magnetic properties
appear to be connected with the formation of a super-lattice, it is

important in investigating these alloys to be able to distinguish be-
tween the positions of the copper and manganese atoms. Bradley and
Rodgers

61 were able to do this by comparing the X-ray powder
photographs obtained from the alloys with iron, copper, and zinc
radiations. They found that the relative intensities of the weak spectra,
in which the scattering factor of manganese nearly balanced that of

copper, varied with the wave-length of the radiation employed, owing
to the way in which the scattering powers of the two elements varied
on account of anomalous dispersion ; and from these variations in

intensity the structure was determined.

Measurements of the scattering power of iron for different wave-
lengths in the neighbourhood of the absorption edge were also made
by Glocker and Schafer.52

They used powdered iron mixed with

powdered aluminium, which served as a standard. The values they
obtained were, however, very much lower than was to be expected
theoretically, expecially on the short-wave side of the absorption edge.
There is little doubt that their results were vitiated by an incorrect
allowance for absorption in the mixed powder. Very great care is

necessary in using this method, in which one powder is taken as the
standard substance

; and unless the powder has at least a certain degree
of fineness, wholly misleading results may be obtained by assuming
the effective absorption coefficient of the mixed powder to be that
calculated from the relative proportions of the two constituents.
Glocker and Schafer themselves realised the cause of the discrepancies
in their first results, and a discussion of it is given by Schafer M in a
later paper. Their amended values are given in column (5) of Table
V. 8. The technique of the method of mixed powders has been de-

veloped by Brentano,
54

by Rusterholz,
55 and by Brindley and Spiers,

56

and if proper precautions are taken it can give very good results. The
question is discussed in rather greater detail in Chapter VI, 4(rf).

Rusterholz 55 has measured the scattering factor of copper for a
series of wave-lengths on the long-wave side of the absorption edge.
He also used the method of mixed powders, with aluminium as a
standard. His values, which are corrected for temperature, are given
in Tables IV. 9, and IV. 10. Table IV. 9 gives the values of |/| for
Zn Ka radiation, A/AK = 1 -038, for a series of values of (sin 6)1X. Column
(2) ot the same table gives the values of/ for copper calculated from the
values of the wave-functions for Cu+ given by D. R. and W. Hartree,
who used the method of the self-consistent field including exchange!
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TABLE IV. 9

Scattering factors for copper

These values differ somewhat from those given in Table 2 of Ruster-
holz's paper, which include no allowance for electron exchange.
Column (4) shows the values of 8/.

Table IV. 10 shows the values of |/| and 8/for the 220 reflection
from copper ((sin 0)/A = 0-393) for a series of wave-lengths. These

TABLE IV. 10

l/(22o)l for copper for different wave-lengths

values are shown on the curve in fig. 66 for comparison with the values
of 8/ for copper calculated from H6nl's theory. The experimental
values of S/ are rather larger than the theoretical ones. It must be
remembered, however, that in the absence of a value for a wave-length
weU on the short-wave side of the absorption edge, the absolute value
of S/ in the column for the experimental figures includes any error in
the calculation of/ , and is not entirely an experimental value. The
agreement with theory has not been improved by using the revised
calculated values for the scattering factor of copper.
More recent determinations of this kind are those of Brindley and

Spiers,
57 who measured the scattering factors of copper and nickel for

copper radiation, using the method of mixed powders. They obtained
the values of S/ by subtracting the theoretical value of the scattering
factor for short waves, / , from the measured values |/|, corrected for

temperature by the methods described in Chapter V. Their values
agreed closely with those to be expected from H6nl's theory. The
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agreement is, however, not quite so good when the revised figures for

/ , including the effects of electron exchange, are used. The revised
values are given by Brindley and Ridley,

58 and are included in Table
IV. 9, for comparison with the results obtained by Rusterholz, although
it should be noted that the results are obtained for different wave-
lengths. The theoretical values for the two wave-lengths, from H5nl's
equation, are also shown in the table.

A very careful determination of the scattering factor of tungsten for

wave-lengths in the neighbourhood of its L absorption edges has been
made by Brentano and Baxter.69

They used the method of mixed
powders, with aluminium as the standard powder, and took great pre-
cautions to avoid the errors to which the use of the method is liable.

They made comparative measurements for wave-lengths on both sides
of the absorption edge, using the same powder specimens. The value
of 8/ they expressed in approximately absolute measure by assuming
the value of

| f\ obtained for the 200 spectrum from tungsten with the
Ka radiation from tin to be unaffected by dispersion, and to have the
value calculated by the Thomas-Fermi method. The difference be-
tween the values of |/| obtained using two wave-lengths, one much
longer and the other much shorter than the wave-length of the L
absorption edge, should be considerably greater than the corresponding
difference for the K absorption edge ; for there are eight L electrons,
and only two K electrons. Brentano and Baxter found this larger
difference, and estimated from their measurements a value of 4-5 for
the total oscillator strength associated with the eight L electrons.
H5nl's theoretical estimate gives the values 1-35 for L,, and 3-55 for

LH + Lm ; a total of 4-9.

The values of |/| and 8/ obtained by Brentano and Baxter are given
in Table IV. 11, and are shown graphically by the circles in fig. 65.
No reliable data exist for the calculation of a theoretical curve for the

TABLE IV. 1 1

Values of 8/for L absorption edge of tungsten (Brentano and Baxter)

Absorption edge Lin for tungsten, A
Lin, is 1-21 3A.
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L edge. The curve in the figure is that given by Brentano and Baxter,

and was calculated by them from such approximate data as were

available. There is good general agreement between this curve and
the experimental points on the long-wave side of the absorption edge.
On the short-wave side the agreement is less good, and the theoretical

curve rises to high values again for wave-lengths much nearer to the

absorption edge than is indicated by the experimental points. It must
be remembered, however, that considerable uncertainty attaches to the

theoretical curve in this case, and also that the absorption edge is not

12 14 16 18 2O 2-2

FIG. 65. Anomalous scattering for L absorption of tungsten (Brentano and
Baxter)

simple. The values of A/AL are expressed in terms of L,u in drawing the

curve.

Brentano and Baxter also made measurements with thallium chloride,
in which the chlorine in the same crystal was taken as a standard
scatterer in deducing the /-curve for thallium. The /-curves obtained
with Mo Ka and Cu Ka radiations, whose wave-lengths lie on opposite
sides of the L absorption edge for thallium, differed by a constant

amount, independent of the angle of scattering, which is in accordance
with theory, since the quadrupole terms are very small, and the dipole
terms in the dispersion formula should vary only very slightly with the

angle of scattering.

(g) General conclusions : It is not very easy to draw definite con-
clusions from the existing experimental work on dispersion that is

based on the measurement of scattering factors. As we have seen, all

workers agree in finding a marked decrease in the value of
| f\ for wave-

lengths in the immediate neighbourhood of an absorption edge of the
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scatterer. The fail of |/| on both sides of the absorption edge, as

predicted by theory, is also found experimentally ; and most observers

agree in finding the absolute decrease in
| f\ for a given scatterer and a

given radiation to be nearly independent of the angle of scattering.
Measurements of the same quantity made by different observers differ

so much among themselves, however, that it is clear that difficulties of
experimental technique are still so great as to prevent any very exact
test of the dispersion formulae by this method.

chsfer

-7L

FIG. 66. Comparison of values of 8/and J/ obtained by different observers
with Honl's theory

We have tried to summarise the results of the observations for the

K edge in fig. 66, In this figure, for A/AK greater than unity, the curves

giving J/j according to HOnl's theory are drawn for silicon, calcium,

iron, and tungsten. For large values of A/AK , these approach asymptoti-

cally to the values -
1-53,

-
1-41,

-
1-33, and -

1-15, the K oscillator

strengths for the four elements. For A/AK less than unity, the full curve

in the figure shows Honl's curve for J/^ for iron only. The dotted

curve shows 8/K , as distinct from Af'K for the 1 10 spectrum of iron.

This serves to give an idea of the effect of the imaginary part of the

scattering factor on the total scattering factor. Measurements of 8/
for iron have been made, as we have seen, by Wyckoff, by Bradley and

Hope, and by Giocker and Schafer. The points obtained in these three

sets of experiments are shown in the figure by squares, by black dots,

and by circles, respectively. The observed values of |/| are those for
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the 1 10 spectrum of iron (Table IV. 8), and to get 8/we have subtracted

the tabulated value of / , calculated by the Thomas-Fermi method,

17-3 for Fe(llO), from the observed value of |/|. This procedure is

not very satisfactory, since there may well be an error of as much as

half a unit in the calculated value of/ . Another method of making
the comparison would have been to put the points for Mo Ka onto the

curve, assuming them to be correct. This would have improved the

agreement in some cases, and made it worse in others. All the points

for A<AK lie too low, but whether this indicates a systematic error in

the theory, or whether it is due to the difficulty of making accurate

measurements ofintensities for wave-lengths just shorter than the critical

absorption wave-length, which excite fluorescent radiation in the

scatterer, it is not easy to say. It may perhaps be significant that

Brentano and Baxter find a similar deviation for the L absorption edge.

The remaining observations to be considered are those of Rusterholz,

and of Brindley and Spiers, who used copper as a scatterer. The

dispersion curves for iron and copper are so similar that they could

hardly be shown as separate on the scale of fig. 66, and the curve drawn

there for iron will serve for the comparison of these results with theory.

In neither set of experiments was a value obtained for a wave-length

shorter than AK , and to get 8/ all that can be done is to subtract the

theoretical value of/ from the measured values of
| / 1

. The theoretical

value is here that calculated from the Hartree atomic field, with exchange.

The points obtained from Rusterholz's numbers are shown by crosses ;

Brindley and Spiers obtain only one value, and it is shown by a triangle.

The points would have been raised by about half a unit had the value of

/ without exchange been used, but this value should be less accurate

than that including exchange.
The 'scatter' of the points is fairly wide, although the scale on which

they are plotted is such as to show it up rather badly. It cannot be

said either that the results contradict the theory, or that they support

it, except in a general way. Taking into account the evidence obtained

from the measurement of refractive indices, we may, however, probably

regard the theory as supported by experiment to an extent sufficient to

allow us to use it with some confidence in calculating the- dispersion

corrections to be applied to the scattering factors for use in the analysis

of crystals. In Appendix III we give tables, based on H6nl's theory, to

aid in the rapid calculation of Af and Af" for the K absorption edge.

The correction for the K edge may be quite important for wave-lengths

and scatterers that are commonly used in such work. For the heavier

elements, the L dispersion terms will be of importance also, but it is

not very easy to obtain numerical values for the corrections, although
from Hdnl's values for the oscillator strengths, tabulated in Table IV. 3,

some estimate may still be made. With molybdenum radiation, such

corrections will scarcely ever be necessary ; with copper radiation, they

could be neglected for all elements lighter than the rare earths.
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CHAPTER V

THE INFLUENCE OF TEMPERATURE ON THE
DIFFRACTION OF X-RAYS BY CRYSTALS

1. THEORETICAL

(a) Introductory : In Chapter I we considered, simply as a geometri-
cal problem in diffraction, the influence on the intensities of the
diffraction maxima of small and random displacements of the lattice-

points from their mean positions. We found that such displacements
diminished the intensities of the spectra, leaving their sharpness
unaltered, while at the same time the general scattering in directions
other than those of the spectra was increased. The intensities of the
diffraction spectra were reduced by a factor e~2M

, where

_ M - 87r2^(sin 2
0)/A

2
, (5.1)

Ms
2
being the mean-square displacement of a lattice-point in a direction

perpendicular to the reflecting planes, that is to say, in the direction of
the vector S, as defined by equation (7.5), p. 3, of Chapter I. The
atoms in actual crystals are subject continually to small displacements
on account of their thermal motions, and in this chapter we shall

consider in some detail the influence of the temperature of the crystal
and of its elastic properties, both on the intensities of the diffraction
maxima and on the diffuse scattering.

Very soon after the discovery of the diffraction of X-rays by crystals
ihis problem was attacked, and in so far as the effect on the diffraction
maxima was concerned, successfully solved, by Debye. In his earlier

papers, Debye l

supposed the atoms to execute independent simple-
harmonic oscillations about positions of equilibrium, but in an important
paper published in 1914 2 he

applied
the methods he had recently

developed in his theory of specific heats,
3 for approximating to the

modes of vibration of discontinuous solids, to obtain numerical
estimates of the mean-square displacements of the atoms in simple
cubic crystals. Since the publication of Debye's work on specific heats,
the problem of the modes of vibration of lattices consisting of inter-

connected particles had been dealt with by Born and v. Kantian,
4 and

the influence of this work is to be seen in Debye's 1914 paper.
The complete expression for the temperature factor in terms of the

normal modes of the lattice was first given by Waller in 1923,
5 and was

published by him in greater detail in his Uppsala dissertation in 1925.6

Meanwhile, Bern's well-known work 7 on the dynamics of crystal
lattices had appeared. Important contributions to the subject were
also made by Fax6n,

8 who in 1918 pointed out that the method of

averaging used by Debye was not strictly correct, and gave the necessary
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modifications. These, however, affect the general scattering, and not

the intensities of the interference maxima. Ideas of a similar nature

were put forward by Brillouin 9 in his work on the scattering of light.

The earlier work was based on classical dynamics, and classical scatter-

ing theory, supplemented by the theory of the Planck oscillator. More

recent treatments, in which the principles of the quantum theory are

used, are those of Waller,
10

Ott,
11
Born,

12 and Born and Sarginson.
13 *14

The account of the subject to be given in this chapter is based on the

methods of the earlier papers, although it does not follow any of them

in detail, but the results obtained are in agreement with those given by
the later, and more rigid, treatments.

We shall start from equation (7.29) of 3(6), Chapter I, which, for a

lattice composed 6f identical atoms of scattering factor/ , we may now
write in the form

I - l/o I

2 e<
*"-*' -&: (5.2)

where < n < ={*S-un
- tv}

2
. (5.3)

Here, un and un - are the vector displacements of the atoms n and ri

from their position of equilibrium in the undisturbed lattice, and the

sums are to be taken over all the N lattice-points. The average

/j >n
' is to be taken over a time very long in comparison with the period

of oscillation of the lattice-points.

In equation (5.2), and in all subsequent equations unless the contrary

is stated, the intensity is expressed as a multiple of that scattered by a

single classical electron under the same conditions. If the incident

radiation is unpolarised, we must therefore multiply (5.2) by a factor

C, given by
C = (e*/mc

2
)
z
(l + cos2

20)/2R
2
, (5.4)

to obtain the actual intensity, 20 being the angle of scattering, and R
the distance of the point of observation from the crystal.

In Chapter I, we assumed the vibrations of the atoms situated at the

different lattice-points to be entirely independent of one another, so

that the mean value of p
2

>M
- was the same for any pair of points n

and n'. It was therefore possible to take a common factor e~*pt

outside the summation signs, and this led directly to equation (/.35)

for the total scattered intensity of unmodified *
wave-length.

In a real crystal, the molecules or atoms associated with the lattice-

points are linked to one another by the interatomic forces. The

displacements of one atom must, in principle, affect those of its neigh-

bours, and on the whole, adjacent atoms are more likely to be displaced

in the same direction than in opposite directions. The average value

*
It should be noted that because the radiation is scattered from moving atoms

there must be a very slight modification ofthe scattered wave-length, which, however,
lies below the limits of observation in the case of X-rays.
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of *S-un - iv is therefore not the same for all pairs of atoms, and the

assumptions made in Chapter I are thus far too simple. We must now
consider what effect the interdependence of the lattice-points will have
on the methods to be used in averaging, and on the scattered intensity.
We shall find that the results of Chapter I remain true in so far as the

influence of lattice vibrations on the main diffraction maxima is con-

cerned, but that the expression for the general scattering is greatly

modified, and now indicates the existence of broad and diffuse maxima
in the directions of the lattice spectra, a result that was first predicted

by Faxen, and considered later in more detail by Waller.

These diffuse maxima were first definitely observed by Laval 15 in

1938, They appear as a matter of fact on many oscillation photo-

graphs and Laue photographs taken long before this, and had been
ascribed to various causes, or neglected altogether. Since the publi-
cation of Laval's results, a large amount of work has been done on the

subject, some of which we shall deal with in a later section. It is

becoming plain that much interesting information as to the elastic

properties of crystals, and also as to their actual structure, is to be

obtained by studying the diffuse maxima. It is indeed hardly too much
to say that an effect which for many years had been regarded as of

secondary importance in comparison with the reduction of the intensity
of the main maxima by thermal movement has now become that most

likely to repay detailed study.

(b) The normal co-ordinates of the lattice vibrations : The problem
of the vibrations of a lattice of interconnected particles was dealt with

by Born and v. Kdrmdn,4 and has been discussed in great detail by
Born 7 in his book Dynamik der Kristallgitter, and we shall first outline

the theory briefly for the case of a simple lattice, consisting of particles
all of one kind. The particles are coupled, and the displacement of any
one of them, in principle, affects all the others, so that the equations of

motion ofany one point involve the displacements of all the other points.
Let us assume for a moment that the lattice is of infinite extent.

Such a lattice can be traversed by plane waves, and it can be shown
that any oscillation of the lattice so small that the potential energy can
be expressed as a quadratic function of the displacements and velocities

of the lattice-points can be expressed as the sum of the displacements
due to a number of such plane waves, having various amplitudes and

wave-lengths. That is to say that the actual displacement un of any
point n can be expressed as the sum of its displacements due to the

individual waves.

If the displacements are small, so that the principle of superposition

applies, each wave travels through the lattice independently of any of
the others. The whole configuration of the lattice may be expressed
in terms of the displacements due to this set of independent waves,
just as well as in terms of the co-ordinates of the individual lattice-
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points, and the waves can therefore be considered as themselves

constituting a set of co-ordinates, which are independent, and to be

preferred to the ordinary geometrical co-ordinates of the lattice-points
for the treatment of vibration problems. Such co-ordinates are known
as normal co-ordinates.

(c) Plane waves in a lattice : Let rw be the vector from the origin to

the lattice-point n of a rectangular lattice whose translations parallel to

the axes of x, y 9 z, are a, b, c, and let uw (fc) be the displacement of the

point n due to a plane wave whose wave-vector is k. The magnitude
of k is equal to the number of wave-lengths in a distance 2?r, and its

direction is that of the wave-normal. If &k is the circular frequency,
we can write

'

un (A) = a, cos {wk t
- k rn

-
SJ, (5.5)

where a
fc

is a vector giving the amplitude and direction of the displace-
ment. Waves travelling in a discrete lattice have the peculiarity that

there is a definite lower limit to their possible wave-length in any
direction. This may be seen as follows. The lattice-vector r n must have

one of a discrete set of values given by

with nl9 n z , n3 integers. The scalar product krn can therefore be

written

k-rn = nfijfl + n2k vb + n^kzc, (5.6)

where k X9 k v , kz are the components of k, and so the number of wave-

lengths in length 2?r parallel to jt, y, z respectively. Thus k^a, k yb,

kzc or
<f>X9 <f>V9 <f> 29 are the phase differences due to the waves between

the displacements of neighbouring atoms in rows parallel to the three

axes.

It is convenient to consider <,, <f>v, <f>z as the components of a vector

cp,which defines the wave, andwhich for a cubic lattice is in the direction

of the wave-vector k; and nl9 /i2 , n3 as the components of a vector

n, which defines a lattice-point. We can then write

k-rn = <p-n. (5.7)

All possible values of
<f>X9 <, <f>, for a lattice of discrete points lie

between the limits ITT. To see what this means physically, we may
consider a plane longitudinal wave propagated in the direction of the

a axis. A phase difference <f>x
= + TT or -IT means that, in the direction

of a 9 successive points are moving either towards or away from one

another, the distinction between the positive and negative sign of
<f>x

being simply one of the direction of propagation of the wave. The
wave-length is 2a, and no shorter wave is possible ; for an increase in

<f>x beyond TT simply repeats the lattice displacements produced by longer
waves already included in the range <f>x<ir. We have therefore the

conditions

(5.8)



INFLUENCE OF TEMPERATURE ON DIFFRACTION OF X-RAYS 197

The vibrations of the adjacent points in a lattice for one particular
vibration direction when the phase differences between successive points

are a maximum are shown in fig. 67.

We see then that there is a definite

upper limit to the frequency, and so a

lower limit to the wave-length, of the

waves that can be propagated in any
given direction through a lattice con-

sisting of discrete points.

(d) Waves in a finite lattice : In a

lattice of finite dimensions there is not

only a lower limit but also an upper
limit to the possible wave-lengths of the

lattice waves. If the finite block of

lattice contains N points, its configura-
tion can be uniquely defined by 3N co-

ordinates, and since, as we have seen

FIG. 67. Directions of vibration
of neighbouring lattice-points for

maximum phase difference

above, we may consider each lattice wave as an independent co-ordinate,
we are led to infer that only 3N waves will be possible. The lattice

waves in a finite block of crystal may be expected to form a discrete set.

The existence of this finite number of independent waves is connected
with the boundary conditions that must be fulfilled at the surfaces of
the block, and it can be shown that the total number of normal modes is

independent of the exact boundary conditions. Let the crystal be the

rectangular parallelepiped discussed in Chapter I, having N,, N 2 , N3

points parallel to the edges, a, , c, and so N = N!N2N3 points in all.

One possible set of boundary conditions would be that all the surface

points should remain undisplaced. The vibrations of the lattice could
then be considered as represented by a set of independent stationary
modes of vibration, with nodal planes parallel to the surfaces of the

block ; and, as is well known, such stationary modes can be built up
from suitable progressive waves.

Another method, and one that we shall use here, is to suppose the

block l^NgNg to form part of an infinite lattice, in which the motion

repeats itself exactly in blocks of this size, so that all motions are periodic
in distances N^, N2fe, N3c parallel to a, b, and c respectively. We can
consider any one such block as a finite lattice subject to certain definite

boundary conditions, and the periodicity of the motion gives for the

possible phases of the waves the conditions

p, q, and r being integers. Thus the possible values of
<f>xt <, <f> t are

i
^7T ZTT LIT

t* =^P> &,=^<7 ^=^T /< - (*10)
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We may very conveniently represent these possible values by points
in a rectangular lattice whose translations parallel to the three axes are

ITT/NJ, 27r/N2 , 2ir/N3 . The vector to any lattice-point (p9 q, r) in this

lattice gives a possible wave-vector <p for a wave in the crystal lattice.

The limiting values of p, q, r are />
= Na/2, # = N2/2, r = iN3/2,

and the phase-lattice therefore contains NXN2N3(>N) points. There
are thus N possible wave-vectors, counting the positive and negative
directions of propagation separately, and to each wave-vector there

correspond three independent directions of vibration ; so that there are,
as we should expect, 3N independent lattice waves.
The total volume of the phase-lattice is (2?r)

3
, and it contains N

points, uniformly distributed. The density of points in the lattice is

therefore N/(2?r)
s
, and is very large for crystals of more than micro-

scopic dimensions.

(e) The calculation of {^(iin-iv)}
2

in terms of the normal co-

ordinates : Let us now consider the case of thermal vibrations in a lattice

composed of atoms all of one kind. We may represent the displace-
ments of the lattice-points as the -sum of their displacements due to the

3N elastic waves discussed in the last paragraph, all of which are entirely

independent. In the actual crystal lattice, the phases of these waves

vary rapidly and arbitrarily with the time, owing to the damping that

must occur. Each wave is in effect continually being stopped and
started afresh with an arbitrary phase, after a time absolutely very
short, but long enough to contain many periods of vibration of the

wave. The average energy to be associated with any wave has to be
determined from the principles of thermal equilibrium between the

different modes of vibration, and will be that appropriate to the

frequency of the wave.

It must be observed that the picture here given of the lattice vibrations

is still an approximation. Each normal mode consists of a harmonic

wave, and under such conditions the lattice will not expand with

increasing amplitude of the waves. The existence of a coefficient of
thermal expansion in real crystals shows that terms other than linear

combinations of the displacements come into the expressions for the

restoring forces, and that the true representation of the motion in terms
of a set of harmonic waves is impossible. It is, however, a justifiable

approximation for many purposes, if the temperature is not too high.

Assuming its validity, we may write for the vector displacement un
of the lattice-point n

un = 2e^,cos{<^,/-n-<p-S^ (J.ll)

In (5.11), e^, is a unit vector in one of the three independent directions
of vibration of the lattice (j

= 1 , 2, 3) associated with the wave <p. These
three directions are always at right angles ; <*># is the circular frequency,
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and SM a phase, which may change many times in an arbitrary way in

any time long enough for an observation to be made; a& is the ampli-
tude of the wave

; the sum, which has 3N terms, is to be taken over the
N values of <p and the three values ofj.

The quantity p\tn > of (5.3), whose time-average is required, may
therefore be written

n-<p
-
8^)

-
cos(o>^ t

-
n'-tp

- 8

(5.12)

The square of the series on the right-hand side of (5.12) contains

squares of the terms corresponding to each pair of values <p, / and

products of terms having different values. These products vanish on

averaging over the time, since their phases are entirely independent,
and we are left with the squares of terms such as that in the curly
brackets. Of these, each cosine-squared term gives 1 /2 on averaging,
while twice the product of the two cosines gives the cosine of the sum,
which vanishes on averaging, plus the cosine of the difference,

cos {cp-(n -n')}. Thus, the mean value of (p
2

>n')/2 can be written

{<Kn-n')}lJ-cos{<Kn-n')} (5.13)J

The first term of (5.13) is equal to 87r2 (sin
2

fl/A
2
) V(aJ^, where theV

suffix S denotes that component of a9i which is parallel to the vector S,

and 20 is the angle of scattering. The mean-square displacement due
to a wave is half the mean-square amplitude; and since the waves are

entirely independent, the total mean-square displacement w,
2

is equal
to the sum of the mean-square displacements due to the individual

waves. Thus, the first term of (5.13) is equal to 167r2w/(sin
2
0)/A

2
, or

to 2M, the value obtained for the exponent of the temperature factor

by the simple method of averaging used in Chapter I, and is the same
for any pair of atoms. The effect of the coupling of the atoms is con-

tained in the second term of (5.13), which represents the modification

introduced by the more accurate method of averaging used in this

chapter. The existence of this term was first pointed out by Fax6n.8

(/) The relation between the mean-square amplitude and the tem-

perature : The total kinetic energy of the lattice, Ekln, is given by

(5.14)

m being the mass of a lattice-point. By (5.1 1),
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and the mean-square value of this velocity is

0;

since the products of the sines corresponding to different values of

a>4, vanish on averaging, because of the independence of the phases of

the waves, and the average of each square term is 1/2, while e^ is a

unit vector.

Now E, the mean total energy, is twice the mean kinetic energy, and

so, by (5. 14) and (5. 15),

(5.16)

N being the total number of atoms.

If E^ is the average energy associated with the wave <, j,

E=V)E,,, (5.17)

0j

and by comparing (5.16) and (5.17) we obtain for the mean-square

amplitude due to the mode <f>,j

From the quantum theory of the harmonic oscillator,

where n+, is the mean value of the quantum number of the harmonic

oscillator in thermal equilibrium, and this, by Planck's theorem, is

given by

(5.20)

k being Boltzmann's constant, and T the absolute temperature.

The last three equations express a\} as a function of the temperature,

and of the frequency of the corresponding wave.

Equation (5.13) may now be written

i^n.n'^ V)G^[1 -cos(<p-n~n')], (5.21)

where G^,
=

...

h r^^.A. V* /I A/.,. A
(5.22)

In terms of our previous notation therefore,

r*,2M. (5.23)
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For high enough temperatures (fcT/ia>^),

*T f (5.24)

and in this case,

kT 1G =m^KS 'c^' (5 -25)

a form that is often accurate enough.
It will be seen that the accurate calculation ofM involves a knowledge

of the lattice frequencies cu^, and this involves a knowledge of the

interatomic forces that we do not possess, even in the simplest case.

In the absence of such knowledge, we shall have to be content with

approximate estimates of M, such for example as can be made for

simple cubic crystals by Debye's method.

(g) The calculation of the average scattering from a lattice in thermal

movement : We now introduce the value of
i/>?,, n '< as given by (5.21),

nto (5.2), the expression for the average intensity I, which is a function

of S/A, and obtain

(.5.26)

or using (5.23),

I (S/A)
= |/ |'*-

2M V V e
i~^t"- T"'

exp . (v G#J cos (<p-n
-
n')l .

n n' I *) J

Since the exponent in the last factor is small, this may be written to a

degree of approximation good enough for many purposes in the form

H/ol
2 <r2M Io(S/A)+I 2 (S/A). (5.27)

The first term gives the ordinary interference maxima. The function

I (S/A) is the intensity scattered by the undisturbed lattice when the

atoms are supposed to scatter as points, and the effects of the polarisa-
tion of the incident radiation are left out of account. It is the inter-

ference function for the undisturbed lattice, as defined in I, 1 (c).

The atomic scattering factor for the atom at rest is |/ |. On account
of the thermal motions, the intensities of the spectra given by the

undisturbed lattice are reduced by the factor e~2M
, but their sharpness

is not thereby altered. The second term I2 (S/A) gives the general

scattering. We shall see that this too has maxima in directions
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corresponding to the spectra, but that these are much less sharp than
the diffraction maxima, and remain diffuse however large the crystal.
The summation over n and n' in I2 may be carried out as follows.

-S.rB -rn,=
A

Then
I 2 (S/A) = i|/ |

8
?-2M2 G

, yj V { e
*(*+y> + e*<*-v>}. (5.28)

<t>j n n'

By (5.7),

Put -r-S-r,-rn-=A, v-n-n

where

k = 27rg, (5.29)

so that g is a vector in the direction of the wave-normal of the lattice

wave cp, whose magnitude is equal to the reciprocal wave-length. We
may therefore put

and substituting these values in (5.28), we obtain at once

Ia(S/A) =i| / |

2 e-2M y)G,,{I (S/A
-
g) + I (S/A + g)}, (5.30)

where I (S/Aig) is the same function of S/Ag that I (S/A) is of S/A,
and therefore, by 1 (c) of Chapter I, so long as the crystal contains a

large number of units, has appreciable values only when S/Ag is a
vector in the reciprocal lattice.

(h) The scattering function considered with the aid of the reciprocal
lattice : We can understand the significance of equations (5.27) and
(5.30) most easily by returning to the methods outlined in Chapter I,

1 (b) and 1 (c). With each point of the reciprocal-lattice space is

associated a certain scattering function I (S/A), the value of which
corresponding to the point lying at the extremity of the vector S/A
drawn from the lattice origin gives the intensity scattered by the crystal
when the directions of incidence and scattering correspond to the vector
S. The intensity is expressed in terms of that scattered by a single
classical electron under the same conditions, that is to say, that in re-

presenting
the intensity in the reciprocal-lattice space we put |/ |

2 = 1

in (5.27) and (5.30), which is equivalent to supposing the atoms to
scatter as points. The distribution of the scattering function that was
specially considered in Chapter I was that of the interference function
Io (S/A), which is given by (1.2 la) when the crystal has the form of a

parallelepiped. The details ofthe distribution will vary with the external
form of the crystal in a manner that will be discussed at greater length
in Chapter X ; but in all cases the interference function has maxima
at the reciprocal-lattice points themselves, that is to say, when the
vector S/A is a vector in the reciprocal lattice, and so long as the crystal
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contains a large number of unit cells, the intensity of the distribution is

negligible except in the immediate neighbourhood of these points. We
have now to consider how the distribution is modified when the lattice
is subject to thermal vibrations.

To the first term in (5.27) there corresponds a distribution which is

that of the interference function I multiplied by a factor e~m > which is

itself a function of S/A, by (5.25). The more distant the reciprocal-
lattice point from the origin, that is to say the higher the order of the

spectrum to which it corresponds, the more the intensity associated
with it is diminished ; but there is no change in the sharpness of the
maxima, in so far as the first term of (5.27) is concerned. This is the

ordinary Debye effect.

To the second term in (5.27), I 2 (S/A), there also corresponds a dis-

tribution in the reciprocal-lattice space. This gives the diffuse scatter-

ing, and it is everywhere zero when the lattice is at rest. According
to (5.30), I 2 (S/A) is made up of independent contributions from each
state of polarisation j of each lattice wave <py. Let us assume for the
moment that there is one wave only,<p, with a wave-vector g, and reci-

procal wave-length |g|, in a state of polarisation j. Keeping in mind
the form of the interference function I , we see from (5.30) that to this
wave there will correspond two maxima in the scattering distribution,
of peak value ie~

2M
G^, each of which will have the same form and

distribution as the main interference maxima. They will not, however,
be situated at the reciprocal-lattice points, but will be symmetrically
disposed on either side of them at vector distances g. This corres-

ponds to the condition that I (S/Ag) has a maximum only when the

argument is a vector from the origin to a reciprocal-lattice point.
The intensities of these maxima are governed by the value of G^, and
are much less than those corresponding to the main maxima. Each of
the three independent states of polarisation, j, of the wave gives an
independent pair of maxima situated in the same positions, and the
total value of the scattering function corresponding to them is the sum
of the values corresponding to the individual distributions.

The actual motion of the lattice we must think of as made up of a
huge number, 3N, of lattice waves, and to each of these there corres-

ponds a pair of maxima in the scattering function. Taken all together,
these independent maxima will produce in effect a continuous dis-

tribution about each reciprocal-lattice point. The shorter the lattice

wave, the greater will be the distance of the corresponding maxima
from any given reciprocal-lattice point ; and since the shortest acoustic
waves in a crystal lattice have lengths of the order of twice the lattice

spacing, it will be seen that this intensity distribution will be much more
diffuse than those corresponding to the ordinary lattice spectra.
The picture we now have of the distribution of the interference

function corresponding to a lattice in thermal motion is somewhat as
follows. Around each reciprocal-lattice point is a compact and ex-
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ceedingly sharp maximum, corresponding to a possible lattice spectrum.
These maxima are reduced in intensity by the thermal movement, the

reduction being greater the greater the distance of the reciprocal-

lattice point from the origin, but they are not made more diffuse. The

sharp maxima form the nuclei of much weaker and much more diffuse

distributions, which correspond to the diffuse scattering. These again
have their maxima at the reciprocal-lattice points, but the distribution

is not the same about each, even for

P_x_^Cf^^^ a P ^ lattice, and depends both on

the order of the spectrum and on the

elastic behaviour of the crystal.

It will perhaps be helpful to con-

-L
*

sider the matter from a slightly-

A <<
different point of view with the aid

of a diagram. In fig. 68, let PO be

a vector of length I/A in the direc-

P 1G 68 tion of incidence, and let the circle

be the trace of the corresponding

sphere of reflection. Let M be the reciprocal-lattice point m(hkl), so

that OM is the reciprocal-lattice vector r. Suppose we require the

intensity scattered in the direction PQ, Q being also on the sphere of

reflection, so that OQ=S/A. According to (5.30), the lattice waves

travelling in the directions MQ or QM, whose reciprocal wave-lengths
are equal to MQ( =

|g|), are those that give the main contribution to

the scattered intensity in the direction PQ. For OQ - MQ = OM, and
is a vector in the reciprocal lattice. In principle, of course, every
lattice wave makes some contribution at Q, but because of the form of
the function I , it is only those whose wave-vectors lie in the immediate

neighbourhood of MQ that make any appreciable contribution.

The fact that that part of the scattering function corresponding to I 2

has diffuse maxima around the reciprocal-lattice points leads at once to

an important conclusion. As we have seen in Chapter I, 1(6), it is only
when the sphere of reflection passes directly through M that we shall

expect the lattice reflection (m) to appear in any appreciable intensity ;

but from fig. 68, it is plain that we may expect weaker and much more
diffuse reflections in positions not very different from those appropriate
to those of the lattice reflections to make their appearance under
conditions of incidence that should definitely exclude these. This of
course assumes that the intensity of the diffuse maxima is great enough
for the effects to be observed, and as we shall see, this is often true. We
shall discuss the methods by which these maxima may be observed in

Section 3 of this chapter, but must first complete the theoretical

discussion.
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(/) The diffuse maxima considered as optical 'ghosts': We are
indebted to Professor R. Peierls for the following simple and instructive

qualitative method of explaining the diffuse scattering. Each elastic
wave in the lattice may be considered as imposing on it a periodic
error in the spacings, which is the analogue in three dimensions of the
one-dimensional periodic error in ruling often found in optical dif-
fraction gratings. The effect of such a periodic error in an optical
grating is to cause it to give faint subsidiary spectra on each side of the
main maxima, which are termed 'ghosts'. If there are G rulings in
unit length of the grating, while the periodic error repeats itself g times
in unit length, the ghosts that accompany the mlh order reflection
occur in positions corresponding to first order reflections from gratings
having mG g rulings in unit length. In the crystal, each set of elastic
waves produces its own ghosts, and the assemblage of them round each
lattice spectrum constitutes the diffuse scattering.
The following treatment gives the positions of the ghosts corres-

ponding to any elastic wave. Let p (.v, y, =) be the density of scattering
matter at the point (.v, >, z) in the undisturbed crystal. As we shall see
in Chapter VII, this density can be expressed as a triple Fourier series,
each component of which is a plane wave-form, the planes of constant

phase being parallel to one of the sets of lattice-planes of the crystal,
and the wave-lengths being the spacings of these planes. To each pair
of spectra //, &, /, K, , / there corresponds one such Fourier wave, in

the sense that a scattering distribution represented by the wave-form
could produce these spectra, and these only. In terms of the reciprocal
lattice, we may write (cf. VII, \(g), p. 348),

/><>(*, y, s)
= V A(w) cos {27r(rO + m}, (5.31)

in

where r* is the reciprocal-lattice vector to the point m, and the sum
is to be taken over all the reciprocal-lattice points. The amplitude
factor A(m) is proportional to the amplitude of the corresponding
spectrum, and m is a phase term, the value of which does not affect the

present argument. Through the crystal we shall suppose an elastic

wave to run whose vector displacement at the point (x, >', z) is given by

u = a cos(w/ -
27rr-g). (5.32)

If wx , uv , uz are the components of u parallel to the axes of x, y, z, and
if they are small, the modified density p(.v, y, z) may be written

(5.33)

The first bracket represents the result of a uniform displacement, the
second that of the compressions and rarefactions due to the variation
of the displacement with the co-ordinates. Since the displacements
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are small, their products with one another and with their derivatives

may be neglected, and (5.33) then becomes

, y, z)
= p

By (J.31) and (5.32),

, y,z)
-

[cos

(5.34)

- 2* (r* + g-r) + am}

+ cos {a>r
-
27r(r*

-
g-r) + am}],

with similar expressions for wvp and uzpQ. Differentiating pQux ,

and PQUZ with respect to x, j>, and z respectively, and adding, we obtain,

using (5.34),

p(x, y, z)
=

Po(x9 y, z) +^A(m) [(a-r* + g) sin {wt
-
27r(r* 4- g-r) + am}

+(< -
g) sin {cor

-
27r(r*

-
g-r) + am}]. (5.35)

We see therefore that, associated with each Fourier wave m, of wave-

vector r, of the original distribution, there are in the modulated

distribution waves of vectors r* + g and r -
g. These new periodici-

ties, like the Fourier components of the original distribution, may be

supposed to reflect X-rays according to Bragg's law. The fact that the

modulations in (5.35) are represented

by progressive waves does not affect

the present argument. The velocity

of any elastic wave is so small in

comparison with that of a light wave

that, in a diffraction problem, the

elastic wave may be considered as

being at rest in calculating the direc-

tions of the diffracted beams.

Consider the Fourier wave corre-

sponding to the vector r^ or OM
in fig. 69. This set of waves, whose

P , planes of constant phase are per-

pendicular to OM, may be supposed
to produce the wth order spectrum by reflecting LO into LM. Now
let the lattice be distorted by the elastic wave whose wave-vector is g.
Let MP be the vector g and MQ the vector -

g. Then OP and OQ
are respectively the vectors r + g and r -

g, and are the wave-vectors
of the extra periodicities produced in the lattice by the elastic wave g.
To the points P and Q correspond the optical ghosts produced by this

wave, in the sense that the corresponding extra spectra will appear when
the sphere of reflection SS is displaced so as to pass through either P
or Q. To every elastic wave propagated in the crystal there corresponds
a pair of points such as P and Q, and the whole assemblage forms a
diffuse cloud round each reciprocal-lattice point.
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Equation (5.35) shows that the amplitudes of the modulations, and
so of the corresponding spectra, are proportional to a-(r*g), that

is to say, to the components of the displacement due to the waves
normal to their wave-fronts. This result is to be expected physically,
and we shall see that it is also a consequence of the Faxdn-Waller

theory.

(j) The distribution of intensity in the diffuse maxima : We must now
return to the discussion of equation (5.30), which for this purpose may
conveniently be written in the form

(5.36)

where a -
JG,,{I

(S/A + g) + I (S/A
-

g)}. (5.37)

If N, the total number of unit cells in the crystal, is large, the sum over

<f>
in (5.37) may be replaced by an integration over the volume of the

phase-cell considered in l(c) of this chapter. There are N<fy/(27r)
3

waves represented by points lying within an element of volume

d<f>
=

d(f>x d<f>v d<f>t of the phase-cell, having phases lying between jx and

<f>
x + d<j>x , <t>y and

<{>v +d<f>v , <f>z and <f>,+d<f>z . We therefore write (5.37)
in the form

(5.38)

For a cubic lattice, of spacing a, rn =an, and so, by (5.29), <p
=

27rag.
The integration over the phase-cell can therefore be replaced by an

integration in the reciprocal-lattice space, g being a vector drawn from
a reciprocal-lattice point as origin. Let dv be an element of volume
in the reciprocal-lattice space at the extremity of the vector g. Then
d<f>

= (2nd)* dv, and

V) fG,y{I (S/A + g) + I (S/A
-
g)} dv. (5.39)

j J

During the integration, S/A remains constant. The limits of integration
for |^| are TT, and so those for each component of g are l/2a, or

a*/2 ; that is to say, the integration is to extend through the complete
reciprocal-lattice cell.

Suppose for example we are calculating the scattering in the direction

PQ of fig. 68. Then S/A -
g is a vector in the reciprocal lattice if g is

the vector MQ, and for this value of g, I (S/A
-
g) has a sharp maximum.

If the vector MQ lies within the limits of integration, the vector from

any other reciprocal-lattice point to Q, which would also correspond
to a maximum of the function, must lie outside these limits. The
function I has very sharp maxima, and negligible values in regions

away from these maxima, while the function G^ varies relatively

slowly with g, so that in performing the integration we may take it as
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constant, with the value corresponding to g, the vector MQ, and we

have then merely to evaluate the integral
J

I (S/A
-
g) dv with S/A con-

stant. If the crystal is a rectangular block, and if N is large, the value
of this integral over a single maximum for a cubic crystal is N/tf

3

(cf. Chapter II, 2(/), equation (2.39)). The first term in (5.39) gives
the same contribution as the second, for I (S/A+g) has a maximum

within the limits of integration when g=-MQ=QM. Equation
(5.39) therefore becomes

* = N;<G,,)., (5.40)
>

where (G^) g is the value of G^; corresponding to the wave-vector g.
The value of G^ is given by equation (5.22), but for our purpose it

will usually be enough to use the approximate form (5.25), corresponding
to temperatures that are not too low. If v^ is the velocity of a lattice

wave </, and g its wave-vector, then ^ =*W2Hg|> so that (5.25) may
be written

kT I

and equation (5.40) becomes

ATN 1

*-4*W%3t

(>&*,r, (5-42)

which gives the value of a corresponding to a point in the scattering
distribution at a vector distance g from a reciprocal-lattice point. The
value of the scattering function corresponding to this point is deter-
mined by the nature of the elastic waves of wave-vector g.
The vibrations in the three states of polarisation j are independent,

and

*S-e^ = (4?r/A) sin 6 cos w
=
27r(|S|/A)cosaa,, (5.43)

where a
s, is the angle between the vector S and the direction of vibration

of the component j. Then, by (5.42) and (5.43),

(5.45)

where R is the distance of the point considered from the lattice origin,
and r its distance from the relevant reciprocal-lattice point. The
summation is to be taken over the three independent directions of
polarisation of the lattice wave

<f>. Equation (5.45) gives the value of
or for a point at a distance r from a reciprocal-lattice point in the
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direction of the wave-vector g. The magnitude of the relevant value
of <p is given by |cp| =27ra|g| --=27rar.

The last factor in (5.45) is strongly directional. The velocities of the
differently polarised components corresponding to a given direction of
propagation in general differ consider-

ably, and even in a cubic crystal
the velocity of a given type of wave
depends on the direction of propaga-
tion relative to the crystal axes, while

pure longitudinal and pure transverse

waves can travel only in certain special
directions.

The factor cos 2
<x

s} also exerts a

strongly directional effect, the nature
of which may be seen in the following
way. Let A, fig. 70, be a point in

the neighbourhood of the reciprocal-lattice point M, at which the
value of the scattering function is required, so that the lengthsMA and OA correspond respectively to r and R in (5.45), and the

vector OA =
S/A. Then the vector MA-g, and is the wave-vector of

the elastic wave contributing to the scattering function at A. The
longitudinal component adds a contribution proportional to cos'-(OAM)
and a transverse wave lying in the plane of the paper a contribution

proportional to sin2
(OAM), although the velocity factor in the two

cases will in general be different. A transverse component perpendicu-
lar to the plane of the paper will give no contribution, since it is

perpendicular to OA, or to S/A. At A', the longitudinal component
would give the maximum contribution, and the transverse components

none at all, while at A", the longi-
tudinal component of the appropriate
wave, which is now travelling in the

direction MA", would give no con-

tribution. We shall deal later in more
detail with this question, but must
first investigate in a general way the

diffuseness of the maxima.

Suppose the crystal to be set so as

to reflect the with order spectrum.
The sphere of reflection in fig. 71 then

passes through M, the reciprocal-
lattice point. The intensity in a
direction LB, making an angle AS

with LM, the direction of the spectrum, is determined by the wave-

vector MB( =
g). The angle J^-|g|/LB-|g|A, and so, from (5.44),

o

M

FIG. 7!
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we see that if the directional factors are left out of account, the diffusely
scattered radiation falls off inversely as the square of the angular
distance AO from the direction of the spectrum. It must be remembered
that we can never use exactly defined directions of incidence, such as

have been assumed in the discussion, and
that the slight range of angles of incidence

inevitable in practice involves an integra-
tion over the corresponding range of S/A ;

and also that |g|> being the reciprocal

wave-length in a finite lattice, can never

be zero. Equation (5.44) will not there-

fore apply for the exact direction of the

lattice spectra, and a will not become
infinite. The sharp principal maximum
and the diffuse maximum are illustrated

diagrammatically in fig. 72.

So far as equation (5.45) is concerned,
we see that the greater the value of R,
that is to say the higher the order of the

spectrum, the greater the intensity of the

diffuse cloud. Before comparing the for-

mula with the results of observation, we
must, however, as (5.36) shows, multiply
the value of a given by (5.45) by the

Fio. 72. Interference maximum
and diffuse scattering

polarisation factor, the square of the structure factor, and the Debye
factor e~2M, all ofwhich will in general cause a falling off of the intensity
with increasing order. It will, however, remain true that strong diffuse

maxima corresponding to very low orders of spectra are not to be

expected. Throughout this discussion the effects of extinction have
been neglected, and it has been assumed that the crystal under con-
sideration reflects as a mosaic. Most of the experimental results refer

to organic crystals, which are soft and easily distorted, and for these

the assumption is probably justifiable. A treatment of the temperature
scattering in terms of the dynamical theory would be a matter of
considerable complexity, but it is unlikely that the results would be

qualitatively very different from those obtained in this discussion.

(k) The surfaces of equal diffusion for a cubic crystal : Jahn 18 has
shown how to calculate the approximate form of the surfaces surround-

ing each reciprocal-lattice point over which a has a constant value.
We may call these surfaces surfaces ofequal diffusion.

* His treatment,
adapted to the notation used in this chapter, is as follows.

Let L, M, N be the direction cosines of the vector r* from the origin

u
* The

j
t
?
rm

.
iso-diffusion surface appears to be getting into the literature, but with

the good Latin word equal available, this seems to be an unnecessarily unpleasant
hybrid, and we shall not use it here.
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to the reciprocal-lattice point m(h, k, /), /, w, n * those of the wave-
vector g, and A,, B,, Q those of the direction of vibration j of the

lattice wave, all referred to the axes of the reciprocal lattice.

Since S/A = r*+g,

icS-ty -2ir|r*|(LA, + MB, + NC,) +2ir|g|(/A, +roB, +C,). (5.46)

As an approximation, we may assume |r*|^>>|g|, which is justifiable
in many cases, and we can then neglect the terms involving |g| in taking
the square of the right-hand side of (5.46). In a cubic crystal, for the

reciprocal-lattice point m(hkl),

L|r*|=to*, M|r*|-*a*, N|r*|=/a*.

and so, by (5.42), to the degree of approximation assumed,

If r is the distance from the reciprocal-lattice point m(hkl) of a point
on the surface of equal diffusion, we may write, since r = |g|,

^ i ,,
(J4g)

J
v
ti

To the degree of approximation used, the surface of equal diffusion

is centro-symmetrical about the recriprocal-lattice point. The more
accurate expression, (5.46), would not give this result.

The three velocities v^ corresponding to the three independent

components of the elastic wave g(lmri) in a cubic crystal of density p
are given in terms of the three elastic constants cu , cl2, c44 by the three

solutions of the simultaneous equations

{cn/
2 + cM(m* + H2

)
-
pv*} A;

- + (c12 + ^(ImBj + friQ =0,]
{cum2

-f cu (n* + /
2
)
-
pv*} B, + (c12 + cu) (mnCj + mlA,) = 0, 1 (5.49)

{cun2 + C44(/
2 +w2

)
-
pv*} C,- + (c12 + 044) (Ai/A, + nmB,) = 0.J

In using these equations, we are assuming the diffuse maxima to depend
only on the acoustic waves, and not on the vibrations of atom against
atom in a complex unit; and we are also neglecting the effects of

dispersion, or the dependence of the velocity of the waves on the fre-

quency. For obtaining a general picture of the effect, and of its depen-
dence on the elastic properties of the crystal, this procedure is justifiable,

but the limitations of the results so derived must be borne in mind.

It is not difficult to determine the radii of the surfaces of equal
diffusion along a number of specified directions, for which the equations
take simple forms, and so to map out their shape. For example, if

the waves travel parallel to the cubic axis [100], / = 1, m =
0, n =0, and

equations (5.49) reduce to

(cn -
pv*) A, = (044

-
pvfiB;

=
(044

-
pvftC, =0,

* Confusion can hardly be caused by the occurence of / with different meanings
in the direction cosines /, m, n, and the indices of the spectra.
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which have the solutions

, (5.50)

lJ

corresponding to a longitudinal wave of velocity v
l ^,J(clllp) 9

and two

independent transverse waves with equal velocities J(c^/p) vibrating
in the directions [010] and [001]. In general, 044 is considerably greater
than cn .

Substituting the results (5.50) in (5.48), we obtain for the radius of

the surface of equal diffusion in the direction [100] for the spectrum hkl

, r[100]=/i
2
/c11 + (*

2 + /
2
)/c. (5.51)

The corresponding radii for the directions [010] and [001] are given by

H[010]=*^n+('
2 + A 8

)/r44; '2
[001] W2

/cn + (A
2 + /c

2
)/c44 . (J.Sla)

For waves propagated along the two-fold axis [110], and for the

corresponding radii of the surfaces of equal diffusion parallel to this

direction, the following equations apply. For the velocities and

directions of vibration,

the first being a pure longitudinal wave, and the other two pure trans-

verse waves with different velocities and frequencies ; and for the radii

of the surfaces of equal diffusion,

+
(^)-

2

+
/2

. (5.52)
cii + Ci2 + 2c44 cn - c12 c*44

The results for the directions of the five other two-fold axes can be

written down at once by appropriate changes of indices and signs in

(5.52).

For the trigonal axis [111],

from which again the values for the other trigonal axes can be obtained

by the appropriate interchanges. Reference may be made to Table 1

in Jahn's paper for the intercepts, in the special directions considered,
for a number of other types of reciprocal-lattice points.

The distribution about the origin point (000), that is to say for

directions of scattering making very small angles with the direction of
the primary beam, must be considered separately. In this case, the

first term in (5.46) vanishes, since |r*|=0, and the term hitherto
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neglected becomes the only one. Jahn shows that when, as before,

dispersion of the elastic waves is neglected, and only acoustic frequencies
are considered, the intensity distribution is a function of (/, m, n) only,
which means that the contours of the surfaces of equal diffusion sur-

rounding the point (000) are radial straight lines.

Even in a cubic crystal, the waves propagated in a general direction

are not pure transverse and longitudinal, and the expression for the

surfaces of equal diffusion becomes somewhat complicated. For a

treatment of this case, reference may be made to the work of Jahn

(loc. cit.).

(/) The shapes of the surfaces of equal diffusion in some particular

cases : The form of the surfaces of equal diffusion about any given

reciprocal-lattice point may vary considerably for different types of

cubic crystal. For crystals such as sodium and lead, for example,
cn -r12<2c44 , while for others, such as rock salt and sylvine,

^11
~ fi2>2c44 , and this affects the form of the surfaces materially.

For example, Jahn has shown that the radius of the section of a surface

of equal diffusion about the reciprocal-lattice point (100) by a plane

passing through the point, and perpendicular to [001], is given by

, l /
~

',

~
\ / ^ I ">- \ ~:~2 " ^ '

'

(f> being the angle between r and the direction [100]. For crystals of

the sodium type, the second term in the denominator of (5.54) is nega-

tive, and this leads to relatively large values of r when sin2
2^ = 1, that

is to say, when
<f> -45, 135, 225, and 315 ; while for crystals of the

sylvine type both terms in the denominator are always positive, and no

prominent maxima in r appear.

Fig. 73 has been drawn for the case of sodium, from the values of

the elastic constants quoted by Jahn, r12
= 0-760 rn , c44 =0-914 cu ;

for fig. 74, the results of Voigt for rock salt were used, c12
= 0-284 rn ,

c44
- 0-279 cu . Curve (a) in each figure shows a section through the

surface surrounding the reciprocal-lattice point (200) by a plane passing

through the point and perpendicular to [001]. The sections by a

plane perpendicular to [010] are the same as those shown in the figure,

while the section by a plane perpendicular to [100] is in each case a

circle. The surface for sodium has well-marked projections in the

directions [110], db[lTO], [101], [T01]; the surface for rock salt

shows no such projections.

In both figures, curves (), (c), and (d) are sections through the

reciprocal-lattice point (220). In each case, (b) is a section by a plane

perpendicular to [001], and (c) the section by a plane perpendicular

either to [100] or [010]; while the left-hand side of (d) shows one half

of the section by a plane perpendicular to [1 10], and the right-hand side

one half of the section by a plane perpendicular to [ 1 TO]. Correspond-
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ing points of the surface are lettered in the same way in the sections

(6), (c), and (</).

The sensitiveness of the form of the surface to the elastic properties
of the crystal suggests that a study of the diffuse scattering may become
an important method of investigating them, particularly for crystals

whose elastic properties depend in a more marked way on direction

than do those of cubic crystals, and we shall return to this aspect of

[110]

E'

200 spectrum

[op/]

(b) 220 spectrum (i)

[001]

BorA
[too] [iid\

(c) 220 spectrum (II) (d) 220 spectrum (Hi)

FIG. 73. Surfaces of equal diffusion for sodium

the matter in discussing the experimental work on diffuse scattering in

Section 3 of this chapter.

Figs. 73 and 74 are drawn to illustrate the form of the surfaces,

rather than their relative magnitudes, but it is plain from the form of

the equations for r2[lmn] that the radius of the surface corresponding
to a given intensity of scattering is, ceteris paribus, greater the smaller

the elastic constants of the crystal, and that so far as order of magnitude
is concerned the radii are inversely as the square-roots of the elastic

constants. We may therefore expect to get well-marked effects due to
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diffuse scattering from crystals that are not too hard or too rigid ; and
as a matter of fact they are particularly well shown by crystals of organic

compounds, which usually fulfil this condition, although they are by
no means confined to such crystals, and are exhibited even by diamond.

[oo]

[100]

(a) WO spectrum (b) 220 spectrum (!)

+[110]

(c) 220 spectrum (if) (d) 22O spectrum (in)

FIG. 74. Surfaces of equal diffusion for rock salt

For a cubic crystal consisting of scattering points arranged on a

primitive lattice, the radii of corresponding surfaces are proportional
to the order of the spectrum J(h*+k* + t*), bu* in a real crystal the

atomic scattering factor, the Debye factor, and the polarisation factor

will tend to reduce the intensities for the higher orders. We shall

discuss this point in considering the experimental work.

(m) The numerical evaluation of the temperature factor e~2M for a
cubic crystal by Debye's method : In V, !(/), we obtained for 2M,
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the exponent of the temperature factor for the lattice spectra, the

expression

^e^(^ i)
v ~ JJ}

In the absence of detailed knowledge of the lattice frequencies, o>^, it

is not possible to evaluate this expression exactly in any actual case.
It will be seen, however, that the determination of M involves a sum-
mation over all the lattice frequencies, and does not require an explicit

knowledge of the individual frequencies, such as was required for cal-

culating the diffuse scattering in a given direction. For this reason,
it is possible in certain cases to use approximate methods that lead to
numerical values of M probably not very far from the truth. We shall

consider in detail trie method introduced by Debye, which is applicable
to a cubic crystal composed of atoms all of one kind.
Most of the lattice waves are long in comparison with the dimensions

of the unit cell, and for such waves the crystal may to a good approxi-
mation be considered as a continuous solid. Debye assumed a cubic

crystal to behave to a first approximation as an isotropic continuous
solid, in which all waves of a given type would be propagated with the
same speed, whatever their lengths and directions, although the speeds
of longitudinal and transverse waves would of course differ.

In a discontinuous lattice, it is not true that waves of different lengths
travel with the same speed, even in the same direction; and we have
already seen that it is by no means true that all waves of the same
length travel with the same speed in different directions. Indeed, pure
transverse and pure longitudinal waves are possible only in certain

directions, even in a cubic crystal. Nevertheless, by assuming the

crystal to behave with regard to the transmission of elastic waves as an
isotropic solid, without structure, and suitably choosing the average
values of the velocities of the longitudinal and transverse waves, it is

possible to obtain a fair approximation to M.
As we have already seen, a solid block of the lattice containing N

atoms can transmit only 3N independent waves. We shall suppose
these to be the N longitudinal, and 2N transverse waves represented
by the N points of the phase-lattice of V, !(</); but we shall suppose
all the waves of any one type to be transmitted with the same speed as

they would be in an isotropic solid whose elastic properties approximate
to those of the crystal block for long waves. We shall take the three
values of the index j as referring to the one longitudinal and the two
transverse components of the waves.

If v, a), <p, and k are corresponding values of velocity, frequency,
phase-vector, and wave-vector, we have for a cubic lattice

cp=k<7, oi=t;/|k|, |q>|=flfco/. (5.56)
The assumption that we have made above is that v is constant for a
given type, /, of wave.
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There are N/(27r)
3
points in each unit volume of the phase-lattice.

For the isotropic solid, the number of independent waves of type j

having a value of |cp| less than a given maximum value
<f>m is equal to

the number of phase-lattice points inside a sphere of radius < m ; and
if

<f) m is the maximum value of
<j> permitted by the lattice, this number

must be equal to N. Thus

^l^-N, (5.57)

or, if w
nt}

is the maximum frequency corresponding to waves of type

j permitted by the lattice, our assumption as to the constancy of velocity
allows us to write

where v
}
is the velocity of elastic waves of type j. We see from this that

the value of w
nij depends upon whether the waves are longitudinal or

transverse.

Debye, in his theory of specific heats, assumes a mean maximum
frequency o> w defined in terms of the velocities v

t
andv

t
of the transverse

and longitudinal waves by the equation

2\ 9(2*)'

'-& v
t

3
/ 47T a3 '

but for the moment we shall consider the longitudinal and transverse

waves separately.

Since the density of points in the phase-lattice is large if N is large,
the summation over

<f>
in (5.55) may be replaced by an integration

over the volume of the phase-lattice. The number of phase-lattice

points corresponding to values of |q>| between |<p| and |<p|+d|<p| is

47r|<p|
2
</|cp| N/(27r)

3
, which may be used as the element of volume in the

integration. It is, however, more convenient to change the integration
variable to to, putting 47r|tp|

2
J|ep| ~4Tr(a/v)

3w2
d<A>, by (5.56), and taking

the limits of integration from to <u Mlr

Now (*Se^)
2 in (5.55) is *2S 2 times the square of the projection of

the unit vector e^ on the direction of S, and for a wave of a given type

./', e^ takes all directions with equal probability during the integration
over the sphere for a given value of w. The mean square of its projec-
tion in any one direction such as S is therefore 1/3; and since the

mean-square amplitude of the wave is the same whatever the direction

of j, for the isotropic medium, we can replace (/cS*e^)
2
by its mean

value K2S2
/3 in the integration with respect to to. Equation (5.55) may

therefore be written

3 o>, (5.60)
3 m \ITT/ ~f ?'/J

where o>
tMJ is the maximum frequency for waves of type j.
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Again changing the integration variable, putting

(5.61)

and using for nu the value given in (J.20), we obtain for the integral in

(5.60)

= {*(*)/* + 1/4}, (5.62)

where (jf)
= l* ^_ . (5 .63)

On substituting for.(0/f,)
3
in (5.60) from (5.56), we get finally

9M - ~ ^ "V *

^.LY1 7

m ^o)mt

The function 0(x) was evaluated numerically by Debye, who gives
a table of its values in his paper. A table will also be found in the

International Crystal Tables,* Table IV, p. 574, Vol. 2.

In equation (5.64), the temperature is contained in the parameter x
jf

According to Debye's theory of specific heats, the value of C v , the speci-
fic heat at constant volume, is given as a function of the temperature
for all monatomic cubic elements by the same expression, provided
that the temperature is expressed as a multiple of a certain temperature
& characteristic of the substance. This 'characteristic temperature',
as Debye calls it, is defined by the equation

fom = hvm = ke 9 (5.65)

where vm is the maximum frequency of the elastic vibrations of the solid.

Thus, by (5.61),

x = 0/T. (5.66)

The characteristic temperature for a given crystal determines, roughly
speaking, what temperatures may be considered as 'high' in dealing
with the crystal. If T>6>, or x<l, quantum phenomena become
relatively unimportant, and we can assume as a good approximation
equipartition of energy among the different modes of vibration of the
lattice.

Strictly speaking, since Q depends on <*>m,,
which in its turn depends

on the velocity of the waves, different values of & should be used for

longitudinal and transverse vibrations. We cannot of course separate
them, and a mean value must be used. Debye's Q is defined in terms
of the mean wm of equation (5.59); we take here a rather different

mean value, #M , assuming a mean of the expression under the sum-

*
Internationale Tabellen zur Bestimmung von Kristallstrukturen, Borntrager,

Berlin, 1935.
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mation sign in (5.60) for different values of j, and obtain, since

2M

12/t
2

1

~Ax 4

A2
(5.67)

<9M being a characteristic temperature defined in terms of a rather

different maximum frequency from that of Debye, but not differing

greatly from it numerically. We shall return to this point in the next

section. In (5.67), we have put h = h\2-n, h being the usual form of

Planck's constant.

The value of M obtained by Debye in 1914 was of the same form as

(5.67), but of only half the magnitude. The necessity for the extra

factor of 2 was pointed out by Waller, and is due to the method used in

counting the normal modes of the vibrating lattice.

The term 1/4 in the brackets comes from the so-called zero-point

energy of vibration of the lattice, which is a necessary consequence of

the quantum theory of the harmonic oscillator. The term also appears
in Debye's expression, although this dates from a time before the

development of wave-mechanics. Its necessity had been inferred by
Planck, from the form taken by the quantum expression for the mean

energy of an oscillator at high temperatures.

Equation (5.67) may also be written in the form

M
mk(

1
s 6

(5.68)

which is very convenient, since for x<l, or T higher than the character-

istic temperature, 4>(x)+x/4 differs only slightly from unity. Table

V. 1 gives values of this quantity as a function of x, taken from a paper

by Zener.17

TABLE V. 1

Since M is equal to 87r
2
w,

2
(sin

2
0)/A

2
, where M,

2
is the mean-square

displacement of a lattice-point parallel to S, we find by comparing this

expression with (5.68) the following value for the mean-square displace-
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ment in terms of the temperature and physical constants for the cubic

crystal

(//) Determination of the characteristic temperature : The temperature
factor can be determined numerically for the simple cubic crystals to

which the above treatment applies if the characteristic temperature is

known. There are three principal methods by which it can be esti-

mated, (0) from measurements of the variation of the specific heat with

temperature, (h) from measurements of the elastic constants of the

crystal, and (c) from optical measurements of the selective frequencies
of absorption and reflection of infra-red radiation by the crystal, the

last method applying to ionic crystals, such as rock salt.

The most reliable method is probably the first. According to Debye's
theory, the specific heats of all simple cubic monatomic elements at

constant volume are given by the same function* of x( = 0/T). If &
is properly chosen for each substance, the curve giving the specific
heat as a function of T/0 should be the same for all of them. At very
low temperatures, C v should vary as (T/0)

3
, and this is closely con-

firmed by experiment. The values of giving the closest agreement
can be found by comparing the variations of the specific heats of a

number of substances at very low temperatures. Values of obtained
in this way for a number of elements are given in Table V. 2. These
values were very kindly prepared for us by Dr. F. Simon, F.R.S., to

whom we are greatly indebted. The values for certain simple diatomic

compounds whose crystals have cubic symmetry, and which obey
Debye's law fairly closely, have also been included in the table.

We have seen that will differ according to whether it is based on
the maximum frequency for longitudinal or for transverse waves. A
mean, 0,,, is used in the theory of specific heats, which is related to

0i and 0,, the values for longitudinal and transverse waves by the

equation
30-3

-^07
3 + 20r

3
. (5.70)

Now, by (5.68), we see that the appropriate mean value of for the

temperature factor, M , will be given by

30^0r2 +20r2
, (5.71)

so long as the temperature is not too low. This difference has been

pointed out by Zener and Bilinsky,
18 who show that M is always

larger than D by a few per cent. The way in which the difference may
be estimated will be best understood by considering the relation of
to the elastic constants.

The elastic constants determine the velocities of the longitudinal and

* Often known as Debye's function.
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TABLE V. 2

Values of the characteristic temperature, 0, based

on specific heats

The values in brackets refer to elements not crystallising in

the cubic system, but give nevertheless a fair representation of
the average energy of the lattice vibrations.

transverse waves. Let K be the compressional elasticity, n the rigidity,

and a Poisson's ratio, the ratio of the lateral contraction to the longi-

tudinal extension when a rod of the substance under consideration is

stretched. The rigidity modulus, n, determines the velocity of the

transverse waves ;
for longitudinal waves in which no lateral motion

occurs, the appropriate elastic modulus is K+4w/3. If v
t and v

l
are

the velocities of transverse and longitudinal waves, and p is the density

of the substance,

(5.72)

(5.73)

and n, K, and a are connected by the relations

3K(l-2<7) 4 3K(l-a)
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If W( |W2*r) *s the iBftximura frequency, and vt is the corres-

ponding velocity,
/^XTA i

(5-74)

by (5.58), where N is Avogadro's number, 6-03 x 1028
, and M is the

atomic weight of the material, since fl
3
, the volume of unit cell of the

lattice, is equal to M//>N. Using (5.72), (5.73), and (5.74), we find,

since hvm **k&,

K*
[3(l-g)1*

(5J5)

The average value of appropriate to the specific heat theory, D ,

given by (5JO), is therefore

K*

where

(5.76)

2(1+0)1*
30^:

while QK, the value most appropriate to the temperature factor, is

given by

where
1+cr 4(1 +<r)

' W ^3(T^"3^27)
(5'77)

Table V. 3, taken from the paper of Zener and Bilinsky,
18

gives the

ratio M/D f r ft series of values of Poisson's ratio.

TABLE V. 3

The values of 6 calculated from the elastic constants are in good
general agreement with those obtained from the theory of specific

heats, an indication of the general applicability of the theory. On
account of the difficulties and uncertainties inherent in the measurement
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of the elastic constants of crystals, it is probable, however, that the
thermal values are more reliable. Equations (5.76) and (5.77) show
that the characteristic temperature of a crystal is to a large extent
determined by its compressibility. Crystals with a large compressibility
(i.e. small K) have a low characteristic temperature and a large tempera-
ture factor of X-ray reflection ; those with a low compressibility have
a high characteristic temperature and a small temperature factor. In

general, we may say that the harder the crystal the smaller will be its

temperature factor. Other things being equal, the lower the density
and atomic weight the larger 0, and the smaller the temperature
factor. Diamond, which combines great hardness with low atomic

weight and density, has the highest characteristic temperature of any
known substance.

(o) The contribution ofthe differentfrequency ranges of the elastic spec-
trum toM : According to equations (5.67) and (5.68), M consists of two

parts, one, M independent of the temperature, having its origin in the

zero-point energy of the lattice, the other, MT , depending on the tem-

perature. M and MT are given by

' <"

where vm is the maximum frequency of the elastic spectrum, and
x**hvm/lcY. We shall consider first the temperature-dependent part,
MT, the only part of M that can be determined by direct experiment.
MT is not simply proportional to T, for #(jc) is also a function of T.

The contributions of the different portions of the elastic spectrum to

MT are determined by &(x). Fig. 75 shows /(**-!), the integrand
of the integral in &(x) t as defined by (5,63), plotted as a function of the

frequency, v, A separate curve must be drawn for each value of T,
but all such curves may be derived from the curve for one temperature

by the proper change of scale of the abscissae. The value of $(x) for

a crystal for which the maximum frequency is vm is the area between
the curve and the axis of v up to the limit vw, divided by vw . In fig. 75,

curves are drawn for a series of temperatures ranging from 25 abs.

up to 900 abs. The limiting frequencies, vm, are also shown for

NaCl(e = 281, vm - 59x10" sec-1
), and for aluminium (0=398*,

vm = 83x10" sec*1).
It will be seen that, for all values of vm9 <&(x) approaches unity for

very large values of T. For a given value of vm, the lower the tempera-
ture the smaller #(x), and the smaller the contribution of the higher

frequencies to it, and so to MT . It will be seen for example, that at

900 abs. all frequency ranges possible in the crystal make approxi-
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e(~l vm (NaCI) Vm (Al)

FIG. 75. -l) as a function of the frequency v, for different values
of the absolute temperature

mately equal contributions to 0(x) for NaCl, so that the conditions

are nearly those of equipartition of energy between the different normal
modes of the lattice; whereas at 25 abs. the higher frequencies make
a negligible contribution. It is for this reason that the Debye formula
for the specific heat agrees best with experiment at low temperatures ;

for then only the long waves make any appreciable contribution, and,
for these, the assumption that the solid behaves as a continuum is

justified.

The value of &(x) at any temperature is the ratio of the area beneath

the corresponding curve up to the limit vm to the area of the rectangle
of height unity and base vm . At any given temperature therefore 0(.v)
is smaller the larger vm ,

or the higher @. In the case of diamond for

example, for which = 1860 abs., and vm = 390x KFsec- 1

, 0(.v) is

considerably less than unity for any reasonable temperature. More-

over, we see from (5.79) that M T is inversely proportional to v*,,

even apart from the effect of vm on 0(x); so that for substances

such as diamond M T is not very appreciable at any temperature at

which measurements of the intensities of X-ray spectra can be made.
This is in agreement with the observed result that temperature has

no measurable effect on the intensity of reflection of X-rays by
diamond.
M , the part ofM depending on the zero-point vibrations, is inversely

proportional to vm , while MT , as we have just seen, is inversely pro-

portional to VM at high temperatures, and to a rather higher power of
^m at lower temperatures. For crystals with small V TO , such as rock

salt, MT is the more important part of M, but as vm becomes larger,
the relative importance of M increases, and for very large vm it may
be much the larger part of M. The formulae (5.78) and (5.79) give for
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rock salt at room temperature, 290 abs., if A is expressed in Angstrom
units,

M T
- 1-206 (sin

2
0)'A-, M = 0-347 (sin

2
0)/A

2
.

For diamond, on the other hand,

M T =0-020 (sin
2
0) 'A

2
, M =0- 127 (sin

2
0)/A

2
.

The part of M depending on the temperature is inappreciable, but the
effect of the zero-point vibration on the intensity of reflection of X-rays
will be by no means negligible for large values of (sin 0)1X.

(p) The limitations of the Debye- Waller formula for M : In deducing
the numerical value of M by Debye's method, a number of approxi-
mations have been made to which attention has already been drawn ;

we shall here summarise them briefly, and attempt to estimate their

importance.

(i) Debye's theory assumes the volume of the crystal to remain
constant; it refers throughout to the specific heat at constant volume,
whereas all measurements that we can make on the reflection of X-rays
by crystals are carried out under conditions of constant pressure, the
volume of the crystal changing with changing temperature.
The existence of this volume change with temperature shows that it

is not sufficient to express the energy of the crystal simply as a quadratic
function of the displacements of its atoms, which is the assumption
underlying the expression of the lattice vibrations in terms of normal
co-ordinates, but that higher powers of the displacements must be
involved. Waller 19 has made calculations to investigate the effect of
such terms on the temperature factor. The results are qualitatively of
the right kind, but it is not possible to estimate their magnitude numeri-
cally with any certainty.

Zener and Bilinsky
18 have attempted to allow numerically for the

expansion of the lattice by treating the characteristic temperature, 0,
as a function of the temperature of the lattice, instead of as a constant,
and we shall return to their work when discussing the agreement be-
tween theory and experiment.

(ii) Another fundamentalassumption in Debye's theory is that waves of
all lengths and frequencies and directions are propagated with the same
speed, so that the actual crystal is replaced by a model isotropic con-
tinuum, the discrete nature of the crystal being allowed for by terminat-

ing the scries of waves propagated by the continuum at a definite upper
limit. The work of Born and v. Karman shows that this assumption
of a constant velocity cannot be justified for the discrete lattice, and
that waves of the higher frequencies travel with speeds depending on
their length. The law that follows from the assumption of the con-
tinuum, that p(v)dv the number of waves having frequencies between v

and v + Jv is proportional to v2rfv, cannot be correct. Recent work by
Blackman 20 shows that even in a lattice composed of atoms all of one
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kind there will not be a single maximum of p(v) at the highest frequency
as there should be according to the continuum theory, but several

maxima, some of which are at much lower frequencies.

(iii) The Debye theory has been applied not only to cubic crystals

composed of atoms of one kind, but also to diatomic crystals, such as

KC1 and NaCl, whose specific heats can be fairly well represented by
the Debye formula with an appropriate value of the characteristic

temperature. A discussion of the normal modes of vibration of

crystals of this type, such as was given by Born and v. Kdrmdn, shows
that the frequencies of the elastic spectrum do not form a continuous

series, but are separated into two sets with a finite interval between

them. One group, comprising the lower frequencies, corresponds to

the ordinary elastic vibrations of the lattice as a whole, in which neigh-

bouring atoms of different kinds oscillate together; while the other

group, comprising the higher frequencies, corresponds on the whole to

oscillations of neighbours against one another, or, if we consider the

two kinds of atom lying on similar lattices, to vibrations of one lattice

against the other. The higher frequencies are sometimes known as

the "optical frequencies", and the lower ones as the "acoustic fre-

quencies ".

If the two kinds of atoms are oppositely charged ions, the optical

frequencies are associated with periodic changes in the electric polaris-

ation in the lattice, and so with emission and absorption of radiation.

They are responsible for the selective absorption and reflection of the

infra-red radiation shown by so many crystals, the so-called Rest-

strahlen.

For crystals such as KC1 and NaCl, in which the two kinds of atom
do not differ greatly in mass, there is no large separation between the

acoustic and the optical frequencies, and the latter may, to a good
approximation, be regarded as forming the limit of the elastic spectrum,
and as defining the characteristic temperature. If, however, the crystal
is more complicated, and contains groups such as molecules or complex
ions, the vibrations of the atoms within these groups will have frequencies
much higher than those of the elastic vibrations of the lattice as a whole.

The acoustic and optical frequencies will then differ greatly, and the

latter will contribute little to the temperature factor, since the mean-

square amplitude of the interatomic vibrations will be small in compari-
son with those of the elastic waves.

(q) Formal representation of the temperature factor for a complex
crystal : The effect of the temperature on the intensities of the lattice

spectra from a complex crystal cannot be taken into account simply by
multiplying the structure factor F, as defined in Chapter II, equation
(2.14), by a temperature factor of the type e~M . Formally, we must
consider the mean-square vibration of each kind of atom in the unit

cell separately, and if/ is the scattering factor of an atom of typey
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when at rest, we must use instead of/, in the expression for the structure

factor F, /,e-
M

;, where M
;
= 87r

2
i4(sin

2
0)/A

2
, t$ being the mean-

square displacement of atoms of type j in the direction of S. Then

(5.80)
j

Xj, y} , zj being the mean co-ordinates of the atomy in the unit cell.

The formal proof of this expression is easily obtained by an extension

of that given for the simple lattice in Chapter I, 3(b). We need not

carry out the more elaborate process of averaging given in this chapter,

since, as we have seen, it affects only the general scattering. In the

expression (2.1), Chapter II, for the amplitude, we replace px , p2 ,
...

the vectors fixing the atoms in the unit cell, by Pi+unl , p2 + un2 ,
... ,

m> un2 ,
... being the displacements of the atoms 1, 2, ... from their

mean positions in the unit cell n. The structure-amplitude must then

be included under the summation over n. If we form the square of the

modulus of this sum, and take its mean value for all possible displace-

ments, assuming that the mean-square displacement of an atom of the

same type is the same in all the unit cells, and that products of the

displacements of different atoms vanish on averaging, we obtain without

difficulty equation (5.80) for the structure factor. It is not necessary

to go through the proof, as no new principles are involved.

It will be evident from (5.80) that if M differs considerably for the

different atoms of the unit we cannot use a single temperature factor

of the type e~M multiplying the whole structure factor. There exists

no method of calculating w/ directly from theoretical considerations,

although it has been determined experimentally in some simple cases,

as we shall see later.

It will be seen that the effect of thermal movement cannot be allowed

for with any certainty for any but the simplest types of crystal. It is

only because most of the lattice waves that have an important influence

on the temperature factor lie in those regions of frequency where the

unit cell may be considered as vibrating as a whole that formulae such

as we have developed do apparently apply fairly well in many cases.

(r) The temperature factor for crystals not having cubic symmetry :

With the exception of the last paragraph, the whole discussion has so

far dealt with crystals having cubic symmetry, for which it has been

possible to make the assumption that ws
2
is the same at a given tempera-

ture, whatever the direction of S relative to the crystal, so that M is a

function of (sin 0)/A alone, and not of the indices of the spectrum,

except in so far as these determine sin 0.

For crystals of lower symmetry, this will not in general be true. The
forces acting on an atom when it is displaced from its mean position

may well differ greatly in different directions, and the amplitude' of the
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atomic vibrations for a given average energy cannot be independent of

the direction of displacement. To take a rather extreme case, it is not

to be expected that in a crystal such as mica the mean amplitude of the

atomic vibrations will be the same for directions lying in the cleavage

planes as for directions perpendicular to them.

Very little progress has been made towards the theoretical calculation

of M for anisotropic crystals, but it is possible to state certain very

general rules that must be obeyed. Let us consider only the elastic

vibrations, leaving the optical frequencies out of account for the

moment. Then, as a result of the general theory of elasticity, it must

be possible to express the mean-square amplitude of vibration ua
2 in

any direction in tejrms of the mean-square displacements ux
2

, wv
2

, wz
2 in

three mutually perpendicular directions, provided that these three

directions, x9 y, z, coincide with the principal axes of elasticity of the

crystal. We can express ua
2 in the form

2 + 2w, (5.81)

where /, w, n are the direction cosines of the direction of S with respect
to the principal axes.

If the crystal has no symmetry, or only a centre of symmetry, there is

nothing in its external form to determine the directions of the principal
axes ; but, if it has a two-fold axis, one principal axis must lie along

this; and if it has an axis of symmetry higher than two-fold, one principal
axis must lie along this while the other two may be chosen in any two

mutually perpendicular directions at right angles to it. The mean-

square displacement in all directions at right angles to the symmetry
axis will then be the same.

In a trigonal, tetragonal, or hexagonal crystal, let the z axis be the

principal symmetry axis. Then wx
2 = wv

2 = wp
2
, say, and if

</>
is the

angle that the direction of S makes with the symmetry axis,

u* = u} sin2
<f>
+ t7z

2 cos2
<f>. (5.82)

The temperature factor for the reflection at a set of planes in any direc-

tion can, if (5.82) is true, be expressed in terms of those for a set per-

pendicular to, and a set parallel to the axis of symmetry. Suppose that

M, = B z (sin
2
0)/A

2
,
and M

J)
==B

J) (sin
2
0)/A

2 are the exponents of the

temperature factor determined from planes perpendicular to and parallel

to the axis respectively. Then M s , for planes perpendicular to S, is

given by
M, = (B, sin2

<f>
+ Bz cos

2
<)(sin

2
0)/A

2
, (5.83)

a formula that should apply to trigonal, tetragonal, or hexagonal

crystals containing one kind of atom. Zener 17 has attempted to

calculate M, numerically for zinc and cadmium, both hexagonal

crystals, in terms of the elastic constants, but the values he obtained

are not at all in good agreement with the measurements of Brindley
21
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for zinc, although Brindley finds that he can express his results in the

form (5.83). As we shall see in Section 3 of this chapter, it is probably
easier to obtain information as to the vibrations in non-cubic crystals

by studying the diffuse scattering than by studying the reduction of the

intensities of the spectra.

(s) Rotations ofmolecules and groups ofatoms in crystals : Vibrational

motions, such as we have discussed in this chapter, are not the only
kind of thermal movement that may occur in a crystal structure. The

possibility that molecules, or groups of atoms, held in a crystal struc-

ture may rotate has been discussed by Pauling.
2 -

According to the

ideas of quantum mechanics, there is always a small probability at any
temperature that a group of atoms held in a position of equilibrium in

a crystal structure may turn end for end, even although classically it

may possess insufficient energy to do so. This probability increases

with increasing temperature, and the oscillations of the group about a

stable position of equilibrium may pass over into more or less free

rotation.

Pauling investigates the criterion for vibration or rotation in certain

simple cases, and finds that rotation may occur at quite moderate

temperatures. He concludes that some of the transitions of crystals

to allotropic forms are connected with the setting in of rotations of

some of their constituent groups.
In this chapter, we are concerned not with the thermodynamics and

mechanics of such rotations, but with their effect on the intensities of

the diffraction spectra given by the crystal with X-rays. No general
rules for the calculation of the effect can be given ; it must depend on

the type of group, and on the nature of the rotation. It is perhaps
worth while, however, to illustrate the principles involved by considering
a simple case.

Let a group consist of a central atom, whose scattering factor is/ ,

surrounded by a number of atoms, whose scattering factors are /lf

/2> /> at vector distances pl5 p 2 ,
... ps ,

from it, and let the magnitudes
of these vectors be constant. Let the central atoms of a number N of

such groups occupy the points of a simple space-lattice, and remain

fixed while the groups rotate about them. If the rotation is a thermal

effect, its rate will be slow in comparison with the frequency of the

incident radiation, and we can consider any instantaneous configuration
of the groups of the lattice as persisting unchanged during a very large

number of oscillations of the radiation field. Let pnl , p n2 ,
... pn ,, be

the vectors defining the instantaneous configuration of the group

occupying the lattice-point H, which is distant rn from the origin. Then
the amplitude scattered by the crystal when the directions of incidence

and scattering are defined by the vector S is proportional to
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For the direction of a spectrum, e**
s'Tn =

1, and so

If all directions of the group are equally probable during the rotation,

and N, the number of lattice-points, is large, each sum over n for a

given value of s in (5.84) corresponds to a uniform distribution of

scattering matter over the surface of a sphere ; for all directions of pn,

are equally likely. We have already dealt with the diffraction due to

a spherical shell in Chapter III, 2(6), and can at once write A in the

form

A-NJ/o + S/.
5^}' (5.85)

I <Pi }

where
</>s
=
4n\ps \(sin 0)/A. The rotation of the groups can thus be

taken into account by ascribing to each an effective scattering factor,

equal to the expression in the brackets in (5.85), and using this in the

structure factor, the corresponding co-ordinates being those of the

centre of the group. If, for example, the group in question were the

NO3

"
group of the nitrates, the effective scattering power would be

/N + 3/ (sin ^ )/< . The radius of the spherical shell would be about

1 -25A, and the effect of the oxygen atoms would thus fall off very

rapidly, becoming zero for (sin 0)/A=0-2, and then becoming negative

up to (sin0)/A=0-4. The effect of the rotation is that the oxygen
contributes little to any spectra except those of quite low order. We
have assumed all orientations of the group to be equally probable

during the rotation, so that the effective group for scattering has spheri-
cal symmetry. This is evidently the simplest assumption that can be

made, but it is not likely to be true in many actual cases. It would be

possible to solve the problem when certain orientations were preferred,
but the calculation would as a rule be one of some complexity, and no
such case will be considered here.

Evidence, based on the diffraction of X-rays, that rotation actually

occurs, has been given by a number of workers. Kracek, Hendricks,
and Posnjak

23 have investigated the crystal forms of NH4NO3 at

different temperatures, and find that there are five modifications. The
one that is stable above 125 C. is cubic, and has one molecule of the

salt in the unit cell, a structure that is not possible unless each group
has spherical symmetry, at all events statistically. They suggest that

both NH4
+
jand NO3

~
rotate freely about their central atoms. The

NO3
-
group will then behave, in so far as its scattering power for

X-rays is concerned, like a spherical atom with an /-factor equal to that

deduced above. The authors also suggest that similar rotations may
occur in the crystalline states of the nitrates of calcium, barium,

strontium, and lead, for which the agreement between the intensities

of the observed and calculated X-ray spectra is unsatisfactory.

Certain cases are known of crystals having a higher apparent space-
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group symmetry than can be accounted for from their constitution
and the number of molecules in the unit cell, and this may perhaps be
due to rotations of certain of their constituent groups to give an average
group with a higher effective symmetry than that possessed by the group
at rest. There can be little doubt that rotations such as we have dis-

cussed do occur, but it would be very desirable to test some such case

by making proper absolute measurements of the intensities of the X-ray
spectra, and comparing them with those to be expected on the hypo-
thesis of rotation. Caution must in any case be used in explaining
away awkward inconsistencies between observed and calculated inten-

sities in this manner.

Another very interesting case is that of the paraffins. Muller M has
shown that when crystals of the paraffins are heated to within a few

degrees of their melting-points certain of their X-ray spectra disappear
in a manner that could be explained by assuming the long chains to

rotate about their length. Hendricks,
25 in an investigation of the long-

chain amine halides at ordinary temperatures, obtained results indicat-

ing that the aliphatic chains were straight ; but, on repeating the experi-
ments at the temperature of liquid air, he found evidence of the usual

zig-zag chain. These results could be explained by assuming rotation

of the chain to set in about the direction of its length at the higher

temperature. It is not very easy to calculate quantitatively the effect

of such a rotation on the intensities of the spectra, but it is plain that the

spectra due to the spacing along the length of the chain should persist,

while all evidence of the zig-zag nature of the chain must disappear.
Bernal 26 has also obtained evidence of rotation in the crystals of the

long-chain alcohol dodecylol, based on optical observations of the

change from a higher to a lower symmetry on cooling. The higher

symmetry appears to be consistent only with rotation of the molecules

about their long axes.

Such rotations represent the first stages of the breakdown of the

crystalline structure, and of the approach to the amorphous state, but
the fact that the mean position of the centre or axis of the group or

molecule retains its regular position on the lattice involves certain fixed

phase-relationships between the waves scattered from the different

groups and molecules, and makes the treatment of the diffraction

problem differ from that for the case of a gas consisting of molecules of

the same kind. The square of the scattering factor given by (5.85) for

the group is not proportional to the intensity per molecule scattered by
the same group as a gas, as we shall see in a later chapter,

2. EXPERIMENTAL TESTS OF THE FORMULAE FOR THE
DEBYE TEMPERATURE FACTOR

(a) Introductory : Debye's prediction that the intensities of the

diffraction spectra obtained from a crystal by means of X-rays should
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decrease as the temperature of the crystal increases was soon verified

by W. H. Bragg,
27 who, in 1914, carried out experiments with rock

salt and sylvine (KC1). With rock salt he made measurements at

15C. and 370 C, and demonstrated both the diminution of the

intensity of the interference maxima at the higher temperature, and the

change in their position due to the expansion of the lattice. He con-

cluded that the effect was of the order of magnitude to be expected from

Debye's theory, but the methods of measuring the intensities of the

spectra were at that time not well enough developed to make a really

accurate test possible. Backhurst,
28 in 1922, made measurements of

the temperature factor for aluminium, corundum, carborundum, dia-

mond, and graphite. He found only very general agreement with the

theory of Debye. 'Of the crystals he used, however, only diamond and
aluminium are cubic. For diamond, Backhurst found a negligible

temperature factor, as was to be expected from its hardness and high
characteristic temperature.* For aluminium, the results were not in

agreement with the theory, but were probably much affected by recrystal-

lisation and by annealing due to the heating, which would influence the

primary and secondary extinction, an effect not at the time well under-

stood. The same may probably be said of the results of Collins,
29 who

also worked with aluminium.

In 1925, James ^ made measurements with rock salt, using both

molybdenum and rhodium radiation. About thirty reflections were

investigated, at high temperatures ranging from 290 abs. to 900 abs.

These experiments showed that the exponent M of the temperature
factor varied as (sin

2
0)/A

2
,
as the theory demands, but that the magni-

tude of the effect was very considerably greater than that to be expected
from Debye's formula, as given in his paper of 1914. James concluded

that his results were best represented by a formula of the type
M = BT2

(sin
2
6) /A

2
, B being a constant. According to the theory, how-

ever, M should vary very approximately as T over the range of tempera-
ture used in the experiments, and as T2

only at temperatures below

about 50 abs.

In all the experiments so far considered, the crystal had been heated

above the temperature of the room. Now, as we have already seen in

l(p) of this chapter, it is not to be expected that the theoretical

formula will be valid if the temperature is so high that the energy of the

crystal cannot be expressed as a quadratic function of the displacements
and velocities of its atoms. It appeared therefore to be desirable to

make measurements at low temperatures, where the amplitudes of the

vibrations remain small. There is also much less chance of recrystal-

lisation, and consequent change of extinction, if the temperature of the

crystal is varied, say, between that of the room and that of liquid air,

than there is if the temperature is raised. Extinction effects of this kind

*This result was confirmed for low temperatures by Ehrenberg, Ewald and
Mark (Zeit.f. Krist.. 66, 547 (1928)).
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may be very marked, and can easily vitiate the results completely
unless care is used (see, for example, James, he. c//., p. 592).

In 1927, James and Miss Firth 31 ' 32 extended the measurements with

rock salt to the temperature of liquid air. In the meantime Waller

had published his modified form of the Debye theory, which doubled
the value of the exponent in the temperature factor. From the tem-

perature of liquid air up to about 500 abs. the results of James and
Miss Firth agreed well with the amended theory, but, at higher tempera-

tures, the decrease in intensity of the spectra with increasing temperature
was still far too rapid. Entirely similar results were obtained by James
and Brindley

33 with sylvine, which, because of the similarity in mass of

the atoms of potassium and chlorine, approximates very closely to the

ideal cubic lattice of the Debye theory ;
while James, Brindley, and

Wood 34 found close agreement with theory in the case of aluminium,
when it was cooled to the temperature of liquid air.

It may be concluded that the Debye-Waller formula represents the

temperature factor for cubic crystals of simple type with fair accuracy,
so long as the temperature is not too high. At high temperatures,

however, the increasing expansion of the crystal causes changes in its

elastic properties, and the assumption of a constant characteristic

temperature in the formula for M is no longer justifiable ; nor can the

amplitudes of vibration of the atom any longer be regarded as small.

At high temperatures, therefore, the simple theory breaks down.

(b) The temperature factor for sylvine (KCl) : We shall take as an

example for more detailed discussion the case of sylvine, which, as we
have seen, approximates closely to the type of simple cubic lattice for

which the theory was developed.
If PO and pT are the intensities* of a given spectrum at a standard

temperature T ,
and at T respectively,

Pilpo-e-***!*-**., (5.86)

where M and M T are the values of M of (5.67) for the temperatures T
and T. If we neglect the small variation in the glancing angle 6 due to

the change in the lattice spacing with temperature, and assume the

characteristic temperature to be independent of T, we obtain

where x - @/T, and ;c = 0/T .

In the experiments of James and Brindley on sylvine, T was the

* For the intensity of a spectrum, the integrated reflection, as defined in 2(e),

Chapter II, is to be understood. The assumption is made here, and throughout
this chapter, that the appropriate formulae are those for the mosaic crystal, and not

those of the dynamical theory. The evidence supporting this will be found in the

papers quoted, and will be discussed in the next chapter.
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laboratory temperature, 290 abs., and the measurements were made
for values of T ranging from the temperature of liquid air, 86 abs., to

about 900 abs. The curve A in fig. 76 shows (A/sin 0)
2
log10 (pT//>o)

plotted as a function of T, with & = 230, the value deduced from the

Tabsolute
400 500 600 700 800 900 l

%000

-4

-5

FIG. 76. Illustrating the variation of M (A/sin 0)
a with temperature. Ex-

perimental points from 400, O, from 600, A, and from 800, x. Theo-
retical curves: A, from the Debye-Waller theory, B and C from the same

theory as modified by Zener and Bilinsky

variation of the specific heat at low temperatures. For m in (5.87), the

mean mass of an atom of potassium and an atom of chlorine is used.

The circles, triangles, and crosses represent the experimental values

obtained respectively from the 400, the 600, and the 800 spectra. It

will be seen that there is very fair agreement between theory and experi-
ment up to about 400 abs., but that above this temperature the observed
decrease in intensity of the spectra becomes very much greater than
that given by the Debye-Waller theory. We have already seen that

agreement between experiment and the simple theory is hardly to be

expected at high temperatures, since the conditions assumed in the

theory are manifestly not fulfilled.

The Debye theory implies that the volume of the crystal remains
constant as the temperature changes, and & is deduced from the specific

heat at constant volume, Cv . Now in all experiments on the tempera-
ture factor it is the pressure to which the crystal is subjected that remains

constant, while its volume changes, owing to the thermal expansion.
The elastic properties must also vary with the temperature, and in so
far as the properties of the crystal may be expressed in terms of a char-

acteristic temperature, we must suppose this to be not a constant, but a
function of the temperature of the crystal. Zener and Bilinsky

18 have
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given a method for estimating the change of & with temperature, and
have applied it to correct the Debye-Waller formula for this effect.

0(T), the characteristic temperature at temperature T, may be
defined by the equation

CV(T)=CD|^|, (5.88)

where CD is the Debye function of the theory of specific heats, and
C V (T) is the specific heat at constant volume at temperature T. In

principle, it would be possible to determine 0(T) from the variation of
Cv with temperature, but the method is not practicable, because of the
insensitiveness of CD to the value of 9 when T is greater than 0.
Zener and Bilinsky therefore employ another method, which consists
in comparing the observed entropy of the crystal at any temperature
T!, which is given by

SobsCTO^p-', (5.89)
Jo I

with the entropy calculated from a Debye model, in which the crystal
is supposed to be first expanded at absolute zero to a volume equal to
its volume at Tlf and then heated from zero to T\ at constant vol-

ume. During this process, the characteristic temperature may be
treated as constant, and equal to its value at TV Assuming this model
crystal to obey the Debye law, we have for its entropy at T!

since the change in volume at absolute zero involves no entropy change.
Now the two values of the entropy given by (5.89) and (5.90) must be
the same at all temperatures. Using this fact, Zener and Bilinsky
obtain the equation

where K = (C - C V)/TC PC V , (5.91)

a quantity that is very nearly constant for simple solids over the whole

range of temperatures concerned.

Equation (5.91) leads on integration to

where H(T)=f C^rfT. (5.92)
Jo

6 is the value of 6 as deduced from the behaviour of the specific heat
at very low temperatures.
Zener and Bilinsky give in their paper tables of the numerical values
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of loge (<9T/ ) for rock salt and sylvine, and curves B and C of fig. 76

are drawn from these data, using equation (5.74) in the form

sin e ,

-
mk 290 x@

'

with x = @290/T, x = @T/T. For curve B, a value of equal to 240

has been used, and for curve C a value equal to 230. It will be seen

that these curves reproduce in a general way the observed decrease in

intensity with rising temperature. Except for those corresponding to

the two highest temperatures, the experimental points are fitted better

by the higher value of the characteristic temperature, 240, than by
230, the value deduced from the specific heats ; but, as we have already
seen in \(ri) of this chapter, we should expect @M , the appropriate value

of 9 for the temperature factor, to be greater than D , the value

deduced from the theory of specific heats.

(c) The mean-square amplitude of the atomic vibrations : We have

seen that M, the exponent of the temperature factor, can be written in

the form

M = 877
2^ (sin

2
6)/'A

2
, (5.94)

where u* is the mean-square displacement of the atoms of the lattice

in the direction S, and perpendicular to the planes at which the spectrum

may be considered as formed by reflection at a glancing angle 0. If

therefore M can be determined experimentally, we can at once calculate

the mean-square displacements of the atoms from equation (5.94).

As a matter of fact, we cannot determine M by experiment, but only
the difference between its values at two different temperatures. Accord-

ing to equation (5.67), M contains a term not depending on the

temperature, but due to the zero-point vibrations of the atoms, which
is cancelled in taking the difference of M at two temperatures.
This term can, ofcourse, be included, and the mean-square displacement
calculated accordingly; but it is to be remembered that this goes

beyond direct experiment. All that can be determined directly by
comparing the intensities of a spectrum at two temperatures is the dif-

ference between the mean-square displacements at those temperatures.
Estimates of the mean-square displacements of the atoms in a crystal

were first made by James and Miss Firth 32 for rock salt. More accurate

calculations from the same experimental data were made shortly after-

wards by Waller and James,
35 who were able to determine separately

the values of u2 for the atoms of sodium and chlorine.

For the calculation of u* it is convenient to express M in a rather

different form. From (5.63),
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The integrand may be expanded in terms of Bernoulli's numbers if

||<2ir, giving

On integration, and division by x2
, we obtain

e + ..., (5.95)

an expansion that is valid for T>@/27r, and so over most of the range
of experiment for crystals such as rock salt and sylvine.
We now substitute this expression in equation (5.67) for M. The

term 1/4 in M due to the zero-point energy is cancelled by the term
-

1/4 in (5.95), and since x^hvJkT, we obtain, using (5.69),

^ = T+y/T + S/T
3

-f ...
, (5.96)

where

* _7
_ __^

4ir*mvi 47r
2 mA:

2
n

7
12 \2iry wA: 1200 \2W mk

(5.97)

The coefficient y contains only known constants, and 8 is small, and
can be estimated nearly enough from approximate values of 0. The
values of y and 8 being known, ft can be determined from the difference

of M at two temperatures. If M
1 and M2 refer to the temperatures T1

and T2,

(5.98)

where pl and p2 are the integrated reflections of the same spectrum at

T\ and T2 respectively. Using the calculated values of y and 8, and
the observed value of pjp^ we can at once calculate ft from (5.98),

and so ws
2 from (5.96). If the crystal is cubic, the mean-square

displacement parallel to all directions is the same, and the mean-

square of the total displacement, w2
, is equal to 3ws

2
.

These equations apply to a crystal containing one kind of atom, and

matters become a little more complicated for a crystal such as rock

salt, for which the mean-square displacements of the two kinds of

atom will not in general be the same. The spectra given by such a

crystal are of two types, having their indices either all even or all odd.

For any spectrum with even indices, the structure factor is the sum of

the scattering factors of the two atoms, for one with odd indices, their

difference. If the suffixes 1 and 2 refer respectively to Na and Cl, we

may write for the sum and difference spectra

F, =/ie-
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By plotting the measured values of F5 and FD against (sin 0)/A, and

taking half the sum and half the difference of corresponding ordinates

of the two curves so obtained, we can find/ie-
M and/2e~

M
separately

for any given value of (sin 0)/A. This was done both for the temperature
of the laboratory, and for that of liquid air, and this gave M290

- M86

for each kind of atom. Equation (5.98) then gave ft and j82 , and hence,

from (5.96), the mean-square displacements of the two atoms at any

temperature. By this means Waller and James M found for rock salt

j3Na = 6-56x 10~21
, j3cl

= 5-31 x 10~21
, and for the root-mean-square dis-

placements at 290 abs.,

N/^= 0-22A, v^ = 0-24A.

By the same method, James and Brindley
M found the root-mean-square

displacements to be 0-25A and 0-1 5A for KC1, at 290 abs. and
86 abs. respectively ; while for metallic aluminium, James, Brindley
and Wood 34 found for the corresponding values 0-17A and 0*11 A.

Shonka,
36 from an extensive series of measurements on sodium fluoride,

found a mean value for the two atoms of 0-18A at laboratory tempera-
tures; and Brindley,

37
by comparing the /-curves calculated from

Hartree's method of the self-consistent field with the measured /-curves
obtained from powdered crystals by Havighurst, found values for the

root-mean-square displacements for NaCl and NaF in fair general

agreement with those given above.

These numbers give some idea of the displacements due to thermal

vibrations in such relatively soft crystals as those considered above.

The distances of closest approach of the atoms in NaCl, KC1, and Al

are 2-8 14A, 3- 138A and 2-786A respectively, and the root-mean-square

displacements at 290 abs. are 0-082, 0-081 and 0-061 of these distances.

(d) The relation between ft and the elastic constants : It is possible to

obtain a check between the theoretical and experimental values of ft.

Although for a crystal such as rock salt the values of ft for the two atoms

separately cannot be calculated, Waller has shown that if m l and w2

are the masses of the two atoms, and p and a the density and lattice

spacing of the crystal, then

(5.99)

where b = ru - c12
- 2^, 62

= cn + 2c12 + CM ; cn , c12 and CM being the

elastic constants of the crystal in the notation of Voigt. Voigt gives
for rock salt the values

cu -4-560 x 10", c12 - 1-294 x 1011 , CM = 1-270 x 1011 dynes/cm
2

.
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For v
, the proper frequency corresponding to the Reststrahlen from

rock salt, the
valuej:orresponding to a wave-length 61ft may be used.

These values give J8
= 5-7x 10~21

, which may be compared with the

value 5-81 x 10~21
, calculated from the experimental results, the agree-

ment being satisfactorily close.

3. THE EXPERIMENTAL STUDY OF DIFFUSE SCATTERING

(a) Introductory : The experiments so far discussed have dealt only
with the effect of temperature on the interference maxima, that is to

say, with the first term of equation (5.27). The second term, I2 (S/A),

which gives the diffuse scattering, has been discussed theoretically at

considerable length in Section 1 of this chapter, and we have now to

see how the conclusions reached agree with observation. The impor-
tant work on diffuse scattering done by the American school under the

leadership of Jauncey was started before diffuse maxima had been

observed experimentally, and before the implications of the Faxen-

Waller theory were generally understood, and it is based mainly on a

scattering formula given by Jauncey,
38 and amplified by Jauncey and

Harvey,
39 and by Woo.40 We shall discuss this formula, and some of

the work that has been based on it, in a later paragraph. It gives the

average diffuse scattering, and predicts no maxima and minima, and
the methods used are in fact such as to exclude their observation.

Diffuse scattering maxima must have been observed many times

without their nature having been understood. Indeed radial streaks

were observed by Friedrich 41 as early as 1913, and it was suggested by
Faxen in 1923 that they were due to thermal movement of the atoms of

the lattice. It is possible also that some part of the anomalous re-

flections observed by Clark and Duane 42 in 1922 and 1923 and ascribed

by them to the emission of characteristic X-rays by the atoms of the

crystal itself may have been due to extra reflections given by the white

radiation in the primary beam. The first to realise fully the experimen-
tal implications of the Faxen-Waller theory appears to have been

Laval,
15 who in 1939 published accounts of a remarkable series of ob-

servations made with the ionisation spectrometer, which confirmed

fully the main predictions of the theory. Laval's work was published
in a periodical not usually easily accessible to physicists, and so

did not at once become generally known, and independent ob-

servations of the phenomenon were made in the United States of

America, in India, and in England. In 1938, Wadlund 43 found

unexplained radial streaks and spots on Laue photographs from rock

salt and sylvine, taken with radiation from a tungsten target, and these

were explained by Zachariasen ** in 1940 as being due to thermal

agitation. Zachariasen put forward a simplified form of the Faxen-

Waller theory, which was tested by Siegel and Zachariasen,
45

Siegel.
4*
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Jauncey and Baltzer,
47

Gregg and Gingrich,
48 and Kirkpatrick.

49

Zachariasen 50 in his first paper assumed all elastic waves to travel with
the same speed in the crystal, an assumption which is, as we have
already seen, far too simple, but in a later paper he gives a more rigorous
calculation for the case of the cubic lattice. Jauncey and Baltzer,

51

found their results to be in general agreement with the more rigorous
formula. A later careful study of the positions and intensities of the
maxima for KC1 was made by J. H. Hall.52

In India, Raman and Nilakantan 53 in 1940 found extra reflections on
Laue photographs from diamond. These they supposed to be due to
the excitation of lattice vibrations by the primary X-rays, which were
then assumed to be reflected from the planes of varying density set

up by the vibrations. They did not consider the thermal vibrations of
the lattice to be an adequate explanation of the effects they observed
and, in support of this, pointed out that the extra reflections were not
diffuse, but relatively sharp,

54 and that they did not depend markedly
on the temperature. In considering their work, it is important to
realise that extra reflections may sometimes be produced by imperfec-
tions in the crystal due to surface disorder, or to strains. This has been
pointed out by Kirkpatrick,

49 and Teague,
55
among others. Such extra

reflections will be sensitive to changes in crystal structure or texture,
but not to changes in temperature, unless these also produce changes
in structure. Lonsdale and Smith 56 > 57 have shown that the extra reflec-

tions observed by Raman and Nilakantan are structure sensitive, and
they also show that diamonds of the rare type, classed as Type II by
Robertson, Fox, and Martin,

58 do not show these reflections at all, but
that all diamonds show weak and more diffuse reflections which are
sensitive to changes of temperature. Raman 59 >60 and his colleagues
have obtained extra reflections from a number of other substances, and
maintain that they cannot be explained in terms of the Faxen-Waller
theory. Raman's theory has been criticised by Born,

61 and by Lonsdale
and Smith.56 '57 Most of the observed phenomena are explicable in

detail, and in quite an unforced manner, in terms of the theory of
lattice vibrations, and it would not yet appear to be necessary to intro
duce an explanation of an entirely new type.

In England, Preston 62 in 1938 and 1939 observed streaks on Laue
photographs from an alloy of 4 per cent, of copper in aluminium,
which changed in intensity as the alloy hardened with age at room
temperature. When radiation from a copper or silver target was used,
spots appeared on some of the streaks, which were due to the character-
istic radiation. Preston found that the streaks could be explained as

being due to segregation of the copper atoms into small groups, but
he found that some traces of them were visible on photographs taken
within one hour of quenching the alloy. To see if these were due to

segregation taking place very rapidly, he took Laue photographs of the

crystal at 500 C, at which temperature there should be no segregation.
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He found that the effects ascribed to ageing did disappear, but that new
diffuse spots appeared, which were also found on photographs from
pure aluminium, where no question of segregation could arise. The
diffuse pattern was in this case more intense at high temperatures than
at low, and the effects were completely reversible with temperature.
Preston at first attempted to explain the effects by the existence in the

crystal of small groups of atoms, a point of view that was later developed
by Sir William Bragg.

63 Preston also obtained diffuse-spot patterns
from rock salt and magnesium oxide.

As a result of the observation that Laue photographs from benzil
showed an intricate pattern of diffuse spots and streaks, even with
quite moderate exposures, Mrs. Lonsdale and H. Smith undertook an
extensive investigation into the conditions under which such diffuse

patterns are produced. A preliminary account of the work was given
in 1940 by Lonsdale, Knaggs and Smith.61 A full account by Lonsdale
and Smith 65 contains a remarkable series of very beautiful photographs,
mostly from organic crystals, some of which will be considered in more
detail below. Mrs. Lonsdale has taken a prominent part in the work
on diffuse reflection, and in its exposition, and reference should be made
to two summarising reports by her,

66 ' 07 in which the whole subject is

discussed very fully, and in which a detailed bibliography will be found.
It is not our aim here to attempt a complete review of the experimental
work, but to deal with a few of the investigations that seem to illustrate

particularly clearly the main principles discussed in the theoretical
section of this chapter. The treatment will not be historical. We
shall consider first some of the more recent work, because much of the
earlier work is more easily understood when seen in true perspective in

the light of later discoveries.

(b) The study of diffuse patterns on Laue photographs : The method
that has mainly been used in the investigation of diffuse maxima is to

take a Laue photograph, either with the direct radiation from a tube

giving characteristic X-rays, or with characteristic radiation that has
first been made monochromatic by a preliminary reflection from a

crystal. The diffuse maxima are very much weaker than the corres-

ponding lattice spectra, and accordingly fairly large exposures, measured
by the product of intensity and time, are necessary, especially when
monochromatic radiation is used. The best detailed studies by this

method are those of Mrs. Lonsdale 64 and her collaborators, who have

mainly employed the 5 kW tube at the Davy-Faraday Laboratory, with
anticathodes of copper, silver, or molybdenum. For the copper target,
the tube was operated at about 34 kV with a current of 140 mA. With
such a tube, the exposure time for an ordinary Laue photograph is a
few minutes, and is still quite moderate even with monochromatised
radiation. The crystals used by Lonsdale and Smith were mostly those
of organic substances, which, because of their softness, show a relatively
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large temperature effect, and correspondingly intense diffuse patterns.
Diffuse spots occur indeed on many Laue and oscillation photographs
from organic crystals taken with quite moderate exposures, and had
been repeatedly observed before their nature was recognised. The
photographs are usually taken on flat films, placed normal to the direc-
tion of the incident beam at a distance of 3 to 4 cm. from the crystal.
Quite small crystals, such as are suitable for ordinary oscillation photo-
graphs, are used. For organic crystals, Cu Ka radiation is very suitable,
but for simple inorganic crystals, which have as a rule smaller spacings
than organic crystals, Mo Ka is more suitable.

Suppose then a photograph is taken with direct radiation from a

copper anticathode, the crystal being at rest. A continuous range
of wave-lengths, ^the

'white radiation', accompanies the characteristic
radiation from the target, and most of the spots on the photograph are

produced by this. They form the Laue pattern, and are situated on a
series of ellipses, all of which pass through the point where the direct
beam intersects the plate. It may happen that one or more of these

spots is very intense, because by chance the crystal is so set that it is

formed by the characteristic radiation, but the main pattern is due to
the white radiation. If the exposure is considerable, the Laue pattern
may be accompanied by a pattern of diffuse spots and radial streaks.
The shape and appearance of the diffuse spots is quite different from
those of the Laue spots. If a number of them occur, it will be found
that they lie either at or very near the positions at which the spots on
an oscillation photograph would appear if it were taken with the
characteristic radiation from the target, and with an oscillation of the
crystal over a range of a few degrees on either side of the setting used
for the Laue photograph. This is well illustrated by fig. 77 (PL III), a
Laue photograph from sylvine (KC1) figured by Lonsdale and Smith.65

Unfiltered radiation from a silver target was used. The direction of
incidence was normal to [100], and inclined at an angle of 20 to [010].
The typical oscillation pattern of diffuse spots is clearly seen, superim-
posed on the Laue pattern.
The origin of the diffuse pattern is easily understood ifwe consider the

distribution of the intensity function in the reciprocal-lattice space. As
we have seen in V, 1 (h\ there will be a diffuse region of intensity about
each reciprocal-lattice point. These regions are indicated by shaded
circles around the points of fig. 78 (PL III). The actual diffuse domains
are not spherical, and the figure in this respect is purely diagrammatic.
It represents any plane of the reciprocal lattice perpendicular to the
[100] axis. The lattice is assumed to be simple cubic, which, for the
purpose of representing intensities, is a very close approximation,
because of the close equality in scattering power of K and Cl. The
line PO, lying in the plane through the origin, makes an angle of 20
with [010], and the circles (0), (1), and (2) are respectively the traces of
the sphere of reflection in the plane through the origin and in two



PLATE III

FIG. 77. Sylvine, [100] vertical: unfiltered radiation at 20 to

the fOlO] axis (Lonsdale and Smith)
(/Vor. Roy. ,Sor

, A, 179, (1042))

FIG. 78. The reciprocal-lattice diagram corresponding to fig. 77



PLATE IV

FIG. 79. Benztl, [11 20] vertical: unfiltered Cu radiation along [0001]
(Lonsdale and Smith, ibid.)

"mmmmm:,:^'- ^. :

, ;

Mo. 80. Benzil, [1120] vertical: in monochromatic radiation, Cu Ka,
very nearly along [0001] (Lonsdale and Smith, ibid.)

(P. 243)
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succeeding planes, drawn for the case of Ag Ka radiation. The dia-

gram thus corresponds to the conditions under which fig. 77 was
obtained.

If the lattice is allowed to perform a small oscillation about an axis

through O perpendicular to the plane of the paper, the passage of the

lattice-points through circle (0) gives the spectra on the equatorial layer

line, and their passage through circles (1) and (2), the spectra on the

first and second layer lines respectively. With the fixed direction of

incidence, no spots lie actually on the sphere of reflection, but the diffuse

domains surrounding a number of the points are intersected by the

sphere, and the corresponding diffuse spots occur in the photograph,
nearly in the positions in which the spectra produced by a small oscil-

lation of the crystal would occur. The upper portion of fig. 78 corres-

ponds to the left-hand side of the photograph in fig. 77. Point A, for

example, corresponds to the first row of diffuse spots to the left of the

centre of fig. 77, 002, 202 and 402. The spot 002 on the equatorial

layer line is the weakest of the three and, as we see from fig. 78, the

circle (0) cuts the corresponding diffuse domain near its edge. Circles

(1) and (2) cut it nearer the centre, and at roughly equal distances from

it, and the spots on the first and second layer lines are correspondingly
much stronger, and approximately equally intense. Again, in the

second row to the left, corresponding to the point B in the diagram,
the spot 004 on the equatorial layer line, and the spot 204 on the first

layer line are weak, while the spot 404 on the second layer line is very

strong, and nearly coincides with a very intense Laue spot. Reference
to fig. 78 shows that circle (2) passes very near the reciprocal-lattice

point (404), so that the conditions for selective reflection are very nearly
fulfilled. Even this rough diagram, in which no attempt is made to

represent the actual forms of the different domains, enables us to predict
with some accuracy the general distribution of intensity in the diffuse

spots.

That the diffuse icflections are formed by monochromatic radiation

was shown by the work of Laval 15 and Preston,
62 and photographs

obtained by Lonsdale and Smith 65
illustrate this point clearly. When

radiation that has been made monochromatic by a preliminary reflection

from a crystal is substituted for the direct radiation from the target,

the Laue pattern, which is due to the continuous radiation, disappears,
but the diffuse pattern remains almost unchanged. An excellent

example of this is given by photographs obtained from the hexagonal
crystal benzil, with the radiation passing along [0001 ]. The first, fig. 79

(PI. IV), was obtained with unfiltered copper radiation; the second,

fig. 80 (PL IV), with monochromatic Cu Ka radiation. Except for a

few spots, which happen to be formed by Cu radiation, the Laue pattern

completely disappears, and the details of the diffuse pattern are beauti-

fully shown. In this photograph, the diffuse spots are often connected

by streaks, which are non-radial, but the radial streaks that are often
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seen on photographs taken with direct radiation, such for example as

tig. 77, are absent.

The non-radial streaks, which are formed by monochromatic radi-

ation, may be explained by supposing the

diffuse domains around neighbouring

points in the reciprocal lattice to overlap
to a certain extent. Suppose the inter-

ference function to have a distribution

similar to that shown, purely diagrammati-
cally, in fig. 81. If SS' is the trace of the

sphere of reflection, it is clear that the

diffuse spots corresponding to the points
A and B and C will be joined by a con-

necting streak. That such overlapping of

the domains of neighbouring spots does

sometimes occur was shown very directly

by Laval. Photographs such as fig. 80

show in a rather striking way a section of

the reciprocal lattice of the crystal.

(c) The radial streaks : The radial diffuse

streaks, like the Laue spots, are foriped

by the continuous radiation. We may
FIG. 81. Explanation of non- also study their formation by means of

^'chrSc Nation
" "

the redPrOCal lattice > but for this PurP0se
it is convenient to draw the diagram in

such a way that for radiation of wave-length A the translations of the

reciprocal lattice are given by

aa*=bb*~c-c*=A
instead of by

a-a* =b-b* =cc* =
l,

the relation used elsewhere in this book. The radius of the sphere of

reflection will then be unity, independent of the wave-length, but the

linear dimensions of the reciprocal lattice are proportional to the

wave-length.
When radiation from an anticathode such as copper is used, a con-

tinuous band of radiation is present in addition to the strong character-

istic copper radiation. Let the dots in fig. 82 represent the points in

one plane of the reciprocal lattice for the characteristic wave-length.
We suppose for the sake of argument that wave-lengths down to a lower
limit of one half of the characteristic wave-length are present in the

radiation, and the crosses represent the reciprocal-lattice points for this

wave-length. In the diagram, for example, A and A' are the points

corresponding to (110) for the two wave-lengths, and the points for

intermediate wave-lengths lie between A and A' on the line AA', which
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is radial with respect to the origin. Points corresponding to longer
wave-lengths lie on the same line, beyond A, which will coalesce with the
line for shorter wave-lengths through (220). The appropriate recipro-
cal-lattice diagram thus consists of a series of radiating lines, one in the

FIG. 82. Explanation of Laue spots and radial streaks

direction of each reciprocal-lattice vector from the origin. Each such
line terminates at a distance from the origin corresponding to the short-
est wave-length present. If the crystal contains a large number of units,
and if there are no lattice vibrations, we must suppose these lines to be
very narrow. They will be weighted as regards intensity in the neigh-
bourhood of the points corresponding to the characteristic wave-length,
and generally, in accordance with the structure factors of the lattice

spectra, with the values of which we may suppose the reciprocal-lattice

points themselves to be weighted.
If the sphere of reflection, now of radius unity, is drawn for any given

direction of incidence, the intersections of this sphere with the radial
lines determine the directions of the Laue reflections. All that is

necessary is to join P, the centre of the sphere, to the point of inter-

section. The complete diagram must, of course, be thought of as in

three dimensions. The radial lines corresponding to all the planes
belonging to the same zone lie in the same plane, which passes through
the origin. The intersection of this plane with the sphere of reflection

defines a circular cone, having P as vertex, on which the Laue reflections

belonging to the same zone must lie. The corresponding spectra on
the photographic plate will lie on the ellipse formed by the intersection
of this cone with the plane of the plate, which passes through the centre
of the photograph.

If the thermal motions of the lattice are such that each characteristic
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spot is accompanied by a diffuse domain, it is clear that each radial line

will also be accompanied by a diffuse domain, more or less cylindrical
in form, with a more intense axial core, which is the original radial

line. Examples of two such diffuse regions are shown diagrammatically
in fig. 82, corresponding to the points B (210), and C (100). From the

way in which the sphere of reflection cuts the domain B, it is plain that

the Laue spot corresponding to B' will be accompanied by a radial

diffuse streak. We see from the diagram also *\at the longer radial

streaks will tend to lie near the centre of the pattern, since the elongated
domains are more nearly parallel to the surface of the sphere of re-

flection when the angle of scattering is small.

If monochromatic radiation is used, the Laue spot B', and the radial

streak disappear, and only the diffuse spot due to the intersection of the

sphere with the monochromatic diffuse cloud around the characteristic

point B remains.

(d) The relation between the characteristic, Laue, ami diffuse reflections :

The diffuse reflection is strongest when the setting of the crystal is such

as to give the character-

reflection. Laue
and characteristic

G2O

eoor

40Q{

200

IStlC

spot
reflection then coincide,

and the diffuse spot ap-

pears as a background to

them. As the orientation

of the crystal is changed
from this setting, the Laue

spot is rapidly displaced.
The diffuse reflection is

displaced very much less

than the Laue spot, but

usually in the same direc-

tion, and it also becomes

weaker, although in cer-

tain cases it may persist

over a range of a number
of degrees from the set-

ting for maximum in-

tensity.

These displacements
are illustrated by some

photographs obtained by
Jauncey and Baltzer 51 from rock salt, with the direct radiation from
a copper target, reproduced in fig. 83 (PL V). They show the equa-
torial reflections from the cleavage planes for a number of settings. The

departure from the correct setting for the Bragg reflection 400 is 12

FIG. 84. Reciprocal-lattice diagram corresponding
to fig. 83 (PI. V)



L400
PLATE
B400a L620 B600a B620a

FIG. 83. Photograph illustrating the displacement of the Laue spots
and the diffuse spots with varying angle of incidence. Equatorial re-

flections 400 and 620 from rock-salt cleavage planes. The departure
from the correct setting for 400 is 12 for the bottom strip, and

decreases by 1 for each successive strip (Jauncey)

<P. 246)



PLATE VI

FIG. 85 (a). Sorbic acid: filtered Cu radiation, Ml min. exposure at the

temperature of liquid air (Lonsdale and Smith, ibid.)

FIG. 85 (b). Sorbic acid: setting as in (); 10 min. exposure at room
temperature (Lonsdale and Smith, ibid.)

(P. 247)
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for the bottom strip, and decreases by 1 for each successive strip. The

positions of the 400 and 620 reflections for Cu Ka are marked on each

strip to serve as reference points. The relevant reciprocal-lattice dia-

gram is shown, true to scale, in fig. 84. The initial position of the

reciprocal-lattice point (400) corresponding to the wave-length Cu Ka
is shown by the point A. P is the centre of the sphere of reflection, and
L lf the intersection of the [1001 axis, OA, with the sphere of reflection,

defines the direction PL l of the Laue reflection MX). Similarly, PL 2

is the direction of the Laue reflection 620. Suppose now that the lattice

rotates in a counter-clockwise direction about an axis through O
perpendicular to the plane of the paper. The point L x moves along
the circle SS, and the Laue spot approaches the position of the char-

acteristic spot, coinciding with it when A reaches the position B on

the sphere of reflection. Before this setting is reached, however, the

diffuse domain about A intersects the sphere of reflection in a region

lying between B and LP A faint diffuse reflection then appears,

slightly displaced from the position of the characteristic 400 reflection

towards that of the Laue spot. As A moves towards B, the diffuse

reflection grows stronger, and its displacement from the characteristic

position decreases, and finally, Laue spot, characteristic spot, and

diffuse maximum all coincide when A reaches B. If A rotates beyond

B, the Laue spot is displaced on the other side of the characteristic spot.

The various stages can readily be followed on fig. 83, for both the 400

and 620 reflections. A similar series of photographs is given by
Lonsdale and Smith for urea nitrate. Fig. 84 explains why it is that

the positions of the diffuse maxima are much less sensitive to changes
of crystal setting than those of the Laue spots.

(e) The qualitative effect of temperature on the diffuse maxima :

That the diffuse scattering does depend on the temperature of the crystal

was shown by Laval 15 in the series of experiments to be discussed later,

and also by Preston.62 The intensity of the diffuse maxima was found

to increase with the temperature. Lonsdale and Smith 63 have com-

pared photographs taken at room temperature with others from the

same crystal in the same orientation, taken at the temperature of liquid

air. At the lower temperature, the diffuse pattern disappears almost

completely, except for a few very strong spots. The Laue pattern, on the

other hand, becomes more intense, and many more spots are usually to be

seen. A pair of photographs from sorbic acid, fig. 85 (a) & (b) (PI. VI),

show this well. The halo in the photograph at the lower temperature

is due to scattering from the liquid air used to cool the crystal. The

temperature effect is completely reversible, the maxima reappearing in

their original strength when the temperature of the crystal rises to that

of the room. In the case of diamond, the effect of temperature on the

true diffuse maxima is less marked, but still quite definite. There can

be no doubt that the diffuse maxima are a thermal effect.
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(/) The shape of the diffuse maxima and its dependence on crvstal
structure : According to the theory developed in the first section of
this chapter, the form of the diffuse maxima is governed mainly by
equation (5.45),

R2 cos2
a..

If we leave out of account the effects of the polarisation factor and the
structure factor, this equation gives the intensity of the diffuse domain
at a vector distance r from a reciprocal-lattice point, R being the
vector distance from the origin of the point at which the intensity is

considered. For many purposes, it is a good enough approximation to
take R as the distance of the reciprocal-lattice point itself from the
origin. In fig. 86, let P be a point at a distance r from a reciprocal-
lattice point M. the diffuse intensity at P is due to the lattice waves

FIG. 86

travelling in the direction MP whose reciprocal wave-lengths are equal
to the distance MP. The intensity contributed by the wave is inversely

proportional to the square of its velocity, so that a large intensity will
in general be associated with a small elasticity. It is, however, only
the component parallel to OP of the elastic vibration associated with
the wave that makes any contribution to the diffuse scattering at P.
Since P is usually much nearer to M than it is to O, it is often accurate
enough when estimating the general magnitude of the effect, to say that
it is only the components of the elastic vibrations parallel to the

reciprocal-lattice vector OM that make any appreciable contribution
to the diffuse scattering associated with the reciprocal-lattice point M.
Although it is possible to calculate the detailed distribution of the inten-
sity function about the lattice-point only for very simple crystals, the
considerations outlined above enable us to draw several important
conclusions that can be tested experimentally.

Consider for example a crystal in which the atoms are arranged in a
series of layers, within each of which they are relatively firmly linked.
Structures of this kind are found in mica, graphite, and many other
crystals. Such a layer lattice will yield most readily to displacements
perpendicular to the layer planes. Vibrations in directions parallel to
the planes will be of relatively small amplitude, whatever the direction
of propagation of the wave with which they are associated, but, equally,
the component vibration perpendicular to the planes will be relatively
large for all waves. Suppose for example the layer planes are the planes
(001). The vector from the origin to the reciprocal-lattice point (001)
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is then always parallel to the direction of maximum vibration, whatever

the direction of the wave, and the point (001) will be surrounded by a

large and approximately spherical domain of diffuse intensity. The

portion A of the distribution illustrated in fig. 87 is due to the longi-

*
Layer planes, ond

vibration direct/on

&- -

(7oo) (too)

Reciprocal-lattice distribution

FIG. 87. Reciprocal-lattice diagram illustrating diffuse distribution for a

layer lattice

tudinal component of waves travelling perpendicular to the layer

planes, while the portion B is due to the transverse components, per-

pendicular to the layer planes, of waves travelling parallel to the planes
in the direction [100]. The diffuse domains will not be truly spherical,

because the speed of the waves in different directions will not be the

same.

Around the points (100). on the other hand, the diffuse domain will

be small and weak ; for the lattice vector to the point (100) is perpendic-
ular to the only direction in the crystal in which there is an appreciable

amplitude of vibration. Points such as (101) show a diffuse distribu-

tion smaller than that about (001) because only the component of the

vibration parallel to [101] is effective. An example of a very large
diffuse maximum due to a layer structure is shown in fig. 88 (PL VII),

obtained from urea nitrate by Lonsdale and Smith. The maximum in

this case is plainly visible when the setting of the crystal is more than

1 2 away from that appropriate to the corresponding spectrum.
Another interesting case is that of the chain structure. Suppose a

crystal to consist of chain-like molecules, arranged with their lengths

parallel to a single direction. According to Miiller, the compressibility

of such substances is several times smaller along the chain direction than

at right angles to it, and they will not therefore transmit longitudinal

vibrations of appreciable amplitude along the length of the chain axis.

Transverse waves travelling in directions at right angles to the chains

can be transmitted, since these will be concerned with displacements of

chain relative to chain along the direction of their own length, and

transverse vibrations travelling along the directions of the chains can

also be transmitted. Suppose the chains to be parallel to [001]. Then
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the diffuse domains surrounding the reciprocal-lattice point (001) will

have no extension parallel to [001], since such extensions would be

associated with waves both travelling and vibrating parallel to the chain

direction; but they will have an extension at right-angles to [001],

corresponding to transverse waves travelling in directions perpendicular
to the chains. The (001) diffuse domains will therefore be disc-shaped.
The domains for points such as (100), which have the chain direction

as zone axis, show a more or less uniform extension in all directions.

The distributions are represented diagrammatically in fig. 89.

>c c c
Waves both travelling
and vibrating alongCC Reciprocal-lattice distribution

do not occur

FIG. 89. Recipocal-lattice diagram illustrating diffuse distributions due to
a chain structure

The sphere of reflection will intersect such a disc-shaped domain

along a narrow strip, and the corresponding diffuse reflections on actual

photographs will appear as narrow streaks. An interesting example of
this is given by photographs from sorbic acid, obtained by Lonsdale,
Robertson and Woodward,68 one of which is seen in fig. 90 (PI. VII),
which show both the broad diffuse spots characteristic of the layer

lattice, and the narrow streaks characteristic of the chain structure.

The sorbic acid molecules are chain-like, and are arranged in parallel

rows, but their arrangement is also such as to produce a series of layers.

By studying the relative positions of the two types of spot, it is possible
to determine with considerable accuracy the orientation of the mole-
cules in the crystal structure. It is clear from this example that the

diffuse reflections may sometimes be of great help in guessing a pre-

liminary structure in crystal analysis.

(g) The shapes of the diffuse maximafor cubic crystals : In 1 (k) and
1 (/) of this chapter, we discussed the approximate form of the surfaces

of equal diffusion for cubic crystals. The details of the surfaces depend
on the elastic nature of the crystal, and figs. 73 and 74 show sections

of some of the surfaces calculated from Jahn's formula for sodium and
rock salt, two crystals that belong to elastically dissimilar classes.



PLATE VII

FIG. 88. A large diffuse maximum due to a layer structure, urea nitrate

(Lonsdale and Smith, ibid.)

FIG 90 Photograph from sorbic acid with filtered Cu radiation, showing

broad and narrow diffuse spots (Lonsdale, Robertson and Woodward)

(Proc Ron. Hoc , A, 178, 4:5 (1U41))

(P. 250)
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FIG. 92. Unfiltered Cu radiation, m -23-8. Film normal to undeviated
incident beam. Laue spot, .

- primary, O secondary spot, (a) Type II

diamond, showing no secondary reflections ; (b) Type 1 diamond, snowing
strong secondary reflections (Lonsdale)

(I>roc Ron, Hoc
, A, 179, :n.

r
> (1042))

(P 251)
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Each is elastically anisotropic, but for sodium cn - c12<2c44, while for

rock salt, cn -cl2>2c^ Lonsdale and Smith,
66 and Jahn and

Lonsdale,
69 have made a photographic study of the forms of the sur-

faces fof some cubic crystals. Their method is to study the shapes
and intensities of the diffuse spots, as recorded on Laue photographs
for different settings of the crystal near that giving the characteristic

reflection. The spot as recorded gives a section of the diffuse distribu-

tion by the sphere of reflection, and this can be compared with theory.

Reciprocal
net of SODIUM ;[ltO] verhcol

(c)

FIG. 91 (Lonsdale)
(Proc. Phyg. Soc., 54, 335 (1942))

Fig. 91 (a) shows the intensity distribution in the reciprocal-lattice space
for sodium; fig. 91 (b) is an enlargement of the neighbourhood of

the point (002), showing the trace of the sphere of reflection for a setting
4 from the reflecting position, and fig. 91(c) shows the section of the

domain by the sphere of reflection. This section has a scissor-shaped

form, and this is shown very clearly in photographs obtained by Lons-

dale and Smith, for example, in that reproduced in Plate 4 (a) in Mrs.

Lonsdale's report to the Physical Society.
66

Lonsdale and Smith find that sodium and lead give similar distribu-

tions, although sodium has a body-centred structure and lead a face-

centred one. This similarity is, however, entirely in accord with

theory, for it is the elastic behaviour that should principally determine

the diffuse scattering, and lead and sodium are elastically similar. The
diffuse reflections from tungsten, on the other hand, are weak, small,

and more or less elliptical in form, and disappear quickly as the setting

of the crystal departs from that appropriate to the Bragg reflection. The

elasticity of tungsten is large and isotropic, with cn -c12
= 2c44, and we
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should therefore expect a distribution of this kind, quite different from
the large distributions given by the soft anisotropic metals, with their

prominent extensions in certain directions. It will be seen from

equation (5.54), p. 213, that these extensions depend largely on the fact

that for elastically anisotropic crystals cn - c12
-
2044 differs from zero.

The experimental results strongly support the view that it is the elastic

nature of the crystal, and therefore the acoustical rather than the optical

frequencies, that govern the diffuse scattering.

(h) Primary and secondary extra reflections : We have referred already
to the existence of extra reflections that are structure-sensitive, but not

directly temperature-sensitive, which are due to strain or imperfection
in the crystal, and which were first observed by Raman. Such reflec-

tions have been called by Mrs. Lonsdale secondary extra reflections, to

distinguish them from theprimary extra reflections, which are the diffuse

reflections due to thermal motion. An interesting study of the two

types of reflection given by diamond has been made by Lonsdale and

Smith,
36 '57 and some mention has already been made of this work, but

we shall here consider it in a little more detail.

All diamonds show the primary diffuse reflections. They are single
and nearly circular, and are observed when the setting of the crystal is

not more than from 3 to 5 from the setting that gives the corresponding

Bragg reflection. With the [HO] axis of the crystal vertical, and per-

pendicular to the incident beam, primary diffuse spots were observed

associated with {111}, {220}, {113}, {004} and {331}. All these re-

flections are markedly temperature-sensitive.

Secondary reflections are given only by certain diamonds. The rare

diamonds classed by Robertson, Fox, and Martin as being of Type II

do not show them. These diamonds are unusually transparent to

certain infra-red and ultra-violet radiations. The secondary reflections

are structure-sensitive, and vary in intensity from diamond to diamond,
whereas the primary diffuse reflections do not vary appreciably.

It was observed that the diamonds giving intense secondary reflections

were those that showed large extinction for the ordinary X-ray reflec-

tions, whereas Type II diamonds, and those Type I diamonds giving

only faint secondary reflections, showed little extinction, and gave
extremely strong ordinary spectra.

The primary spots are explicable in terms of the Faxen-Waller theory
if the regions of diffuse intensity distribution around the reciprocal-
lattice points are assumed to be roughly spherical, and of very limited

extent, in accordance with the high elasticity of the crystal. The
positions of the secondary spots on the other hand, correspond geometri-
cally to extensions of the intensity domains along the cube axes, as

Raman was the first to point out.69 In a photograph taken with [iTO]

vertical, the secondary reflections associated with 1 1 1 form a triangle
with the primary diffuse reflection as a background. Fig. 92(0) (PI. VIII)
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shows a Laue photograph from a Type II diamond, taken with unfiltered

copper radiation. The primary diffuse spot 1 1 1 is plainly shown, but
there are no secondary spots. Fig. 92(6) was taken under the same
conditions, but with a Type I diamond, and it shows strong secondary
reflections as well as primary diffuse spots. The triangular arrange-
ment of the secondary spots in the case of 1 1 1 is well shown, but the
diffuse background to the triangle, which is the primary diffuse spot,

might easily be overlooked.

These secondary extra reflections are not properly speaking diffuse

reflections, and have a quite different appearance. They are almost

certainly due to strains, and analogous rather to the spots sometimes
observed on photographs from cleaved or cold-worked metals. No
fully satisfactory explanation of them has yet been given. On the other

hand, they would seem to be no more easily explained in terms of
Raman's theory than on the thermal theory. Pisharoty

70 has suggested
that the 'forbidden' 222 reflection from diamond is an extra reflection,

but there is no evidence in support of this, and Lonsdale and Smith
have found that the 222 reflection from both Type I and Type II

diamonds has all the characteristics of a true Bragg reflection, and
none of those of an extra reflection.

(i) Laval's investigation of diffuse scattering : We have left until last

the discussion of the pioneer work of Laval 15 in this field, because it

is probably easier to follow the results of the photographic investiga-
tions than those obtained with the ionisation spectrometer. Laval

was, however, the first to see clearly how observations of diffuse scat-

tering could be made, and his work is still quantitatively as complete
as any. In most of his work, Laval used a crystal of sylvine (KC1),
mounted on the table of an ionisation spectrometer in such a way that

it could be rotated into any orientation. Monochromatic radiation,

either Mo Ka or Cu Ka, was obtained by reflecting the primary beam
from the surface of a curved quartz crystal. The ionisation chamber
was filled with argon, and was connected to a very sensitive quadrant
electrometer. The quantity measured by Laval, and called by him the

scattering power, P, is defined in the following way. Let I be the

intensity of the primary beam, C the scattering power of a single Thom-
son electron placed in the same beam, dm the mass of the crystal

scattering radiation, and di the intensity scattered by it into the solid

angle rfo*. Then

di = PlQCdmd<*>. (5.100

The crystal was first set with its reflecting face normal to the line

bisecting the directions of incidence and scattering. If it was then

rotated about this bisector as axis, while the angle between the directions

of incidence and scattering, 26, remained constant, the variation of

the scattering with azimuth could be studied ; and by changing the angle
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of scattering, and rocking the crystal, it was possible to study the
distribution of diffuse scattering. It is easiest to consider the matter,
as before, in terms of the reciprocal lattice.

Suppose, for example, that the reflection 002 is to be investigated.
Let OX, OY, OZ, fig. 93, be the three reciprocal axes, and M the point

[001]

Fir,. 94

(002). SS represents the sphere of reflection for a certain direction of
incidence LO. Let LQ be the direction of scattering, Q being on the

sphere. Then OQ is the vector S/A, which we shall here denote by p.

Its magnitude is 2 (sin 0)/A. By measuring the scattering power P for

the particular direction of incidence corresponding to LO, with the

angle of scattering 20, we obtain the value corresponding to the point

Q at the extremity of the vector p in the reciprocal-lattice space. By
varying the length and direction of p it is possible to map out the scat-

tering domain about the lattice-point. The point Q may be fixed, as

in fig. 94, by the radial distance |p|, the azimuth o>, which is the angle
between the xz plane and the plane containing p and OZ, and the angle
between OZ and p. The azimuth to is altered by rotating the crystal

about the normal to the (001) face. The length of |p| is changed by
varying the angle of scattering, and the angle by rotating the crystal
about an axis lying in the reflecting face, and perpendicular to the meri-
dian plane containing p, which will in practice be the plane of incidence
and scattering. When /=0, the normal to the reflecting plane bisects

the angle between the directions of incidence and scattering.
In this way, Laval was able to map out the domains of diffuse reflec-

tion for a number of reciprocal-lattice points. Some of his results for

004, with w =45, are shown in fig. 95. The ordinates give the values
of P, and the abscissae values of ^. The curves are drawn for a series

of values of plpw Each curve is drawn for a constant value of 26,
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and the corresponding values of -
D , where B is the Bragg angle,

are shown in the figure. Any one curve thus gives a section of the
diffuse domain for a constant angle of mis-setting of the crystal. When

V 18 16 14 12 10 8 6 4 2 02 4 6 8 10 12 14 16

FIG. 95. Laval's measurements of P for KC1, 004, T 290 Abs., o>-
A =^0-71 A (Lonsdale)

(Repvrtt on Progress of rhysict, vol. 9, 256 (1942-3))

P/Pooi^l* the value </*-0 would correspond to the ordinary 004

spectrum, and the curve would rise to very high values of P for small

values of </. It is not therefore possible to investigate the diffuse

reflection in regions too near the reciprocal-lattice point.
The curves show very clearly the existence of a very broad maximum

of scattering about the reciprocal-lattice point, and it will be seen that

for a large enough value of 0, all the curves tend to a steady value, a

background scattering y appropriate to the region between the recipro-
cal-lattice points. The value of this minimum scattering for KC1 is

about half the average unmodified background scattering given by the
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Jaunccy formula. It will be seen in fig. 95 that the scattering is not

symmetrical about M, but is larger for the larger values of
/>, which is

in accord with theory.
For the spectrum 002, Laval found that P was independent of o> for

given p and 0, indicating that the diffuse domains are figures of revolu-

tion about [001]. This domain is also entirely surrounded by a region
of weak scattering ; but for the 004 and 006 domains Laval found that

P exhibited maxima and minima as o> changed, having its lowest values

for o>=45, 135,225,and 315, and maximum values for o>-0, 90,
180, and 270. This result may be explained by supposing that along
the directions [100], [010], [TOO] and [OlO] the 004 and 204, and the
006 and 206 domains overlap, so that along these directions the weak
background scattering is never reached. Laval's work* thus indicates

clearly the existence in some cases of connecting bridges between neigh-
bouring domains. As we have already seen, these bridges correspond
to the non-radial diffuse connecting streaks often found on Laue
photographs taken with monochromatic radiation, examples of which
are shown in fig. 80. One of Laval's diagrams for the contours of

equal diffuse scattering for the domains 006 and 206 is reproduced
in fig. 96. The values of Pwn and p206 are respectively 0-957A and

206 , 006

{?; % Jt-
aval

*

s dia8ram of 006 and 206 contours of equal diffusion for
KU, A -0-71 co^0, showing overlap between p =0-90 and p-=l-04 for

values of 0>6 (Lonsdale)
(Reports on Progren of Mytict, vol. 9, 271 (1942-3))

1*0 16A. Laval considered the boundary of a domain to be reached
when the extrapolated maximum of a curve such as D in fig. 95 differed
from its steady background value by less than 1/10 of that value.
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Working in this way, Laval mapped the positions and the extent of a

number of domains, and obtained a series of contours of equal diffusion

showing a general similarity to those given by Jahn's calculations,

although his readings are not taken at close enough intervals to repro-
duce the finer details.

He also measured the peak intensities of the scattering curves for a

constant angle of mis-setting (tf-0^2 30'). He found, using Mo
Ka radiation at 290 abs., that the intensities fell off for a series of

orders from the (001) face in the following way:

002 : 004 : 006 : 008 : 0010 = 100 : 50 : 33 : 2 1 : 4.

This falling off is less rapid than that of the integrated reflections for

the same spectra, for which James and Brindley
33 found the sequence

100: 22: 5-3: 2-3: 040. It is, however, not at all easy to interpret the

intensity measurements without a more exact knowledge of the experi-
mental conditions. Laval's results have been discussed from this point
of view by Mrs. Lonsdale,

67 who concludes that the actual domains
are nearly identical, both in absolute intensity and distribution of

intensity, and that although this equality is to some extent fortuitous,

it is certain that the decrease of integrated intensity for the diffuse

maxima is very much less than for the Bragg reflections. Indeed, if

there is any falling off at all, it is not very marked. This result is on the

whole in accord with theory, for equations (5.30) and (5.44) show that

while both the diffuse and the Bragg spectra are affected in the same

way by the structure factor and the Debye factor, the expression for

the diffuse intensity contains in addition the factor S 2
, or 4 sin2

6, which
increases with increasing angle of scattering. Further quantitative work
is, however, needed before any very definite statement can be made.

(j) The quantitative dependence of the intensity of the diffuse scattering
on temperature : Laval also investigated in some detail the dependence
of the intensity of the diffuse scattering on the temperature of the

crystal His results have been compared with the predictions of the

lattice-vibration theory by Born and Lonsdale.71

Equations (5.30) and (5.42) of the theoretical discussion in Section 1

of this chapter indicate that if the temperature is not too low (T>@),
the diffuse scattering power P at any given point in the reciprocal-lattice

space is proportional to Te~2M . With the same limitation as to

temperature, and for a cubic crystal, we may write, using (5.68),

where a is the lattice spacing, Debye's characteristic temperature,
and Alf A2 ^3 are the indices of the spectrum. This result is expressed

by Born 72 in the form
PccTe-T 'T

*, (5.102)
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where mka2 2
1 Tn

r *
=

"W~~" h 2 -fTTsT/r2
"

/T* 7/7~T/t 2
'

(5 ' ' 2a)

Equation (5.102), as it stands, indicates that TA is an inversion tempera-
ture, above which the intensity of the diffuse scattering will decrease

with increasing temperature. Too much stress must not, however, be

placed on this, for in the deduction of (5.30) it is assumed that 2M is

small enough for the approximation e~2M ~ 1
- 2M to be valid, and this

is certainly not true when T = TA , so that 2M - 1. Table V. 4 is due to

Born and Lonsdale, and gives the values of and T for a number of

crystals. In the case of KC1, studied by Laval, T
fe

will be a high
temperature, above the melting point of the crystal, for the low-order

spectra, but for the higher orders it may be in the neighbourhood of
room temperature. The formula thus indicates a different type of

temperature dependence for high and low-order spectra. Laval
measured the scattering power at 290, 550 and 665 abs., for the 002
and 004 domains of KC1, for a number of different values of

t/f,
that is

to say at a variety of distances from the reciprocal-lattice points for
=

H . His values of / range from 2 to 11 in the case of 002, and
from 1 45' to 16 45' in the case of 004. His results show that

PT/PSZM nearly constant for different values of
</r, which means that

the distribution of intensity in the domains does not depend appreciably
on the temperature. Born and Lonsdale have compared his figures
with the formula PccT<?~T/IX and find agreement within the limits of

experimental error, which is about 10 per cent.

Experiments were made by Baltzer 73 with rock salt at a temperature
of 100 abs., where the relationship (5.102) cannot be expected to hold.

He finds that reasonable agreement is to be obtained by using the

Debye-Jauncey formula for the diffuse scattering, Poc 1 -e~2M .

TABLE V. 4

(k) Jauncey's scattering formula and its investigation : We have so
far discussed only the more recent work on diffuse scattering, which
has been done since the existence of the diffuse maxima was experi-
mentally demonstrated by Laval, and by Preston in 1939, but, before
this, a large amount of careful work on diffuse scattering from crystals
had been done in America, under the leadership of Jauncey. The
experimental arrangements in all this work were such as expressly to
exclude scattering in the regions of the lattice spectra, interest being
directed mainly to the background scattering.
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The theoretical formula which is used in the discussion of this work,
derived by Jauncey

***** and Harvey, rests on a purely classical basis.

The scattering of a number of elections is treated in a manner analogous
to that used by Compton,

74 and by Raman,75 in their derivation of the

total scattering from a monatomic gas. This has been discussed in

detail in Chapter III, 2(c). Jauncey extends Compton's calculation

by assuming the electrons to be collected together in groups of Z each

about the points of a simple cubic lattice, and he then supposes these

groups to have a temperature motion about the mean position of the

lattice-points. The simplifying assumptions made by Jauncey and

Harvey in deducing their formula correspond exactly to the assumption
made by Debye in his original derivation of the temperature factor,

that the vibrations of any atom are independent of those of its neigh-

bours. As we saw in Chapter I, 3(6), Debye' s assumption gives for

Id , the diffuse scattering in any direction, the expression

I d -N/ 2
(l-<T

2M
). (5.103)

The scattering crystal contains N atoms, each with a scattering factor

/ when at rest. M is the usual exponent of the temperature factor for

the crystal. Both / and M are functions of (sin 0)/A. Id is as usual

expressed in terms of the scattering by a single Thomson electron.

This term in the scattering formula is part of the interference pattern

produced by the crystal lattice, and represents the diffusely scattered

unmodified radiation, but the atoms will also scatter incoherently, with

change of wave-length, and the total diffuse scattering in any direction

will be the sum of the modified and unmodified contributions.

In discussing Compton's formula for the total scattering, from a gas,

we saw that his classical derivation leads to an expression that is

formally identical with the total scattering, modified and unmodified,

by a gas consisting of single atoms, as given by the methods of quantum
mechanics, assuming the absence of interaction between the electrons

of the atoms,* and neglecting exchange and relativity effects. The

total scattering per atom from a monatomic gas is then given by

equation (3.9) of Chapter III.

Since Jauncey's method of calculating the total scattering from a

crystal is an application of Compton's method to that case, we should

expect it to give a formula identical with that obtained by adding the

unmodified diffuse scattering, as obtained by Debye, to the incoherent

scattering of 2(d) 9 Chapter III. This addition gives

I/N -/"(I
- e-2M) +27(1 -/*), (5.104)

where f=EfnJn being the scattering factor for a single electron of
w

the atom, and the sum being taken over all the electrons in the atom.

*
Or, more strictly, that the wave-functions of the atoms may be expressed as

products of the wave-functions of their individual electrons.
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Equation (5.104) is in fact equivalent to the formula of Jauncey and

Harvey, which is given in terms of the scattering per electron, whereas

(5.104) gives the scattering per atom. If we denote by S the scattering

per electron, (5.104) gives

S = Id/NZ=/2
(l -e-

m
)/Z + 1 -27/J/Z. (5.105)

The formula of Jauncey and Harvey is

S = 1 + (Z
-

l)/'
2
/Z

2 - F2
/Z. (5.106)

Here, F is the atomic scattering factor as affected by the heat motion,
and so is equivalent to /e~

M in our notation, while the quantity/' is

defined by Jauncey as follows :

/'
2 -/2 + (f

2 - ZT/J)/(Z -
1), (5. 107)n

so that /'reduces to/if/n =//Z, that is to say, if the average value of

/n is the same for all the electrons of the atom. By substituting the

values of F and/' in (5.106), we obtain at once (5.105). In a later

paper, Jauncey
76 introduces another quantity/", which in our notation

is defined by

(5.108)

so that/"/Z is the root-mean-square of the/'s for the individual atomic

electrons. By means of these equations, the formulae of Jauncey may
be expressed in the notation employed in this book.

In Woo's modification of the Jauncey formula, the Breit-Dirac 77>78

correcting factor is introduced into the expression for the modified

radiation, the assumption being made that this correction, deduced

originally for the case of scattering by free electrons, also applies to

electrons bound in atoms. The formula for the diffuse scattering then

becomes
S =/*(! -e~m)/Z + (1 -27/J/Z)/R

3
, (5.109)n

where R = 1 + h (1
- cos 20)/wcA.

Equation (5.109) represents the diffuse scattering from a simple

crystal lattice on the assumption that the atoms are all independent,
so that there is no coupling between neighbouring atoms. If such

coupling exists, as it of course must in an actual crystal, the Debye
formula for the unmodified part of the general scattering is, as we have

already seen, far too simple. The simple addition to the unmodified

scattering of the modified radiation from the atoms of the crystal con-
sidered as a gas in which the atoms are all separate assumes, too, the

independence of the atoms when in the crystal state, an assumption that

cannot be justified for the outer electrons, and the similar assumption
that the atoms oscillate as a whole, without distortion of their electron

shells, is involved in the use offe~
M for the scattering factor as modi-
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fied by temperature. The agreement between theory and experiment
in the case of the temperature factor for the interference maxima

shows, however, that it is unlikely that much error will be introduced

by this assumption.
The first reliable measurements of diffuse scattering were made by

Jauncey and May,
79 who used rock salt, and their method has been

used, with slight modifications, by Harvey and others in later investi-

gations. The crystal is in the form of a thin slice, about 1 mm. in

thickness, whose surface is parallel to the (100) face, and is mounted
on the table of an X-ray spectrometer. Radiation falls on this

slice in a direction making an angle 6 with the normal to its face, and
the ionisation chamber is set so as to receive the radiation scattered

through an angle <f>.
If

<f>
= 29, the directions of incidence and scattering

make equal angles with the normal to the crystal slice, and all the rays
that enter the chamber have travelled the same distance, t sec 0, in the

crystal. A simple formula, due to Crowther,
80 then gives the relation

between the scattering coefficient, the thickness of the slice, and the

intensity of the incident and transmitted radiation. When <=20,
however, the crystal will in general reflect X-rays, since not mono-
chromatic radiation, but a broad band of wave-lengths is used,

obtained by filtering the incident radiation. Some wave-lengths
of this band will fulfil the reflection condition, and if the scattering

is determined for a series of values of
<f>

that includes 26, there will

be a peak at this angle corresponding to an interference maximum.

Jauncey and May draw a curve through the points on the graph

giving the scattering as a function of
<f>

on either side of the

maximum, and so obtain by interpolation the value of the scattering

for
<f>
= 20 in the absence of the interference maximum. It will be seen

that this method tends to eliminate from the measurement any hump
on the curve of general scattering in the region of the interference

maximum. The early work of Jauncey and May showed general

qualitative agreement with theory, but did not give absolute values.

Harvey,
81 in a series of experiments on sylvine, has tested the scattering

formula at temperatures ranging from that of liquid air, 86 abs., to

1020 abs. The method he used was in principle that of Jauncey and

May, but the scattering was expressed in absolute measure by means of

the following device. Jauncey and Harvey have shown that Dime's

formula gives accurately the shape of the scattering curve for paraffin

wax. Harvey assumes that it also gives the correct absolute value, and

compares the scattering by sylvine with that given by a slab of paraffin

wax at an angle of90. Making due allowances for the relative densities

of the two substances, he is able to express the scattering by sylvine in

absolute measure. In applying Crowther's formula, a number of cor-

rections have to be made, including that for the different absorption
of the modified and unmodified radiation in the ionisation chamber,
ut reference must be made to the original paper for details.
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In fig. 97, which is taken from Harvey's paper, the curves for S, the

scattering per electron, at a series of temperatures are shown plotted

against (sin 0)/A. The full curves show the calculated values obtained

from equation (5.105). In making the calculations, the values of/<?~
M

1,020 Abs
63O

X 295

O 86

FIG. 97. Diffuse scattering of X-rays from sylvine at different

temperatures (Harvey)
(Phys. Rev.

t 44, 133 (1933))

for sylvine, as observed by James and Brindley,
33 were used, and not

the values calculated from the Debye-Waller formula. The dotted
curve is that calculated for 1020 abs. from the Debye-Waller formula,
while curve E is that calculated for the same temperature using an extra-

polated value of/<r
M based on the results of James and Brindley. The

diffuse scattering thus confirms the high values of M observed at high
temperatures by these workers.

Harvey uses/
2
/Z for 27/J, in the absence of information concerning

the values of/for the different electron groups. This information is

now available, and the recalculation of the formulae using it would
affect the results slightly, although probably not very materially.
The curve G gives the scattering from a monatomic gas, supposed

to consist of equal numbers of atoms of K and Cl, as calculated from
the Compton formula, that is to say, by putting e~2M = in (5.109).
It will be seen that the scattering curve for the crystal approaches more
and more closely to that for the gas as the temperature increases, a
result that is of course to be expected. The approximation at any
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given temperature is closest at large angles of scattering, since the value
of M for a given mean-square displacement of the atoms is proportional
to (sin

2
0)/A

2
.

Harvey, Williams, and Jauncey
82 have compared the measurements

of Williams 83 on the diffuse scattering from sodium fluoride with

theory, taking into account the exchange terms in the formula for the
modified scattering, as given in equation (3.56), Chapter III. The
modified scattering, apart from the Breit-Dirac factor, is, according to

Waller and Hartree 84
,

Harvey, Williams, and Jauncey use the tables of James and Brindley
8&

in order to calculate / and fjk for the different electrons. For the
unmodified part of the scattering, /<?~

M
is taken from the experimental

results of Shonka 36 on sodium fluoride. Fig. 98 shows their results

graphically. The circles give the experimental points, taken from the
work of Williams. Curve HI shows S as a function of (sin 0)'A, cal-

i-o

FIG. 98. Diffuse scattering from sodium fluoride. Curves after Harvey, Williams
and Jauncey

w
; experimental points from Williams 83

culated using (5.110) for the modified scattering. In Curve II, the

exchange terms were neglected, and in Curve I, the approximation F/Z
was used for 2 f* t

which is the same as assuming the contribution to

the total/to be the same for all the electrons of the atom. The degree
of approximation involved in this may be seen from the tables given by
Jauncey and Pennell,

86 which were based on the tables of James and

Brindley.

The experimental results are certainly best represented by Curve III,

as we should expect, but it must be admitted that the possibility of

cumulative error in the theoretical calculation of S is considerable, and
too much must not be based on the details of the agreement.
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In later experiments, a considerable amount of work on diffuse

scattering from zinc crystals was done by Jauncey,
87

Claus, Bruce,
88

McNatt,
89 ' 90 '

91 and others. The anisotropy of the scattering distribu-

tion was checked, and the two principal characteristic temperatures,

corresponding to vibrations parallel to and perpendicular to the hex-

agonal axis, were measured by Jauncey and Bruce. McNatt 92 has also

tested Honl's dispersion formula by measuring the diffuse scattering

from zinc and copper for radiation in the neighbourhood of the

absorption frequencies.

In all these experiments, the regions of the lattice spectra were

avoided, and moreover, fairly wide incident beams, and a continuous

range of wave-lengths from the white radiation from a tungsten target,

were usually employed. The conditions were such as to smooth out

discontinuities in the background, and to avoid any diffuse maxima
associated with the lattice spectra. The discussion in the earlier part
of this chapter, in which the distribution of the intensity function in

the reciprocal-lattice space was considered, shows that in the case

of KC1 continuous regions of weak scattering surround the diffuse

maxima completely only near the origin, corresponding to small angles
of scattering. In the regions of the reciprocal-lattice space more
remote from the origin there is considerable overlapping of the domains
of diffuse scattering surrounding the lattice-points, and the regions of

true weak scattering become smaller. Laval's work shows that the true

weak unmodified scattering for KC1 is no more than half that indicated

by the Jauncey formula, but the experiments made to test that formula

were never such as to measure the weak scattering, and always give an

average effect. One case indeed of an abnormally low scattering was
observed by McNatt,

93 and was ascribed by him to a dip in the /-curve
for zinc, due to some internal distortion of the atom. Such an ex-

planation is in itself improbable, and Mrs. Lonsdale 67 has pointed out

that it is not necessary. Conditions in this particular experiment were
such that what was measured approximated to the true weak scattering

half-way between the 0002 and 0004 reciprocal-lattice points.

Jauncey's formula, because of its method of derivation, which

neglects interaction between atoms, gives only an average effect, and

predicts no maxima in the diffuse scattering. The experimental
methods used in testing it are, however, such as to give an average
effect, and so fair agreement between theory and experiment has been
found as regards the absolute magnitude of the general scattering. The
experiments have indeed tested this in a very thorough way, and have
had an important place in the development of the subject ; but future

work is likely to be directed to the details of the background pattern of
the diffuse scattering, which are not given by formulae such as (5.109).
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CHAPTER VJ

EXPERIMENTAL TESTS OF THE
INTENSITY FORMULAE

1. PRIMARY AND SECONDARY EXTINCTION

(a) Introductory : The first five chapters of this volume have been
devoted to a discussion of the quantitative theory of the diffraction of

X-rays by crystals. At this stage it is necessary to consider how closely
the formulae that have been deduced represent the intensities of the
reflections from actual crystals, and the present chapter will be devoted
to a discussion of this question.

In principle, the most direct method of testing this point would
appear to be to measure the absolute values of the integrated reflection
from the face of a large crystal of simple structure, preferably a crystal
of an element. Using the theoretical values of the scattering factors,
calculated by one or other of the methods described in Chapter III,
and making due allowance for the temperature factor, one could then

compare the observed value with that calculated from the formulae of
Chapter II. The first quantitative tests of the reflection formulae, some
of which will be described in greater detail a little later, were made in
this way. Rock salt was generally used in these experiments, since it

can be obtained in large pieces, and has a very simple structure, which is

known with certainty.
The principle of such a determination is as follows. The crystal is

mounted on the table of an X-ray spectrometer, in such a way that it

can be rotated about an axis lying in the reflecting face. The slit of
the spectrometer is illuminated by a beam of X-rays made mono-
chromatic by an initial reflection from a fixed crystal. It is not enough
to use radiation direct from the anticathode, for this will contain a
continuous range of wave-lengths as well as the monochromatic
characteristic radiation. The crystal to be experimented on has a face
large enough to receive the whole of the incident beam from the spectro-
meter slit, and the slit of the ionisation chamber is wide enough to
receive the whole of the beam reflected from the crystal. The crystal
is then rotated about the axis of the instrument at a known uniform
angular rate through the whole range of angles over which it reflects
the radiation with appreciable intensity. The total ionisation produced
during rotation is measured with a suitable electrometer, connected to
the ionisation chamber. Let this total ionisation be denoted by E,
and let I be the ionisation produced in the chamber when the crystal
is removed, and the chamber is set so that the incident beam enters it

directly for one second. Then, if o> is the angular velocity with which
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the crystal rotates, the integrated reflection, />, is given, as we saw in

Chapter II, 2(c\ 2(d) and 2(e\ by

f-f' (6.1)

In Chapter II, we derived formulae for the integrated reflection from
the face of a large crystal, and the observed reflection has now to be
compared with the value to be expected from these formulae ; but here
a difficulty arises, the nature of which has already been indicated in

Chapter II. We found there that the formula for the integrated reflec-
tion took quite different forms according to whether we assumed the
crystal to be perfect, and to consist of an entirely regular array of
exactly parallel and equally spaced planes extending through its whole
volume, or to be a conglomerate, made up of small independent
fragments, nearly but not quite parallel in orientation, each individual

fragment being so small that the effects of absorption, and of the

multiple reflection of the X-rays within it, could be neglected. We
shall call crystals of these two limiting types perfect and mosaic crystals
respectively.

As we showed in Chapter II, 2(h\ the integrated reflection from the
mosaic crystal for unpolarised radiation is given by

N2A3 / e2 \2 14- cos2 20 Q
P^ l n*)~^^ =

l
9 W

P being the linear absorption coefficient of the crystal for rays of

wave-length A.

If, on the other hand, the crystal is perfect, and if the absorption is

not too large, we saw in Chapter II, 3(/), that the integrated reflection
is given by

8xmiP,_^ 1+ l>s20|

In both these formulae, is the Bragg angle of reflection, and N is the
number of scattering units, each of scattering factor F, in unit volume.
F is supposed to be corrected for the thermal movement of the lattice,
and to have the form of (5.80), Chapter V, 1 (q).
Now (6.2) and (6.3) differ very greatly. In the case of a strong

spectrum, the integrated reflection calculated on the assumption that
the crystal is a mosaic may perhaps be as much as twenty or thirty times
as great as that calculated on the assumption that it is perfect. The
state of a real crystal will as a rule lie somewhere between these two
extremes, and neither formula will apply to it exactly. This is by far
the greatest difficulty that is encountered in interpreting quantitative
measurements of the intensities of X-ray spectra, and if we are to under-
stand the discussions to be given later of the experimental tests of the

formulae, it will be necessary to consider in greater detail the effect of
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the state of perfection of a crystal on the intensity with which it reflects

X-rays. A preliminary discussion has already been given in Chapter
II, 2 (j) and 3(g), \\hich will serve as an introduction to the more
detailed account to be given here.

The discrepancies between formulae (6.2) and (6.3) were quite clearly

realised by Darwin as early as 1914; and from the measurements of

Moseley and Darwin A on the intensity of reflection of white radiation

from rock salt, which was fairly well represented by (6.2), he concluded

that this crystal could not be perfect, but must have a structure approxi-

mating to that to which the name mosaic has since been given. Sir

William Bragg,
2 in 1914, had found that the integrated reflections for

the strong spectra from small pieces of diamond were not proportional
to the volume of the reflecting crystal, as they should have been according
to equation (2.30) of Chapter II, on which equation (6.2) is based. He
had concluded that diamond must exhibit abnormal absorption for

X-rays passing through it at the reflecting angle, and had shown the

existence of this enhanced absorption experimentally. W. L. Bragg,
James and Bosanquet,

3 in 1921 and 1922, had made absolute measure-
ments of the integrated reflections from rock salt, and had found good
quantitative agreement between their results and formula (6.2). From
their measurements for the stronger spectra they had, however, con-
cluded that, even with rock salt, abnormal absorption occurred at the

reflecting angle, and had shown that the effective absorption coefficient

was greater than the ordinary absorption coefficient by an amount
proportional to the intensity of the spectrum. In a paper written in

1922, Darwin 4
analysed and criticised the method of measuring the

effective absorption used by Bragg, James and Bosanquet, and it is to

this paper that we owe a proper understanding of the principles involved.

(b) The correction for primary extinction : Darwin showed clearly
that there are two distinct effects to be considered. The first of these,
which he calls primary extinction, we have already dealt with at some
length in Chapter II, Section 3. We saw there that when X-rays fall

on the face of a large perfect crystal at the proper angle of incidence

they are totally reflected.* Total reflection persists over a small range
of angles proportional to the amplitude reflected from a single atomic

plane, and for most crystals this range is of the order of seconds of
arc. The depth of the crystal in which total reflection is set up is, as a

rule, only a few thousand atomic planes, and while total reflection is

going on the radiation penetrates to a depth very much smaller than that
to which it would penetrate if it were stopped only by the ordinary
absorption in the crystal. The lower layers of the crystal thus contri-
bute virtually nothing to the reflection. In primary extinction, the
lower layers of a crystal are screened from the radiation at angles at

* We neglect for the moment the correction for absorption, which modifies these
statements. See Chapter II, 3 (h).
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which they would otherwise have reflected it, because of the reflection
from the upper layers of the same crystal
Most real crystals are not perfect, and we shall now follow the effect

on the intensity of the integrated reflection of introducing imperfection.
We shall suppose the perfection of the crystal to be reduced in a way
that will allow us to follow out the processes, and to study the principles
involved, although, it is true, it corresponds exactly to nothing that
occurs in nature.

Let us consider a crystal built up of a number of layers, all of equal
thickness, and each in effect an entirely independent perfect crystal
The atomic planes in the different layers we shall assume to be no
exactly parallel, but inclined to one another at angles which, althougl
small, are yet larger than the angular range over which a single layer
will reflect radiation. The number of layers in the depth to which the
radiation can penetrate when only ordinary absorption is operative is

assumed to be large. Suppose now that each layer is so thick that an
appreciable amount of primary extinction takes place in it when it

reflects. When radiation falls on the top layer at an angle within the

appropriate range, it is mostly reflected by that layer, and very little

of it penetrates to the lower layers ; and if these belonged to the same
perfect crystal they would never have an opportunity to reflect X-rays,
because they would always be screened by the top layer. In the case
we are considering, however, the lower layers are not exactly parallel
to the top layers, and when the angle of incidence is altered so that the

top layer no longer reflects, and the incident radiation again penetrates
into the crystal, it can be reflected by a lower layer when the planes in

this layer make a proper angle with it. In this way, as the crystal
turns, each layer has its chance to reflect, and the integrated reflection,
which is the total energy reflected as the crystal turns through the whole
range over which it can reflect, is much greater than it would have been
had the crystal been entirely perfect. It must be borne in mind
throughout this discussion that we are considering the integrated
reflection, and not the reflecting power when the crystal is set so as to
reflect most strongly. This will always be greatest for the most perfect
crystal, whereas, as we have just seen, the integrated reflection is

increased by the introduction of imperfections.
If the crystal layers are so thin that the effects of multiple reflections

within a single one of them can be neglected, the integrated reflection
from one layer is just proportional to the volume of that layer inter-

cepted by the incident beam, being equal to that volume multiplied by
the quantity Q, as defined in equation (2.31) of Chapter II, 2(rf). The
total integrated reflection from the crystal is then that given by equation
(6.2). If, on the other hand, the layer is thick enough to show appreci-
able primary extinction, the integrated reflection from it cannot be
taken as proportional to the volume of the layer irradiated, because the
reflection is due almost entirely to the first few thousand planes of the
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layer, the lower ones contributing very little. Darwin, in the paper
under discussion, investigates the integrated reflection from a layer of

perfect crystal having p planes, and finds the contribution to it from a

volume V of the layer to be Q'V, where

(6A)

and q is the amplitude reflected from a single plane of atoms when a

plane wave of unit amplitude falls on it. As we have already seen in

Chapter II, 2(b),

\q\
= (Ka\lsme)\\(e

2
!mc*), (6.5)

N being the number of diffracting units of scattering power F in unit

volume of the crystal, and a the spacing of the planes.
From a simple application of the method of 2(/z), Chapter II, it

then follows immediately that the integrated reflection from a large
crystal composed of independent layers such as we have been consider-

ing is given by

(6.6)

p being the number of reflecting planes in each layer, supposed the same
for all. The absorption coefficient \i in this formula is assumed to be
the ordinary linear absorption coefficient of the crystal when it is not

reflecting. This is the correct coefficient to use only if no two layers
are reflecting simultaneously, and we shall have to consider shortly the
modification to be introduced when this is not true.

The correction for primary extinction has here been introduced for a

crystal consisting of a number of independent strata, and crystals of
this particular structure do not in fact exist. A closer approximation
to an actual crystal mosaic, although one that is still rather idealised, is

obtained by supposing the layers to be broken up into small blocks
with varying orientation, and random distribution in depth in the

crystal. We may infer that, so long as the individual blocks are not
so small that the widths of the diffraction maxima produced by them
become appreciable in comparison with the angular deviations of the
atomic planes in the blocks themselves from a mean direction, formula
(6.6) will still apply to a close approximation.
The correction for

primary extinction may be expressed in a rather
different form, which involves the actual thickness of the layers instead
of the number of planes they contain. Let d be the thickness of a

homogeneous layer, so that d^pa. Then, since

q =NF (e*lmc
2
)\a cosec 0, Q = A3N 2F2

(e
z
/mc

2
)
2 cosec 20,

it follows that

/?V = (2Q</
2
cot0)/A, (6.7)

which allows us to express (6.6) in terms of the actual thickness of the
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layers, or of the blocks, in the mosaic. The correction cannot, of

course, be applied numerically unless we know the actual thickness of
the blocks in the crystal, and then not unless they are all of the same
size; so that it has not been found possible to use it effectively for

applying a correction for primary extinction in actual experimental
work. We may, however, at this stage use it with advantage to cal-

culate how large the homogeneous fragments in a crystal mosaic such
as we are considering may be without the correction for primary
extinction becoming appreciable.

Let us take the case of rock salt. At the temperature of the labora-

tory the values of q for the 200, 400 and 600 reflections from this

crystal for Mo Ka radiation are respectively 2-16 x 10~4
, 5-8 x 10~ 5 and

2-3 x 10~5
. In Table VI. 1, we give the values of (tanh pq)jpq 9 the

correction factor for primary extinction, for a series of values of/?, the

number of planes in a homogeneous layer, expressed in thousands.

The same results are shown graphically in fig. 99, in which a scale of

Thickness in microns

20 22

FIG. 99. The correction for primary extinction, Q'/Q -(tanh pq)!pq,
for rock salt 200, 400 and 600

thickness expressed in microns (l/i
= 10-4

cm.) is also given. It will

be clear that, for a given thickness of block, the correction for primary
extinction is much more important for the strong spectra than for the

weak ones. For rock salt 200, a very strong spectrum, primary extinc-

tion cannot be neglected unless the individual blocks of the conglomer-
ate contain fewer than about 1000 planes, whereas blocks often times

that thickness show no appreciable primary extinction for the 600

spectrum. The actual thickness of the blocks when primary extinction

ceases to be appreciable for 200 is about 0-3/i, or of the order of the

wave-length of the longer ultra-violet light waves ; whereas, for 600, the

correction is still less than 10 per cent, for blocks 6p in thickness.
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TABLE VI. 1

Values of the correction for primary extinction,

(tanh pq)!pq, for rock salt at 290 abs. (values of q from

experiments of James and Firth "') for Mo Koc radiation

(A--0-710A)

For strong spectra, the primary extinction may be very important.
For 200, for example, a block 6fj, in thickness behaves as if only
about 0-21 of its volume were reflecting X-rays. The ordinary linear

absorption in this thickness of rock salt when Mo Ka radiation is used
is nearly negligible, rather more than 99 per cent, of the radiation being
transmitted.

Even for blocks as minute as those considered here, the angular
width of the diffraction spectra is still very small; for it is always of
the order of the wave-length of the radiation divided by the linear

dimensions of the block producing the diffraction, and this, with Mo
Ka radiation, A -0-71 A, is of the order of 20 seconds of arc for a block
one micron in thickness.

(c) Secondary extinction : Let us return to the consideration of the

crystal composed of a number of layers, but suppose now that each

layer is so thin that primary extinction may be entirely neglected. If

the individual layers, although independent, have their atomic planes
exactly parallel, the integrated reflection will not be given correctly by
equation (6.2), even in the absence of primary extinction. Consider a

layer at a depth z in the crystal. If I is the intensity of the incident

beam, the intensity arriving at a depth z would be reduced toV^r ' l< *cc *

by the ordinary absorption; but when the crystal is reflecting X-rays,
the reduction is greater than this, since a certain fraction of the radiation
is reflected away by each layer through which it passes.
The radiation reflected from any layer is deflected into the reflected
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beam, and a certain fraction of this reflected radiation will also be

deflected back by a second reflection into the direction of the incident

beam. There will thus be an interchange of radiation between the

incident and reflected beams similar at first sight to that considered in

Darwin's theory of the perfect crystal, which led to the idea of primary
extinction. There is, however, an essential difference between the two

processes. Since the different layers are optically independent, there is

no regular phase relationship between the rays reflected from them, and
to obtain the resultant effect of a large number of layers we have to add

intensities, and not amplitudes, as we did in Darwin's theory. This

weakening of the incident radiation within the crystal by reflection from

optically independent members of the same conglomerate is called by
Darwin secondary extinction. It is equivalent to an increase in the

effective absorption coefficient at the reflecting angle, and can be

allowed for to a good approximation simply by an appropriate increase

in /x, the absorption coefficient in equation (6.2).

It is easy to get an idea of the correction for a crystal composed of

independent strata, in all of which the reflecting planes are parallel.
As a first approximation, suppose we consider only the first reflection

in both incident and reflected beams, neglecting multiple reflections.

A beam of unit cross-section and intensity I, falling on the crystal face

at a glancing angle , intercepts a \olume cosec dz of a layer cf thick-

ness dz. if tf is the Bragg angle, and reflects away a fraction propor-
tional to Q cosec dz into the reflected beam. The total diminution
in intensity of the beam of strength 1 in the layer, due to absorption
and reflection together, is therefore -

Up, + 0Q) cosec dz. The
crystal behaves as if it had an absorption coefficient fi + 0Q, instead of

/<, and the integrated reflection will be Q 2(/* + aQ), instead of Q'2/u,
as it would have been in the absence of secondary extinction. The
effect of secondary extinction, as well as of primary extinction, is

therefore greatest for the strongest spectra.

We have here considered an extreme case, in which the atomic

planes of the independent layers are parallel, and so the effect of the

secondary extinction very large. The same effect must, however, occur,

although in a lesser degree, in a crystal in which the atomic planes of
the different layers are not exactly parallel, but are distributed with a

certain angular variation about some mean direction. As before, let

us consider reflection from a layer at a depth z. If the planes in any
layers above it are so nearly parallel to those of the layer we are consider-

ing as to reflect X-rays for the same angular setting of the crystal, that

is to say, if the angle between the planes is smaller than the angular
width of a diffraction spectrum from a single layer, the lower layers

must be screened by the upper ones, and secondary extinction must

occur. The more nearly parallel the planes in the different layers, the

greater the secondary extinction.

Primary and secondary extinction are thus two essentially distinct
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effects, and both will in general be operative in any real crystal. The
line of argument we have used in this paragraph could still be applied
if the layers were thick enough for primary extinction to be appreciable,
the only necessary modification being the use of Q', as defined in (6.4),

instead of Q in the statement given above.

(d) Correction for secondary extinction in a crystal composed of small

independent blocks : An argument very similar to that used in the last

paragraph can be used if the crystal, instead of being made up of

independent parallel layers, is made up of independent blocks with

slightly varying orientations, and a random distribution in depth. We
shall begin by supposing the blocks to be so small that primary extinction

may be neglected, and the range of angles over which their orientation

vapes to be considerably greater than the angular width of the diffrac-

tion spectrum reflected from a single block.

FIG. 100

Consider the blocks in a layer of thickness dz, at a depth z in the

crystal. The boundaries of the layer are parallel to the face of the piece
of crystal from which the radiation is reflected, but the reflecting planes
of the blocks within the layer are not necessarily parallel to the boun-
daries of the layer. Let OP, fig. 100, the normal to the reflecting

planes in a block of volume AV, make an angle u with ON, the normal
to the crystal face, which we shall take as the direction of reference.

For simplicity, we suppose the normals to all the blocks to lie in the

plane of incidence. If the slits of the ionisation chamber, or other
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measuring apparatus, are high enough to receive the whole reflected

radiation, small variations of the normals from the plane of incidence

make no difference to the integrated reflection.

Let us consider the integrated reflection from the single layer, neglect-

ing for the time being all absorption. The block of volume JV
contributes an amount Q AV to this integrated reflection, and its contri-

bution is made when the angle of incidence of the radiation on the

layer is in the neighbourhood of + u, and the angle of emergence in

the neighbourhood of BQ -u (see fig. 100). Let I be the intensity

incident on the layer. When the angle of incidence is + u, only a

fraction of the blocks in any volume V of the layer are set so as to

reflect radiation. Let the energy reflected per second from volume V
at this angle of incidence be IG(w)V. G(w) is thus a measure of the

number of blocks in unit volume that are set so as to reflect when the

glancing angle of incidence on the crystal face is 4- w, and its variation

with u is an index of the state of perfection of the crystal. The inte-

grated reflection from the volume V of the layer is obtained by integrat-

ing the expression for the reflected energy over all angles of incidence,

and dividing by the incident intensity, and this is equal to QV, by

equation (2.30), Chapter II, 2(d). Thus

or

If the individual blocks are big enough to exhibit primary extinction,

and if each contains the same number, /?, of reflecting planes, equation

(6.8) becomes

Q', (6.9)

where Q' has the value given by equation (6.4).

We shall now apply these ideas to the calculation of the secondary
extinction in the crystal, following the treatment given by Darwin

(loc. cit.). We suppose the function G(u) to be constant throughout
the crystal, and the volume irradiated by the incident beam to be large

enough to contain a very large number of independent blocks, so that

intensities may be averaged.
Consider a beam falling on an area A of the crystal face at a glancing

angle + w. Let Iu (z) be the energy passing per second, or the power,
in the incident beam at depth z9 when the glancing angle is + M, so

that the intensity is I
tt(z) cosec (0 + w)/A. The beam intercepts a

volume A dz of a layer of thickness dz, and this volume reflects in unit

time energy equal to G(w)Arfz times the incident intensity. Reflection

thus reduces the power of the beam by G(u)Iu (z) cosec(0 + u)dz in its

passage through the layer ; but it will also be reduced by an amount
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/nlw (z) cosec (0 + u)dz by ordinary absorption, so that the total reduction

in power of the primary beam in the layer, owing to both absorption
and reflection, is I

tt (r){ft + G (u)} cosec (0 + u)dz.
Now those blocks in the layer responsible for the reflection of the

radiation incident on the face of the crystal at + u are also set so as to

reflect back into the primary beam radiation in the reflected beam
coming from the lower layers. This radiation falls on the lower
surface of the layer dz at a glancing angle

- u (see fig. 100), and the

power reflected by the volume A dz back into the primary beam will

be G(u)E u (z) cosec (0 -M)rfr, EM (z) being the power in the reflected

beam at depth z.

If dlu (z) is the total increase in the power of the primary beam in

depth dz, at a depth 2 below the surface of the crystal,

while the corresponding equation for the variation of the power of
the reflected beam with depth will evidently be

dEu (z) /i + G(n) G(u) _
,

.

,x in ,--- = - -_--- EM (z) -f -
; !(*) (6. lOa)dz sm(0 -w)

MV
sin(0 + u)

v/ v '

Equations (6.10) and (6.10a) must now be solved with the conditions

that both lu (z) and EM (z) tend to zero for very large z. The solution

is quite straightforward if it is assumed that G (u) does not depend on
z9 so that the equations become linear. It may be obtained from the

substitutions Iu (z)
= !<?-*, E u (z)

= Eue-
z

,
I being the power of the

incident beam, and EM the power of the reflected beam corresponding
to an angle of incidence + w, as it leaves the crystal. The solution is_ _

sin cos u ^ + G (u) + V{M + G(w)}
2 -

{G(w)}
2
(l

- cot2

From it we have to find the integrated reflection by integrating EU/I
over all values of u. Before doing so, however, it will be necessary to

consider the form of (<5.11) rather more closely. The first factor,

sin(0
-
w)/sin cos u, is due to the inequality of the angles of incidence

and emergence, + w, and -
w, when reflection is taking place from

the blocks we are considering. The question of unsymmetrical reflec-

tion is of some importance practically, and a separate paragraph will

therefore be devoted to it.

(e) Unsymmetrical reflection from a crystal mosaic : Let us first

consider a case in which the reflecting planes in the crystal mosaic
deviate only slightly from a certain standard direction, but suppose
that the face of the piece of crystal from which reflection is taking place
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has been cut so as to make an angle with this standard direction con-
siderably greater than the angular deviation of the mosaic blocks.
This is a state of affairs that is often met with in practice. It frequently
happens that no natural face is developed on the crystal parallel to the

planes from which it is desired to measure the integrated reflection,
so that a face has to be ground on the crystal in the proper direction ;

and even if a natural face does occur, it is often desirable, for reasons
connected with the extinction phenomena we have been considering, to

grind it before measuring the reflection. Unless considerable care is

taken, it is difficult to avoid errors of the order of a degree in grinding
such faces, but fortunately it is easy to eliminate the effects of such
errors completely.

Let a be the angle between the average direction of the reflecting
planes and the crystal face, measured in the plane of incidence. Re-
flection then takes place cither when the angle of incidence is + *>
and the angle of emergence -, or when the angle of incidence is

ff -
a, and the angle of emergence + a. We consider the effect of

ordinary absorption and neglect extinction altogether. If the angle of
incidence is + a, an incident beam of cross-section S cuts off a volume
S cosec(0 +a)rfr from a layer of thickness di, parallel to the surface
of the crystal. If the layer is at a depth z below the surface of the

crystal, every ray reflected from it has traversed a distance

z {cosec (0 + a) + cosec (0
-

)}

in the crystal, instead of a distance 2r cosec , as in the case of sym-
metrical reflection. Equation (2.4 la) of 2 (A), Chapter II, thus becomes

\ --QS
|

dz
l I i JO

cosec

which leads at once to

(T). 2/Lt sin cos a

= (Q/2/Jt)(l -cot tan *). (6.12)

The integrated reflection is thus less than the true value, and the

difference may be very considerable. For = 10, and a - 1, the error
is about 10 per cent., and for a = 5, 50 per cent. It can be eliminated

by interchanging the directions of incidence and reflection, so that the

angle of incidence becomes ~ a and the angle of emergence + a.

The expression for the integrated reflection is then

/EoA

\T/_ =(Q/2/Lt)(1 + cot * tan a) ' <6- 13>

so that the mean of the two values gives the true value for symmetrical
reflection.
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The physical significance of the difference between the two expressions

may easily be understood from fig. 101.

(b)

FIG. 101

Consider a narrow pencil of X-rays which penetrates the crystal and
irradiates an effective length AB. This length is the same whether the

angle of incidence is + a, as in fig. 101 (a), or -
a, as in fig. 101 (ft).

In case (a), however, the emergent rays reflected from the irradiated

volume have all travelled a greater distance in the crystal than they would
have done had the reflection been symmetrical with respect to the surface,
while in case (b) the distances are correspondingly reduced. The
influence of absorption is therefore greater in case (0), and less in

case (6), than it would be for symmetrical reflection.

The importance of this effect, and the method of correcting for it,

were first pointed out by Sir William Bragg
2 in 1914. In the deter-

mination of the integrated reflection by the method of reflection at a

face, measurements should always be taken with the ionisation chamber
both right and left, with the crystal settings differing by about 180 - 20 .

If there is any error in the direction of the crystal face, whether owing
to inaccurate grinding, or to the presence of a vicinal face, the inte-

grated reflections taken right and left will differ ; for in one case the angle
of incidence will be larger, and in the other smaller by the same amount,
than that for symmetrical reflection. The mean of the two integrated
reflections gives the true value for symmetrical reflection. This pre-
caution is particularly necessary for spectra of low order, for which
is small, since the correcting factor contains the cotangent of -

Some examples of the effect are given in Table VI. 2, which gives

integrated reflections from a single crystal of aluminium on which an
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octahedral face had been ground. The letters L and R indicate

observations made right and left on the spectrometer. The error in
the grinding of the face, as estimated from the difference between the
left and right readings, must have been rather more than 1| degrees.

TABLE VI. 2

Integrated reflections from aluminium at 290 Abs., in terms of
rock salt 400 as one hundred (James, Brindley and Wood 6

)

(/) The integrated reflection from a mosaic ofsmall blocks : We may
now return to the calculation of the integrated reflection from equation
(6. 1 1). The first factor, as we havejust seen, is due to the unsymmetrical
orientation with respect to the crystal face of the blocks reflecting when
the angle of incidence is + u. If the integrated reflections are meas-
ured both right and left, as described in the last paragraph, for every
value of Eu on one side there corresponds a value E_u at the angle
of incidence -

w, measured on the other side, which differs from the

value of E
tt , as given by (6.11), only in having sin(0 + M), instead of

sin (0
-

w), in the first factor. In what follows we shall suppose that

means ofintegrated reflections taken right and left are always considered,
and we can therefore put the first factor in (6.11) equal to unity in

calculating the integrated reflection. We shall also assume that u is

always small enough for tan2 u to be neglected, and that G(w)//i is small

enough for us to expand (6.11) in powers of it, and to neglect powers
higher than the square in the expansion of the square- root.

The integrated reflection from the crystal face can then be written

GHw) 5G3
(w)

Q' Q'
2 5=

2r*'V
+

8

if we put

'-l-oo

(6J5)

where g2 and #3 are constants of the crystal, and Q' has the significance
of equation (6.4), and is related to G(u) by equation (6.9).
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Equation (5.14) can now be written in the form

The correction for primary extinction is here made by using Q'
instead of Q, but this involves the assumption that the blocks of the
mosaic are all of the same size. The correction for secondary extinction
is made by increasing the ordinary linear absorption coefficient of the

crystal by an amount that is greater the greater the intensity of the

spectrum concerned. If the term in (6.16) involving Q'
2
//* can be

neglected, as it probably can for many real mosaic crystals, (6.16) takes
the simpler form

Equation (6.17) has the form of (6.6) with the linear absorption coeffi-

cient increased by a quantity which, for a given crystal, is proportional
to Q'.* As we shall see, there are methods of obtaining an estimate of
this increase for actual crystals. From the discussion we have just

given, however, it is clear, as was pointed out by Darwin, that all such
methods correct only for the secondary extinction and leave the

primary extinction entirely untouched.

(g) Reflection curves from actual crystals : If a crystal mounted on
the table of an X-ray spectrometer with the ionisation chamber set at

the correct angle to receive a certain spectrum is slowly rotated through
the position at which it should reflect according to the Bragg law, it will

generally be found that reflection occurs over a range of crystal settings

varying from several minutes up to perhaps several degrees. The range
of reflection for a perfect crystal, with a parallel incident beam, should
be of the order of seconds of arc only, and the observed angular range
of reflection, obtained with a slightly divergent beam, such as must be
used in practice unless certain special methods to be discussed later are

employed, should be almost entirely determined by that divergence.
At this point it is perhaps well to draw attention to the geometry of the

process of reflection we are considering here. The angular range of
reflection would of course be increased if the actual effective number of

co-operating planes were small, so that the reflected beam was widened

by diffraction; but, in the experiments we are considering, the width
of the diffracted beam itself at any given setting of the crystal is not as
a rule greater than can be accounted for by the divergence of the incident
beam and the width of the source. As the crystal rotates, radiation

* In some crystals, for example diamond, the parallelism of the optically inde-
pendent blocks may be such that 3 is more important than gy* and is not negligible
in comparison with #v In 05.17), #2 is then replaced by g^(\

-
cQ'), so that the extinc-

tion is relatively more important for the weaker spectra than (6.17) implies.
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is always reflected into the same small angular range, but reflection
occurs over a range of settings of the crystal. This can be explained
only by assuming the crystal to contain regions differing in orientation,
but each containing a large number of regularly arranged planes. As
the crystal rotates, these are brought in turn into the proper position
for reflection. In an extreme case, we may indeed find an apparently
single crystal to consist of several separate crystals, differing in

orientation, but each in itself fairly perfect. A remarkable example of
this is shown in fig. 102(0), which was obtained from a crystal of

25

Crystal setting

26 27

Crysfdl setiing

15
Q

Crystal setting

FIG. 102. Examples ofreflection curves for specimens of(a) corundum, (b)
-

corundum, (c) rock salt ; (a) and (b) with Rh K, (c) with Mo Ka (James)

(Zeit.f. Kntal. t 89, 295 (1934))

corundum (A12O3). The ordinates give the intensity reflected in the

direction of the 330 spectrum at the crystal settings given by the

abscissae. The region of the crystal irradiated by the incident beam is

here seen to consist of at least four distinct parts, each of which gives

a reflection sharp enough to show some resolution of the Ka doublet

of rhodium, the radiation used in the experiment. Figs. 102 (b) and
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102 (c) show similar curves for crystals of ^-corundum, and of rock salt

respectively. The area beneath a curve of this kind, which we shall

call a reflection curve,* is proportional to the integrated reflection from
the crystal, and is found to be very nearly constant, for a given spectrum,
from different specimens of the same crystal, and to a large extent inde-

pendent of the shape and width of the reflection curve ; whereas the

strength of the maximum reflection depends entirely on the particular

specimen of the crystal used. It is for this reason that the integrated
reflection is taken as a measure of the intensity of a spectrum.
A broad reflection curve is very definite evidence that the crystal

giving it is not ideally perfect, but it is by no means easy to get from
such curves any accurate idea of the amount of extinction that a partic-
ular crystal is likely to show. It is not safe to assume that the form of
the reflection curve gives G(ti), as defined in \(d) of this chapter,
which, as we have seen, defines the secondary extinction. Both

primary and secondary extinction depend very much on the fine-scale

structure of the crystal, while the reflection curve may be determined

by the large-scale structure. The crystal may consist of a number of

relatively large fragments with a distribution in orientation that widens
the whole reflection curve. The extinction in the crystal will, however,
be determined by the texture of the individual large fragments. An
extreme case is that shown in fig. 102 (a). Although the reflection

curve extends over an angular range of nearly four degrees, it is probable
that the individual regions of the crystal are fairly perfect, and would
show a large extinction, both primary and secondary certainly more
extinction than would be shown by the rock-salt crystal whose reflection

curve is given in fig. 102 (c), and extends over a smaller range of angles.
It is clear in this particular case that the crystal does actually consist

of several independent parts, and that the extinction will be determined

by the properties of these ; but there must be every gradation from this

state to one in which there are so many independent fragments that all

trace of their individuality disappears in the reflection curve. Caution
is therefore needed in drawing any very definite conclusions about
extinction from reflection curves. The irregularities that diminish

primary extinction, and the lack of perfect orientation of optically

independent fragments that diminishes secondary extinction, are most

likely to be present in a crystal that has a broad reflection curve, but
there is no strict correlation between the breadth of the reflection curve
and the amount of the small scale irregularities. Some crystals with

comparatively narrow reflection curves show quite small extinction.

A word must be said here as to the correctness of representing a

crystal by a mosaic of small perfect blocks. In theoretical work, the

assumption of a block structure of this type is practically forced upon
us by the difficulties of dealing mathematically with any other type of

*
They have been called

'

rocking curves ', usually by American authors, and
also

*

sweep curves ', and neither name is particularly satisfactory.
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irregularity, but it is improbable that such a structure is often realised
in actual crystals. Imperfection may be due to warping, as for example
in the case of rock salt, which often exhibits a large-scale warping
clearly visible to the unaided eye; or it may be due to growth in dif-

ferent directions at different parts of the crystal causing misfits and
dislocations where the different regions of growth impinge upon one
another. It may be due to mechanical impurities causing irregularities
of growth, to minute cracks produced by mechanical strains, or to
combinations of all these, and probably of many other, causes. We
shall not discuss the texture of actual crystals in detail here, but reference

may be made to a symposium in the Zeitschrift fur Kristallographie,
vol. 89, pp. 193*416 (1934), where various authors discuss different

aspects of this very complex subject. Here, it is only necessary to point
out that anything that prevents exact regularity of arrangement from
persisting over more than a few thousand atomic planes will cause the

crystal to behave as a mosaic in reflecting X-rays. For a crystal to
behave as if it were perfect, exact coherence in phase of the reflected
beams from a good many thousand atomic planes is necessary ; and
when the conditions under which most crystals grow are taken into

account, it is not remarkable that perfection of this kind is rarely
attained, but rather that it is in fact sometimes attained, as we shall see
in our discussion of the reflection of X-rays from actual crystals.

In practice, every gradation, from the perfect crystal to the mosaic
occurs, but most crystals approximate more closely to the mosaic than
to the perfect type in so far as their properties as reflectors of X-rays are
concerned.

It is particularly necessary to guard against the assumption that has
sometimes been made that because a crystal appears to be optically

perfect, and gives sharp optical reflections from its faces, and good
interference fringes from thin slices, it must therefore also be a perfect
reflector of X-rays. It must be remembered that X-rays demand a
standard of perfection some ten thousand times more exacting than do
light waves, because of their much shorter wave-length ; and so small
dislocations that could have no effect on any optical property are large

enough to cause the crystal to be classed as a mosaic when its behaviour
as a reflector of X-rays is being considered.

(h) Evidence of crystal imperfection from the absolute intensities of
X-ray reflections : The most reliable evidence as to the state of perfec-
tion of a crystal is probably to be obtained by comparing the measured
and calculated values of integrated reflections. The difference between
the values of the integrated reflection for a strong spectrum as predicted
by formulae (6.2) and (6.3) is so large that if the state of the crystal

departs greatly from perfection we should expect the integrated re-

flections from it to be much greater than those which it could give if

it were perfect, on any assumption as to its structure.
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As an example, we may here quote some results obtained by James,
Brindley and Wood 6 from single crystals of aluminium. These
experiments have already been referred to in Chapter V, 2(c), in

connection with the measurement of the temperature factor, and the

mean-square amplitude of the atomic vibrations. A set of absolute
measurements of the integrated reflections from aluminium was made,
and at the same time the temperature factor was directly measured.
This allows a direct comparison to be made between the observed and
calculated intensities. In the calculation of the intensities, Hartree's
values for the atomic scattering factor, /, have been used, and these
have been corrected for temperature by means of the measured tempera-
ture factor, with allowance for zero-point energy. The measurements
are absolute, and the observed and calculated figures are independent
of one another. The results are shown in Table VI. 3.

TABLE VI. 3

Integrated reflections from aluminium single crystals at

17 C, compared with those calculated from the mosaic
and perfect crystal formulae (Mo Ka radiation.)

The figures show immediately that the observed intensities are all far

greater than those calculated on the assumption that the crystal is

perfect. In the case of the 111 reflection, the ratio is thirty to one,
and in that of the 800 reflection, five to one. The values for the perfect
crystal were calculated without any allowance for ordinary absorption.
This is small, but not entirely negligible, and had it been taken into
account the calculated values in column (3) would have been still

smaller. The observed results for the spectra of high order agree
remarkably well with the values calculated on the assumption that the

crystal is a mosaic ; they are, however, rather low for the strong spectra,
and this is evidently due to the existence of a certain amount of secon-

dary extinction in the crystal used in the experiments, which has an

appreciable effect only on the strong spectra.
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(0 Experimental determination of secondary extinction : The results

quoted in the last paragraph were chosen because they illustrate in the

most direct manner possible the point to be made, and give a striking

example of an actual crystal that reflects in a manner in no way to be

represented by the perfect crystal formula. The first accurate intensity
measurements were, however, made with rock salt, which usually

approaches very closely to the ideal mosaic type, and shows very little

primary extinction. In 1917, A. H. Compton 7 measured the absolute

integrated reflection 200 from rock salt, using rhodium Ka radiation.

His results were probably affected by extinction, as the spectrum is a

very strong one, but the integrated reflection was of the general order of

magnitude to be expected from equation (6.2). In 1921 and 1922,
W. L. Bragg, James and Bosanquet 3(1) made a series of absolute
determinations of the integrated reflection from rock salt, with the

primary object of determining experimentally the atomic scattering
factors of sodium and chlorine. The integrated reflections were
measured for 18 different orders, and from these the absolute values of
the structure factors |F| for these spectra were determined, assuming
formula (6.2) to be valid. When these structure factors were plotted

against sin 0, the points were found to lie on two smooth curves, one
for structure factors of the type fn + /Na , the other for those of type

/a -Aa- It was therefore possible to plot /n and/> a as functions of
sin by taking half the sum and half the difference of corresponding
ordinates of these two curves. For small values of sin 0, the curves for

/*n and/Na should have approached the limits 18 and 10, the number of
electrons in the ions of chlorine and sodium respectively, if we suppose
the atoms to be ionised in the crystal. Bragg, James and Bosanquet
found this to be true only in so far as the general order of magnitude
was concerned. For small values of sin 6 the curves for both chlorine

and sodium were considerably lower than would have been expected,
and tended to values more like 14 and 8. This discrepancy they
ascribed to extinction, and in their second paper

3(U)
they attempted to

correct for this by measuring directly the effective absorption coefficient

of the crystal at the reflecting angle.
With this object in view, they measured the absolute value of the

integrated reflection not from a crystal face, but from a slice of crystal
cut so that the reflecting planes were normal to its faces. The reflected

beam in this case passes through the crystal slice, and in Chapter II,

2(/0, we saw that if the crystal is a mosaic the integrated reflection is

given by
P-/'Q?-"", (6.18)

where /' *=/ sec 0, t being the thickness of the slice, and 9 the glancing
angle of reflection.

The integrated reflection was measured from a number of slices, cut
from the same crystal and differing in thickness. For very thin slices,

p should be proportional to t\ for very thick slices it should die away
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exponentially with increasing thickness, and it should have a maximum
value for /' = l//z. It is possible therefore to measure \L by determining
the value of /' corresponding to the maximum integrated reflection.

Now any radiation contributing to the reflection has passed through the

crystal slice at the reflecting angle, and if there is enhanced absorption
at that angle it should be possible to detect and to measure it by this

method. It is no use trying to determine the effective absorption from
the reduction in the intensity of the transmitted beam when the crystal

is set so as to reflect most strongly ; for the incident beam is always

slightly divergent, and not all of it passes through at the reflecting angle
when the crystal is in the position for maximum reflection.

Figure 103 shows curves obtained in this way from rock salt for the

200, 220, 400 and 600 spectra. The slices were prepared from the same

Idrge crystal, and were ground on a sheet of glass with water, in order

to avoid mechanical strain ; for it was found that rough grinding made
the crystal more imperfect, as indicated by the reflection curves, and so

(200)

(300)

(c)

Id)

FIG. 103. Integrated reflections measured through a slice of rock salt as a
function of the thickness of the slice for different spectra (Bragg, James and

Bosanquet)
(Phil.Mag., 42, 1(1921))

I'OQ)
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increased the integrated reflection. A weakness of the method is that

different slices have to be used, the mosaic structure of which is

not necessarily the same, even although all come from the same crystal.

An alternative method is to grind down the same crystal slice, taking
the reflection at different thicknesses ; but even here the structure may
differ at different depths, and may also be altered by the grinding. The

secondary extinction is, however, in any case an average property of

the crystal, and the points obtained from the different slices lie fairly

well on a smooth curve. A few points obtained from slices that had

been roughly ground are indicated by crosses in fig. 103, and are evi-

dently abnormal.

It will be seen from fig. 103 that the maximum of the curve falls at a

smaller value of / the greater the intensity of the spectrum. The more
intense the spectrum the greater therefore is the effective absorption
coefficient at the reflecting angle. The crosses in fig. 103 denoting the

values obtained from the roughly treated slices, which have a small

extinction, all lie well above the corresponding curves, but they lie

relatively much higher for 200 than for 400, which again illustrates the

fact that extinction is much more important for the stronger spectra.

That the curves of fig. 103 are very closely of the type indicated by

(5.18) is clearly shown when the results are plotted as in fig. 104,

v$ls

*

t */ i

FIG. 104. The logarithm of the integrated reflection measured through a slice

of rock salt as a function of the thickness (Bragg, James and Bosanquet)

(Phil. Mag., 42, 1 (1921))
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in which the ordinates are log,

thickness t. Equation (6,18) gives

and the abscissae the actual

= -/*/ sec 6 + const. (6.19)

The straightness of the lines in fig. 104 shows therefore that the variation

of p with /' is of the assumed type, and the slopes of the lines give the

values of
/LA, the effective absorption coefficients for the different reflec-

tions, if allowance is made for the factor sec 0. The difference between
the effective absorption coefficient ft, and the ordinary linear absorption
coefficient /i , we shall denote by e, and call the secondary extinction.

In Table VI. 4, the values of /^ and e for the particular specimen of
rock salt used in the experiments under discussion are shown. It may
be remarked that the extinction in this crystal is quite small, and that

the value of relative to /i is often considerably larger. Even so, the

absorption coefficient for 200 is increased by 30 per cent, by extinction.

TABLE VI. 4

Secondary extinction, c, for a specimen of rock salt. Rh Ka
radiation (W. L. Bragg, James and Bosanquet 3(II)

)

Normal linear absorption Coefficient /*<>
= 10 70.

The results given in Table VI. 4 indicate that, within the errors of

experiment, the extinction is proportional to the integrated reflection,
so that, empirically, the absorption coefficient /x is given by

(5.20)

k being constant for the crystal. It is evident, however, that this empiri-
cal result may be taken as supporting the expression deduced theoreti-

cally by Darwin,

where #2 is a constant for the crystal.

It will be clear from the discussion given in 1 (d) and 1 (/) of this

chapter that the method of Bragg, James and Bosanquet corrects only
for secondary extinction, and their results show that in the rock-salt

* The indices used here relate to the true face-centred unit cell of rock salt,
containing lour molecules of NaCI. Bragg, James and Bosanquet refer their indices
to a s nailer cell containing half a molecule of NaCI, and this accounts for the
apparent discrepancies between the indices used here and those given in the original
paper.
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crystals used by them there can have been little primary extinction.
There are probably few crystals for which this is true, and it must be
counted as a fortunate chance that rock salt should have been used in
these early experiments, since it allowed the one effect to be isolated.
When the measured values of the scattering factors were corrected

for extinction by using the results of these experiments, it was found
that they tended much more towards the expected values of 18 and 10
at small angles of scattering, although the actual limiting values could
not be determined, since the smallest value of sin at which the crystal
reflected the radiation used was about 0- 1 . In this early work, too, no
proper correction could be applied for temperature, but this has little

influence at the smaller angles of scattering. The curves obtained with
and without this correction for extinction are shown in fig. 105.

18

1.

03
S.n

FIG. 105. Measured /-curves for sodium and chlorine in rock salt, with
and without corrections for secondary extinction. Rh K radiation

(A =0-61 6A) was used in the observations (Bragg, James and Bosanquet, iW<f.)

The final result of these experiments was to show that the integrated
reflection from rock salt was well represented by a formula of the
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mosaic type, modified as in equation (6.11) to allow for secondary
extinction. We shall write the formula for the mosaic crystal

We have here dropped the suffix from g2 of equation (6.17), and shall

call g the secondary extinction coefficient.

Formula (5.22) gave physically likely values for the scattering factors

for chlorine and sodium, and led to an approximate count of the number
of electrons in these atoms. The observed integrated reflections were
in any case far too strong to be represented by a formula of the perfect

crystal type (6.3). The two crystals discussed here, rock salt and

aluminium, both give results in very good agreement with the mosaic

formula; but they must be taken as representing an extreme type, and
not as exemplifying a general rule. Most crystals show some primary
extinction, and some approach closely to the perfect type. So long as

a crystal shows only secondary extinction, it is possible to arrive at a

fairly reliable correction, but the existence of primary extinction as well

makes a reliable correction difficult, if not impossible.

(j) Other methods of estimating secondary extinction : It must be
remembered that the intensity formulae we are discussing were developed
primarily to be used as tools in the analysis of crystal structures. What
we wish to know are the absolute values of the structure factors, F,
for a number of spectra from the crystal, in order that these may be

compared with the values calculated from some assumed structure, or

used as coefficients in a Fourier series representing the periodic struc-

ture of the crystal. We may determine these structure factors from the

observed integrated reflections, if we know which formula to use, or

what corrections to apply for primary and secondary extinction.

If we can be sure that the crystal shows only secondary extinction it

may be possible to make some estimate of its amount, even if the

structure of the crystal is not exactly known. If, for example, symmetry
considerations tell us that for certain spectra all the atoms must be

scattering in phase, we can at once calculate the intensities to be

expected, using theoretical values of the scattering factors, and compare
these with the measured values. If p and p are the calculated and
measured values respectively of the integrated reflection for the same
spectrum, and if g is the secondary extinction coefficient, and if there

is no primary extinction, we may write

which leads at once to the equation

(6.23)
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We may then assume that g is the same for all spectra, and write the
corrected integrated reflection pcorr in terms of the observed reflection p
in the form

(6 -24)

Even if there are no planes for which the atoms scatter all in phase, it

is probable that some rather general considerations will give a clue to

the approximate structure factor for at least one set of planes. The
above calculation can then be carried out using this approximate
structure factor, and, if necessary, the extinction may be readjusted
when the structure is more accurately known. Devices of this kind are

very useful in practice, and examples of their application will be given
in the volume of this work devoted to methods.

There is another method which, in principle, will give the secondary
extinction coefficient by direct measurement, without there being any
need to destroy the crystal by grinding it ; and although it is not in

general very convenient in application, it is perhaps worth while to

describe it briefly, since it might be possible to develop it. Suppose
the absolute values of the integrated reflection for the same spectrum to

have been determined with two different wave-lengths, A1 and A2 . Let

P! and p2 Qi and Q2 , MI and ft2 , be the values of p, Q, and /n for these

two wave-lengths. The extinction coefficient g we assume to be constant
for the crystal, and so, if the extinction is entirely secondary,

If we can neglect the dispersion terms in the scattering factors of the

atoms of which the crystal is composed for both A
t and A2 , the ratio

Qi/Q2 is known, since F will then be the same for both wave-lengths.
The value of Qi/Q2 can therefore be calculated from known quantities.
This ratio and the equations (6.25) give in effect three equations to

determine Qlf Q2 , and g. Their solution for g is

g-,/*"
1

.> (6.26)
2(apa-pi)

where ,,_*.*.!.
Pa Ma Qi

Unfortunately equation (6.26) is in general rather ill-conditioned since a

never differs very greatly from unity, and the method is probably mainly
of theoretical interest, particularly as it also depends on the assumption
that there is no primary extinction. It was suggested by James and
Miss Firth,

5 who employed it to determine the secondary extinction in

rock salt, using rhodium and molybdenum radiations. The values they
obtained were actually in good agreement with those determined by
measuring the reflections through slices of different thickness.
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(k) Effects ofsimultaneous existence ofprimary and secondary extinc-

tion : The method of estimating secondary extinction described in VI,
1 (/), in which the variation of the integrated reflection taken through a

crystal slice is determined for different thicknesses of the slice, is found
to work well for some crystals but to break down completely for others.

As we have seen, the method corrects only for secondary extinction.

If primary extinction is present also, as it usually is in actual crystals,

Topaz f250)

&f -2 * ^ J w
Topaz

Tbp*z(32T'

0,1

Topaz (320)

FIG. 106. Integrated reflections measured through a slice of crystal as a
function of the thickness for rock salt and topaz (Bragg and West)

(Zeit.f. Krist
, 69, 118 (1928))

the arguments that lead to equation (6.19) do not apply, and we shall
not expect to get a straight line when log(p//') is plotted against t. This
point is well illustrated by some curves obtained from topaz by W. L.

Bragg and J. West,
8 which are shown in fig. 106, together with similar

curves obtained by them from rock salt. It will be seen that the curves
of log(p/*') against / are straight lines for rock salt, as the earlier work
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indicated; but the curves for topaz are concave upwards, and no
reliable estimate of extinction can be obtained from their slope. The
curves of p against t are also included in the figure. The full curves
indicate the values that should have been obtained in the absence of any
extinction, the circles are the experimental points. With topaz, the
maxima had not been reached with the thinnest slices that could be
cut. Topaz is a relatively perfect crystal, and shows considerable

primary extinction. When the surface of a thin slice is ground, we
may suppose the surface layers to be converted into a mosaic, the

primary extinction in the same regions being largely destroyed. At the
same time, the inner layers of the crystal slice remain undisturbed, and
retain their primary extinction. Thus, the thinner the slice, the greater
the fraction of its volume that shows only secondary extinction. No
constant, or even approximately constant, property of the crystal slice is

measured by experiments of this kind. The same subject was also in-

vestigated independently in some detail by Y. Sakisaka,
9 who used quartz.

(/) Artificial alteration of the state of perfection of crystals : It was
noticed by Bragg, James and Bosanquet

3(l) that the integrated reflection
from a freshly cleaved face of a rock-salt crystal could be greatly
increased by grinding the face on fairly coarse emery paper. In one
example, the intensity 200 was measured, directly after cleavage, for
two different orientations of the crystal face: (a) with the edge of the
block of crystal upon which the knife had been pressed in cleaving the

crystal parallel to the axis of the spectrometer, and (b) with the face
rotated in its own plane through a right angle from position (a). The
integrated reflections, in arbitrary units, were (a) 12-9 and (b) 25-4.
The cleavage face was then ground with coarse emery paper until a

layer about 1 mm. thick had been removed. After this treatment of
the face, the integrated reflections had risen to 100 for both (a) and (b),
and were not appreciably altered by further grinding of the face.

It was also found that the width of the reflection curve could some-
times be increased by grinding a crystal face roughly,* and that faces so

prepared always gave relatively high values for the integrated reflection.

It seems probable that freshly cleaved rock-salt faces exhibit considerable

extinction, probably mainly secondary, which is reduced as the degree
of parallelism of the optically independent domains in the neighbour-
hood of the surface is reduced ; but there is, no doubt, a certain amount
of primary extinction as well.

In a very interesting paper, Y. Sakisaka 10 examined in some detail
the effect of grinding the crystal face. He determined the reflection

curves from a number of crystals, using a double-crystal spectrometer,
in which the radiation incident on the crystal to be examined had been
made nearly parallel by a preliminary reflection from a very good crystal
of calcite. As a second reflector, he used in turn calcite, quartz, sodium

*Cf. also Wagner and Kulenkampff, Ann. d. Physik.. 68, 369 (1922).
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chlorate, sulphur, iron pyrites, and zincblende. In each case, the

reflection from the untouched face was first examined, and the crystal

was then ground with carborundum powder of increasing degrees of

coarseness, the reflection curve being taken at each stage. The area

beneath the reflection curve gave a measure of the integrated reflection.

In addition, by examining the distribution of intensity in the cross-

sections of the incident and reflected beams, he made an estimate of the

depth of the surface layer of the crystal contributing to the reflection.

If the intensity is uniform over the cross-section of the incident beam,
it will be uniform over that of the reflected beam only if the reflection

takes place from an indefinitely thin layer of the crystal. The greater
the depth of the crystal contributing to the reflection, the smaller will

be the region of the cross-section of the reflected beam over which the

intensity is uniform, as very elementary considerations will show.
Sakisaka found that the crystals he examined could be put roughly

into the following three classes: (1) The calcite class, for which the

width of the reflection curve was small, of the order of 20" at half-height
for good specimens, but increased when the crystal was ground, with a

simultaneous decrease in height, until the area under the curve was

perhaps doubled. The reflecting layer appeared to be very shallow, and
was increased, although not greatly, by the grinding. (2) The quartz
class, which included topaz and sodium chlorate, for which the reflecting

layer for the untouched face was shallow, and increased only slightly
when the crystal was ground. The reflection curve was still fairly

narrow, although wider than for good specimens of calcite. Grinding
the crystal at first increased the height of the reflection curve. Further

grinding with coarser abrasives then reduced the height, but increased

the width in still greater proportion, and so greatly increased the area.

(3) The sulphur class, including also pyrites and zincblende, in which the

width of the reflection curve varied greatly from crystal to crystal, but
was much wider for the untouched face than for the crystals of classes

(1) and (2). The effective layer was thick, the height of the reflection

curve was diminished by grinding, and the corresponding increase in

area was slight.

In discussing his results, Sakisaka classifies the state of perfection of
the crystal in the following way, which, although only approximate,
appears to be quite useful. There are two factors to be considered,
the first being the size of the perfect blocks or domains in the crystal,

corresponding to p in Darwin's formula (tf.4), the second, the distribu-

tion in orientation of the blocks, corresponding to G(w) in Darwin's
formula (6.8). Corresponding to the first of these factors, we may divide

crystals into two classes (a) and (b). In crystals of class (a) the indi-

vidual domains are large enough to exhibit a considerable amount of

primary extinction, in crystals of class (b) they are so small as to show
little primary extinction. Corresponding to the second factor, we may
again divide crystals into two classes, (a), in which the blocks are
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approximately parallel, so that the reflection will be much influenced

by secondary extinction, and (0), in which the blocks are rather irregu-
larly distributed, so that secondary extinction will not be very important.
By combining these factors, a rough classification of crystals into four

types according to their degree of perfection can be made. These types
are denoted by the symbols (a*), (48), (6) and (ft)3). Class (ax) would
have as its limit the ideally perfect crystal, class (6), the ideal mosaic.

In applying a classification of this kind it is necessary to remember
that the factors (a) and (b\ which are a measure of the degree of

primary extinction, might be differently assigned to the same crystal
specimen according to the wave-length used in examining it, and to the

spectrum examined
; for what really determines the primary extinction

is not the actual block size, which is proportional to /?, but pq, where q
is the fraction of the incident radiation reflected by a single plane.

Both the average size of the individual blocks and their relative

orientation will be altered by grinding the crystal face. Reduction in
the size of blocks that are large enough to show primary extinction will

increase the intensity reflected by the crystal at any given angle, and so
the height of the reflection curve. If the blocks are already so small
that they show little primary extinction, reduction in their size alone
will not increase the intensity reflected by the crystal. Grinding,
however, may be expected also to decrease the parallelism of the blocks,
and so to reduce secondary extinction. The peaks will be broadened,
and at the same time reduced in height, but the resultant effect will be
to increase the area under the curve if the bilocks were originally fairly

parallel, because of the reduction in secondary extinction. An initial

increase in the height of the reflection curves, such as Sakisaka observed
with quartz, must therefore be taken as indicating that the crystal
shows much primary extinction, and places it in class (a). The subse-

quent broadening of the curve, and the increase in its area when the

crystal was ground, shows that there was considerable secondary
extinction as well.

This type of examination of a crystal appears to have considerable

possibilities, but the examples quoted show what an essentially compli-
cated matter the question of crystal perfection is; for, throughout,
simplifying assumptions have been introduced. In practice it is not

possible to separate primary and secondary extinction as we have done
here, and there must be every gradation between the crystal types
discussed above.

In the experiments on the temperature factor of rock salt referred

to in Chapter V, 2 (a), James " found considerable permanent decrease
in the intensities of spectra of low orders from rock-salt crystals that

had been heated for some time at about 600 C. The intensity of the

spectrum 200, for example, in one case fell from 0-71 of the standard
to 0-50, after the crystal had been heated to 590 C., and rose only to

0-53 when the crystal had once more cooled to room temperature
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The greater part of the decrease was therefore permanent, and so coukl
not be ascribed to the thermal motion of the atoms in the lattice, which
would in any case give only a small effect for this particular spectrum.
It was almost certainly due to an increase in the primary extinction
caused by a recrystallisation of the mosaic at the high temperature.
That this explanation was the true one was confirmed by the observation
that the permanent decrease in intensity was much less for the spectrum
400, and nearly negligible for 600, although the decrease at high tem-
peratures due to thermal vibrations was quite large for these spectra.
In connection with the remarks made in 1 (g) of this chapter concerning
the difficulty of drawing any definite conclusions from the reflection
curve as to the state of perfection of the crystal, it is interesting to note
that the reflection curve of the crystal used in these experiments was not
perceptibly altered by the heating.
Some interesting effects due to thermal strain have been described by

Sakisaka and Sumoto,
12 who observed that the spots in Laue photo-

graphs obtained by transmission of X-rays through a plate of quartz
about 5-3 mm. thick, which had been polished on both faces, were all

double, the doubling being just such as would be expected if reflection
of the X-ray beam took place only in the two surface layers, the contri-
bution of the interior of the crystal plate being in comparison negligible.
Such an effect could be explained by assuming that the surface layers
had been distorted by the grinding and polishing of the slice of crystal,
and had become mosaic in structure, while the still perfect interior of
the plate showed large primary extinction. One of the photographs
obtained by Sakisaka and Sumoto is shown in Fig. 107 (a) (PI. IX). The
corresponding photograph in fig. 107(6) was obtained from the same
quartz plate when it was subjected to a thermal strain by setting up a
temperature gradient, at right angles to the direction of the incident

X-ray beam, of about 167C. per cm. It is evident that the whole
thickness of the plate is now contributing to the reflection. Unequal
expansion in different parts of the plate, produced by the temperature
gradient, has been enough to destroy the exact regularity in phase of
the radiation reflected from different parts of the crystal which is neces-

sary for high primary extinction. The spots became double once more
when the crystal was allowed to cool. With uniform heating of the
plate, the spots remained double, although they became more diffuse.

Nishikawa, Sakisaka and Sumoto 13 have carried out similar experi-
ments with quartz plates set into piezo-electric vibration. The plates
were perfect enough to show the double Laue spots described above
when not in vibration. The appearance of the spots was modified by
the vibration, and in some cases a number of intensity maxima and
minima developed between the original doublet, which could be ascribed
to the nodes and loops of stationary vibrations set up in the crystal.
The intensity of reflection from crystals may also be increased by a

purely mechanical strain. By applying intense pressure locally on one
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edge of a plate of quartz E. Fukushima 14 showed that the intensity of
reflection of an X-ray beam transmitted through the plate in the region
of maximum strain increased to 5 or 6 times its value for the unstrained
plate. Experiments of this type, and those employing strain due to
unequal heating, or to piezo-electric oscillations, give very direct proof
of the interdependence of the reflecting power of a crystal and the state
of perfection and regularity of its lattice, the more so in that the effects
are reversible, the reflecting power resuming its original value when the
strain is removed from the crystal.

2. QUANTITATIVE TESTS OF THE FORMULA FOR THE MOSAIC CRYSTAL

(a) Testsfrom comparison ofobserved and calculated structurefactors :

We have already seen in 1 (/) of this chapter that the early work of

Bragg, James and Bosanquet showed the reflecting power of a rock-salt

crystal to be represented fairly well, so far as general order of magnitude
was concerned, by the mosaic formula ((5.2). When this work was done,
it was not possible to allow for the temperature factor with any accuracy,
although a provisional allowance was in fact made, based on some
measurements by Sir W. H. Bragg.

2 Neither did any reliable means
then exist of estimating the atomic scattering factors of the atoms in
the crystal, so that no satisfactory quantitative test of the formula was
possible. In 1927, James and Miss Firth 5 redetermined the absolute
values of the integrated reflections for a number of spectra from the
same rock-salt crystal that had been used in the earlier work, using
essentially the same experimental method, with improved conditions
of steadiness of the X-ray beam. The intensities were measured both
at the temperature of the room, and at 86 abs., the temperature of

liquid air, so that experimental values of the temperature factor could
be obtained, which were found to agree fairly closely with those given
by the theoretical formula obtained in the way explained in 1 (m)
of Chapter V. From these measurements Waller and James 15 deduced
the separate temperature factors for the atoms of sodium and chlorine
in the rock-salt lattice by the method described in 2(c) of Chapter V.

In formula (6.2), the factor |F| is the structure factor of the crystal
unit, as defined in Chapter II, l(c) and \(e). If/! and/2 are the
atomic scattering factors of chlorine and sodium respectively, when the
atoms are at rest, and M x and M 2 are the values of the exponents in
the temperature factor for the two atoms at the temperature at which
the measurements are made, then

The positive sign applies to spectra whose indices, referred to the face-

centred cubic lattice, are all even, and the negative sign to spectra whose
indices are all odd.

By the time the measurements were completed, theoretical values for
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/! and /2, calculated by Hartree by his method of the self-consistent

field (Chapter III, 4(0)), were available, and a comparison between

the observed integrated reflections and those calculated from formula

(6.2) was possible. The curves in fig. 108, taken from a paper by James,
Waller and Hartree,

16 show the values of the structure factor (5.27)

plotted as a function of (sin 0)/A. The actual numbers given as abscissae

are values of \/A2 + k2 + /
2
, which is proportional to (sin 0)/A. Hartree's

values for/! and/2, and the values of M! and M 2 deduced by Waller and

James, based on the measured values of the integrated reflections, were

used in calculating F. As pointed out in Chapter V, 1(0), the

observed temperature factor gives only that part of M dependent on
the temperature. That part ofM dependent on any zero-point energy
the lattice may possess cannot be observed directly, although it can

easily be allowed for theoretically, as we saw in Chapter V, 2(c).

Actually, the method used by Waller and James to calculate the values

of M! and M 2 assumes the existence of zero-point energy, which is

therefore included in the comparison between theory and experiment.

2 4 6 8 10 IZ 14 \A* -f ** -H'-

FIG. 108. The curves show the values of the structure amplitude for the two
types of spectra from rock salt, calculated from the Hartree model, and
corrected to 86 abs, by^ using the observed temperature factor. The
abscissae are values ofVTPTk* + /. The existence of zero-point energy is

assumed in the calculation. The circles show the observed values at the
temperature of liquid air (86 abs.) (James, Waller and Hartree)

(Proc. Roy. 6'oc., A, 118, 334 (1928))
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The curves in fig. 108 were calculated for the temperature of liquid

air, 86 abs., and the experimental structure factors at the same

temperature were calculated from the observed values of the integrated
reflection p. On the assumption that the crystal reflects as a mosaic,
we have, from (6.2),

2sin0
'

p ' (<5 '28)

The value of /* was corrected for secondary extinction by putting

M^o+^Q* Mo being the ordinary absorption coefficient of the crystal

for molybdenum Ka radiation, which was used in these experiments.

Q has the value given in Chapter II, 2(c), and the value of g was taken

from the measurements of Bragg, James, and Bosanquet, described in

1 (/) of this chapter. The structure factors obtained in this way from
the observed values of p are shown by the circles in fig. 108. It will be

seen that they lie closely on the two curves. The points near the upper
curve refer to spectra with indices all even, for which the contributions

0*2 0-4 0-6 0-8

(Sin 0)/\ in A"'
7-4

Fio. 109. Theoretical /-curves for Cl- and Na+ calculated from the Hartree

model for the atom at rest. Circles represent values deduced from obser-

vation with allowance for zero-point energy; crosses, values deduced
without this allowance
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scattered by the two types of atom agree in phase, those near the lower
curve refer to spectra with indices all odd, for which the two contribu-
tions are always opposite in phase. It will be seen that there is on the

whole a very satisfactory agreement between the observed and calculated

values of |F|, and it should be emphasised that the agreement is absolute,
and that no point has been made to fit the theoretical curve.

To get agreement, it was necessary to assume the existence of zero-

point energy in the lattice. Had it been neglected, the calculated curves

would have fallen considerably above the observed points, and it is

interesting to bring this out in another way. In the original work,

emphasis was placed on using the observed values of p to calculate the

atomic scattering factors of sodium and chlorine, so as to test the values

of these calculated by the method of the self-consistent field. It is clear

that by taking half the sum and half the difference of the ordinates of
the two curves drawn through the observed points in fig. 108, experi-
mental values ofyie-

Ml
, and/2e~

M can be determined as functions of

(sin 0)/A. Using the measured values of M l and M 2 we may then

calculate the values of
| /t |

and
| /2 |

and compare them with Hartree's

values. From the observed curves, two values of the scattering factor

for the atom at rest may be calculated, according to whether the

existence of zero-point energy is assumed or not. In fig. 109, Hartree's

theoretical curves for Na+ and Cl~~ are given as functions of (sin 6)/X.

The circles indicate the values of the atomic scattering factors deduced
from the observations with allowance for zero-point energy, the crosses

the values deduced neglecting it. It is clear that the allowance for

zero-point energy is necessary if there is to be agreement between theory
and experiment, for the curves deduced when it is neglected differ from
the experimental curves by much more than the limits of experimental
error. The existence of zero-point energy is, of course, fundamental to

modern quantum mechanics, and this result is therefore very satisfac-

tory. Quite recently Brill, Grimm, Hermann, and Peters 17 have re-

peated the measurements for rock salt, using more sensitive methods of

measuring the ionisation, and have confirmed this agreement for spectra

up to (10, 10, 0). In correcting for extinction, and temperature, they
use the same data as were employed by James, Waller, and Hartree.

These results show clearly that the crystal of rock salt employed in

the experiments under discussion reflected very closely according to

the mosaic formula (6.2). Similar tests were made for crystals of

sylvine
18

(KC1), which have already been referred to in Chapter V,
2(b). Again a good agreement between the observed and calculated

values of |F| was obtained when allowance was made for zero-point
energy. The values obtained in these experiments have recently been
somewhat modified by Brindley and Ridley

19
without, however,

essentially altering the conclusion to be drawn from them, that sylvine
reflects as a mosaic.

The absolute integrated reflections and the temperature factors were
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measured for single crystals of aluminium by James, Brindley and

Wood.6 The values of the integrated reflection obtained from these

crystals at room temperature have already been quoted in Table VI. 3,

1(/0 of this chapter, and the agreement between them and the values

indicated by the mosaic formula has been pointed out. In fig. 110,

the group of curves A shows the /-curves for Al+l
, Al f2

, and Al* 3
,

calculated by Hartree's method. For all except very small values of

(sin 0)/A, these curves are so nearly alike that it is not possible to

reproduce them separately on the scale of the figure ; at small values

of (sin 0)/A, however, they differ appreciably, and approach the limits

12, 11 and 10, respectively, for (sin0)/A-0. The curve for Al"* 1

,

10

FIG. 1 10. Curves A,/-curves for A1+ 1

, Al
f2

, Al' 3 calculated from Hartree's

model for the atom at rest. Curves B and Care the /-curves appropriate
to the aluminium crystal at room temperature, calculated from the observed

temperature factor ; B, assuming zero-point energy, C, assuming no zero-

point energy. The circles show observed points obtained from a single

crystal of aluminium, and the triangles observations by Bearden from

powdered aluminium (James, Brindley and Wood)
(Proc. Roy. Soc. A, 125 401 (1929))
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corrected to a temperature of 290 abs. by means of the observed

temperature factor, with allowance for zero-point energy, is shown in

the same figure, curve B, curve C being the corresponding curve without
allowance for zero-point energy. The experimental values of the

/-factor, deduced from the observed values of the integrated reflections

by means of (5.28) are shown by the circles. For the higher values of

(sin 0)/A, the agreement, which is again absolute, is remarkably good,
although for the smaller values the observed points are low, owing to

the existence of secondary extinction, for which no allowance was made
in the absorption coefficient. The triangles in the same figure are from
an entirely different set of observations made by Bearden 20 at Chicago,
who used powdered crystals. These will be discussed later. The
curves of fig. 1 10 show that any attempt to determine the state of ionisa-

tion of the atoms in a crystal by means of measurements of the atomic

scattering factor is likely to fail, since, for reasons given in Chapter III,

4(e), the curves will differ appreciably only at angles for which no

spectra exist.

3. EXPERIMENTAL TESTS OF THE REFLECTION FORMULAE
FOR PERFECT CRYSTALS

(a) Introductory : The experimental work considered in the last

section showed that the observed integrated reflections from a number
of crystals agreed very closely with those to be expected if the crystal
had a mosaic structure. We must now consider other experiments,
which show that crystals also exist with reflecting properties very

nearly those which theory indicates should be characteristic of perfect

crystals. As in the theoretical treatment of the subject given in Chapter
II, we have here considered imperfect crystals before perfect ones,

partly because they were the first to be studied quantitatively with any
degree of thoroughness, but mainly because there are certain experi-
mental difficulties inherent in the investigation of perfect crystals which
had not to be considered in the case of mosaic crystals.

In discussing the earlier work it is necessary to bear in mind that it

was done before the distinction between the mosaic and the perfect

crystal had been clearly realised. Quite general considerations, based
on elementary optical laws, indicated that the diffraction maxima from

crystals should be exceedingly narrow, simply because of the very large
number of planes co-operating in the formation of a spectrum ; and
an elementary treatment, neglecting all multiple scattering, led to the
result that the reflected intensity should be proportional to the square
of the structure factor. The full theory had indeed already been worked
out by Darwin, and by Ewald, but their work was not generally appreci-
ated until more than ten years after its publication, partly because of its

very considerable difficulty, but mainly because it appeared during the
war of 1914-1918.
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In his Bakerian Lecture of 1915, W. H. Bragg-
1 noted that the inten-

sity of reflection of X-rays from calcite appeared to be proportional to
the first power of the structure factor rather than to its square, and some
earlier measurements by him on diamond 2 also pointed in the same
direction. In 1917, A. H. Compton 7 made the first absolute measure-
ments of the integrated reflections from rock salt and calcite, and found
the value for calcite to be much smaller than was to be expected from
formula (6.2\ which neglects all re-scattering the mosaic formula as
it is now called. Further measurements on diamond by W. H. Bragg
in 1921 M

again indicated clearly that the first power of the structure
factor determined the strength of the reflection. These measurements
were discussed by Ewald 23

in a paper that brought out clearly the

discrepancy between the rival formulae, and introduced the term
4

mosaic
'

for the ideally imperfect crystal. Largely as a result of
EwakTs paper, and at his suggestion, an informal conference took
place between a number of those interested in the subject, which had
the effect of removing many of the difficulties, and of showing clearly
for the first time that the two formulae were not in fact rival, but

complementary, each applying under appropriate conditions. The
results of the discussion were summarised by W. L. Bragg, Darwin and
James, in a paper published in the Philosophical Magazine in 1926.24

An essential point in the theory of reflection by a perfect crystal is

the very narrow range of angles of incidence over which it should
reflect a parallel beam of X-rays of homogeneous wave-length. Now
it is impossible in practice to produce either a strictly parallel or a

strictly homogeneous beam of X-rays. The divergence of the beam
alone would introduce no particular difficulties, for the crystal would
select from it rays incident at those angles at which its reflection coeffi-
cient was appreciable, and the angular width of the reflected beam would
give a measure of the angular width of the reflection curve of the

crystal. A correction for the width of the slit from which the incident
beam diverged would of course be necessary, but this would become
less important as the distance from the crystal at which observations
were made increased. Observations of this kind were made by
Ehrenberg and Mark,25 who allowed radiation from a narrow slit to
fall on a diamond, and measured the width of the reflected beam at a
distance of 10 metres from the crystal. They found the angular range
of reflection to be 5-5*, 13*2" and 39* for the spectra 1 1 1, 333 and 555

respectively, ranges certainly much smaller than any obtained with
mosaic crystals, but nevertheless greater than those predicted by Dar-
win's formula and, moreover, increasing with increasing order of
spectrum, that is to say, with decreasing structure factor, instead of

decreasing, as the theory requires.
As Ehrenberg and Mark themselves pointed out, this apparent dis-

crepancy may be ascribed mainly to the lack of homogeneity of the
incident radiation. A so-called monochromatic X-ray line has a



306 THE OPTICAL PRINCIPLES OF THE DIFFRACTION OF X-RAYS

spectral width of the order of 0-2 to 0-3 X-units, corresponding to a

range of angles of reflection considerably greater than the theoretical

angular width of the reflection curve of a perfect crystal for mono-
chromatic radiation. The dispersion due to lack of homogeneity of
the radiation therefore completely masks the divergence due to diffrac-

tion in experiments using direct reflection from a single crystal.
This difficulty may be largely overcome by the use of the double-

crystal spectrometer, in which the radiation is reflected in succession
from two crystal surfaces. Accurate study of reflection by perfect

crystals has been made possible by the development of this instrument,
and it will therefore be necessary in the succeeding paragraphs to deal

in some detail with its geometrical and optical properties.

(b) The principle of the double-crystal spectrometer ; The double-

crystal spectrometer is an ionisation spectrometer in which the incident

beam falling on the crystal under examination has first been reflected

from another crystal. The principle of employing a preliminary
reflection at a crystal surface to produce a monochromatic beam, and
to get rid of tTie continuous radiation always present in the direct rays
from the target of an X-ray tube, was employed independently by
A. H. Compton,

7

by Bragg, James and Bosanquet,
3(I) and by Wagner

and KulenkampfT,
28 in their measurements of absolute integrated

reflections. In 1921, Davis and Stempel
27 used it to study the widths

of the reflection curves from freshly cleaved calcite crystals, and ex-

amined some whose angular range of reflection was as small as 18".

These experiments were the first in which the value of the double-

crystal spectrometer as an instrument of high precision and high
resolving power became apparent; but it was not until some time later

that the true meaning of the reflection curves obtained with it, and their

relationship to the true reflection curve for monochromatic radiation

from a single crystal face, was properly understood. The different

properties of the two types of setting of the crystal for double reflection

were realised by Wagner and KulenkampfT,
26 who noted the absence of

dispersion in the parallel setting, which is one of the most important
properties of the instrument, and who also pointed out that the polarisa-
tion factors for double and single reflection differ. A fuller account of
the theory of double-reflection curves was given by Ehrenberg and
Mark,

25
Ehrenberg and v. Susich,

28 and by Davis and Purks.29 The
optical and geometrical principles of the instrument have been dealt
with in detail by Schwarzschild,

30
Spencer,

31
Laue,

32 and L. P. Smith. 33

Reference may be made to the detailed account of the theory given in

X-Rays in Theory and Experiment by A. H. Compton and S. K. Allison.
The shorter treatment given here, which, as will be evident, owes much
to the account given by these writers, deals only with such points as
have a more or less direct bearing on the topics discussed in this

chapter.
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Let us assume each crystal to reflect at a glancing angle in the same
order of spectrum, the incident ray to lie in a horizontal plane, and the

reflecting surfaces of the two crystals to lie in vertical planes. Then
there are two possible settings for double reflection. In one, illus-

trated by fig. lll(a), the outward-drawn normals to the two crystal
surfaces are inclined to one another at an angle 29; in the other,
illustrated by fig. Ill (b), they are inclined to one another at an angle

(&)The(l, I) setting

(b) The (I,- 1) setting

FIG. 111. Illustrating the two types of setting for the double-crystal
spectrometer

of 180. These two types of setting are often referred to as the (1,1),

and (1,-1) arrangements respectively, a convenient notation intro-

duced by Allison and Williams,
34 which may be extended to include

cases in which reflection does not take place in the same order of

spectrum from each crystal. If reflection takes place in the wth order

from the first crystal, A, and in the wth order from the second crystal,

B, the two settings are denoted by (m, n\ and (m, -n) respectively. If

m and n are not equal, the crystal surfaces are no longer parallel for

the (w,
-
n) setting, which cannot therefore be called the parallel setting,

as is customary when the order of reflection is the same for both

crystals. The essential difference between the two arrangements is that

in the (m, n) setting the incident ray PO, and the reflected ray from the

second crystal lie on the same side of the ray O1O2 passing between
the two crystals, while in the (m,

-
n) setting they lie on opposite sides

of O,O2 . In the cases that we shall consider, the two surfaces will

usually be parallel, and we shall frequently refer to the (1-1) setting
as the parallel arrangement. There are interesting differences between
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the optical properties of the two arrangements. From the point of
view of the present discussion, the important arrangement is the (1,

-
1),

or parallel setting, and we shall consider it first

(c) The parallel arrangement for the double-crystal spectrometer :

Suppose crystal A to remain fixed, with radiation incident on it at

such an angle as to give reflection, while crystal B can be rotated about
a vertical axis. We wish to know how the radiation reflected by B
depends on its angular setting. We take as a standard direction that
of a ray exactly horizontal, and incident on A at a glancing angle 6V
The value chosen for 61 is in principle immaterial, but it is better to
take it in the neighbourhood of the angle of maximum reflection from
the crystal A. To give precision to the discussion, it is advisable to
choose a definite angle, and we shall here take 6

l as being the modified

Bragg glancing angle of II, 3(c), corresponding to the middle of the

range of total reflection given by the Darwin theory, a convenient
direction of reference in discussions involving reflection by perfect

crystals.

FIG. 112

The standard ray, POj in fig. 112, is reflected along O^ by crystal

A, and falls on the crystal B. When B is in its zero position, its surface

is parallel to that of A, and the angle of incidence on it of the ray
OXO2 is also l9 so that if the crystal were ideally perfect, it too would
reflect at the middle of its diffraction pattern. The angle of displace-
ment of the crystal B from the zero, or parallel, setting, we denote by /J,

which is taken as positive when the direction of displacement is anti-

clockwise in fig. 112. The angle of incidence of the central ray O^
on B is then ^ ~& and unless j3 is very small there is no appreciable
reflection from B. In calculating the way in which the reflection varies

with there are two points to consider, the first, that the incident beam
can never be confined to a single direction, but must spread over a
finite range of angles ; the second, that the incident radiation cannot
be strictly homogeneous. For simplicity, we shall consider the two
points separately.
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We first assume the radiation to be strictly homogeneous, of wave-

length A, but suppose the rays of the incident beam coming from the
slit of the instrument to extend over a range of angles, including 8

lt

and large in comparison with the angular width of the range of reflection
of A, which will be only a few seconds of arc if A is perfect. In any
practical case, the range of angles of incidence is likely to be at least

one hundred times the range of reflection. Let MO^ fig. 112, be an
incident ray making an angle with PC^ in the horizontal plane.
This angle we call the horizontal divergence of the ray. In a real

incident beam, coming from a cathode spot of finite size, and passing
through a slit, there will also be rays diverging from the horizontal

plane. If < is the angle that such a ray makes with the horizontal

plane, it is easy to show that, so long as
<j>

is small, the glancing angle of
incidence is diminished by $<f>

2 tan 6. In practice, <f> can be kept so
small that this change may be neglected ; but it can in any case be
shown that in the parallel arrangement the reflection curve from the
second crystal, expressed as a function of ft is independent of the
vertical divergence. Accordingly we shall neglect it in what follows,
and consider only the horizontal divergence.

Let the power in that part of the incident radiation whose horizontal

divergence lies between and <*+</ be I ()</. The nature of the
function I will depend partly on the form of the slit, and partly on the
source of the radiation. Let the crystal A reflect a fraction RA (a) of
this radiation. The power reflected by the crystal A at angles lying
between ^-fa and X + + </ is therefore I (a) RA (a)*/a. When the

setting of the crystal B is ft this power is incident on it at angles lying
between Ol +oc-^ and X + a - + d*, and B therefore reflects a fraction
of it equal to RB (a~), RB being the reflection coefficient of the

crystal B. Both reflection coefficients are expressed as functions of
the difference between the actual angle of incidence and the standard

angle of incidence 0^
The total power, P(), reflected by the crystal B at the setting ft

when the horizontal divergence of the incident beam lies between the
limits 04 and a2 , is therefore

P(j8)= I (a)RA (a) RB (oc -)</<*. (6.29)
^

*\

In what follows, we shall assume the reflection coefficient R to be
the same function of the angle of reflection for each crystal. This
condition can be approached in practice by using corresponding por-
tions of two faces produced by one cleavage of a single crystal. The
assumption that RA = RB in this particular discussion involves, however,
the further assumption that the incident radiation is polarised so that
its electric vector lies either perpendicular to or parallel to the plane
containing the incident and reflected rays. In either case the electric

vector makes the same angle with the crystal surface at each reflection.
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The coefficient of reflection is, however, different for the two directions

of polarisation, and a beam that contains both directions of polarisation
will thereforeJhave a different coefficient of reflection from the two crys-

tals, since the weakening of the one component by the successive

reflections will be greater than that of the other. The discussion in

this paragraph therefore assumes the incident radiation to be polarised
in one or other of these two directions, but we shall extend it to include
the case of unpolarised radiation a little later.

The effective value of the function R is negligible unless the value of
its argument is nearly zero; for the diffraction maximum is very
narrow, and lies near 19 which has been taken as the zero of reference
for the reflection coefficient. The function I (a) varies relatively

slowly with a, and can be taken as constant over the range of a for which
R(a) is appreciable. It may therefore be taken outside the integral,
and the limits of integration may at the same time be extended to

infinity in either direction; for since the integrand has appreciable
values only over a very narrow range, the precise limits are unimportant,
so long as they include this range. With these simplifications, we may
therefore write

(6.30)
oo

By the same argument, the power incident on the crystal B may be
iM-oo

written I (a) R(a)da. We use this as a normalisation factor, and
J -co

write for the reflection coefficient at the angle ft of the second crystal
in the (1,

-
1) arrangement

R(a)R(a -ft)dx R(a) da. (6.31)
o / J oo

The denominator in (6.31) is the integrated reflection from crystalA for the direction of polarisation considered, and, with the assumption
we have made as to the equality of reflection coefficients of the two
crystals, from B also. It is therefore constant for the given pair of
crystals, and we may write

where k is constant. The reflection coefficient at any setting ft of the
crystal B is therefore determined by the integral of (6.32) with respect
to a, ft remaining constant.

The properties of this integral may conveniently be studied graphi-
cally. In fig. 113(0) the two curves R(), and R( -ft) are plotted as
functions of a for constant ft. The two curves are identical in shape,
but the curve R(<x -jS) is displaced relative to the curve R(a) through
a distance ft in the positive direction of a. The integrand of (5.32) for
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any given value of is equal to the product of the ordinates of the two

curves, for example, EG and FG, for that value of . If a series of
these products is plotted against the corresponding values of a, the

area under the curve is the value of the integral in (6.32). It is at once

oc

FIG. 113

plain that the value of the integral becomes inappreciable when j3 is so

large that the peaks of the two curves do not overlap, and is a maximum
when -0, and the crystal faces are parallel, for the two curves then

coincide. The maximum reflection coefficient, R 2 (0), is then given by

r-f-oo / f+ oo

R2 (0) = {R(oc)}
2
rfa

/J 00 / J 00

R(a)</a (633)

Suppose the reflected radiation from crystal B at a given setting )3 is

allowed to fall into an ionisation chamber with slits wide enough to

receive the whole reflected beam. The ionisation will then be propor-
tional to the reflection coefficient R2 03), and by measuring it for suc-

cessive settings of the crystal we can map out the reflection curve.

It is necessary to be able both to move the crystal B by fractions of a

second of arc at a time, and to measure the movement with accuracy ;

for it is plain that the width of the reflection curve R2() must be of the

same general magnitude as that of the diffraction curves R(a) from
either crystal. The exact relationship between the two will depend on
the form of the function R(a), and no general rule can be given. We
shall consider a few special cases later.

According to Darwin's theory for a perfect crystal without absorption,
reflection should be total over a range of angles of the order of some

seconds, and the curve of R(a) should have a flat top. No trace of

this flat top will appear in the reflection curve R 2 03). This curve has

a maximum when J8=0, and the curves of R(a) and R(a-/3) in fig.

1 13 (a) coincide. For any other value of the curves do not coincide,

and the value ofthe integral must be reduced. Moreover, the maximum
reflection coefficient, (6.33), determined by direct integration from
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Darwin's formula, is 4/5, and not unity. Direct evidence of total

reflection cannot therefore be obtained with the double-crystal spectro-

meter.

A consideration of fig. 113 (a) shows that the reflection curve Ra(/0
is symmetrical about its maximum ordinate at =0, so that

RgOO^^C-^). The overlap of the two curves is evidently exactly

the same whether we displace one curve relative to the other by +0
or -/J from the position in which they coincide; and this is true

however unsymmetrical the reflection curve for the individual crystals.

According to Prins's theory, the reflection curve for an absorbing

perfect crystal is not symmetrical (see fig. 27, p. 65), but it is not

possible to test this asymmetry directly by means of the double-crystal

spectrometer. Laue 32 has shown that the shape of the reflection

curve R(),can be determined from that of the double-reflection curve

R2 (j8) only if it is known that R() is itself symmetrical. As theory
indicates that it probably is not, the best that can be done in the way of

checking theory by experiment from the shape of the experimental
curves is to assume some definite form for R(a), calculate the corres-

ponding curve for R 2 03), and compare it with observation.

(d) Absence of dispersion in the parallel arrangement : It will now be

shown that the (1,- 1) arrangement has the very important property
of giving the same reflection curve R 2 (j) for all wave-lengths, provided
that the reflection curve R() can be taken as independent of the wave-

length, which, although not true in general, is very nearly indeed true for

such closely neighbouring wave-lengths as those constituting a single

characteristic line. Suppose the incident beam to consist of radiation

of two separate wave-lengths, Xl and A2, and let 6l and l + A6 be the

glancing angles of incidence corresponding to the middles of the

diffraction patterns for these two wave-lengths. The angle J0 is sup-

posed to be much smaller than the divergence of the incident beam,
so that both wave-lengths will be reflected by the crystal A ; and, if B
is parallel to A, any rays reflected by A will fall at the same angles of

incidence on B, and will be reflected by it also. As the crystal B is

rotated it reflects simultaneously, at corresponding angles, for the two

wave-lengths, and if the slit of the ionisation chamber is wide enough
to take in both reflected beams, the curve giving R2 (/ty as a function of

ft, the setting of crystal B, will have the same shape as that for mono-
chromatic radiation ; and this will evidently also be true if the incident

radiation consists of a continuous band of wave-lengths.

Formally, this result may be expressed as follows. Let AQ be the

wave-length corresponding to the maximum intensity of the line, and
let J(A -

\))d\ be proportional to the intensity included in wave-lengths
lying between A and A+JA. J is thus the distribution function of

intensity in the line, and has appreciable values only over a very small

range of wave-lengths in the neighbourhood of A .
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Let the ray PQOl9 fig. 114, making a glancing angle O
l with the face

of crystal A, be the direction of incidence corresponding to the maxi-
mum of the reflection curve, or, for precision, to the modified Bragg
angle, for wave-length X$. PiOj,
the corresponding direction for

wave-length A, makes an angle

r + A6l with the crystal surface,

where A 9
l
= (A

-
AO) dO/dX, dO/dX

being the variation of angle of

reflection with wave-length cal-
, ,,,

culated according to Bragg's law. [
'

I

Consider now radiation of wave- A
length A, incident along POls

FJG. 114

fig. 114, which makes an angle
B
l + a with the face of crystal A. The argument of the function R for

reflection from crystal A for this ray will be a - A6
l9 instead of a, as it

would be for wave-length A
, and the power reflected by the second

crystal in wave-lengths lying between A and A + dX will be

(<5.34)

G(a) is here a geometrical factor depending on the distribution of

intensity in the incident beam, which may be taken as independent of

the wave-length, and
IJG(a)J(A

-
AO) d*dX gives the total power in the

incident beam. The power reflected by the crystal B is obtained by
integrating the expression (6.34) over the whole range of A and a. In

the integration over a, A0l is constant, and, so long as we may take the

limits of integration as plus and minus infinity, the reduction of a by a

constant value in the integrand makes no difference to the value of the

integral. We may therefore write for P(), the power reflected by the

crystal B,

f-foo f+oo

(6.35)

(6.35a)

where k' is a constant for given conditions of working. As before,
we have assumed G(a) to vary so slowly with a that it may be taken as
constant over the range of for which R(a) is appreciable.

This expression, considered as a function of , has exactly the same
form as (6.30), which was deduced for a single incident wave-length.
In the parallel arrangement, the dispersion is therefore zero, and the

finite spectral range of the wave-length employed does not in any way
affect the reflection curve. This makes the arrangement of very great
value for studying the widths of the reflection curves from crystals, but



314 THE OPTICAL PRINCIPLES OF THE DIFFRACTION OF X-RAYS

useless for studying the structure of spectral lines. For this purpose,

however, the (1,1) arrangement may be used.

(e) The reflection curve and the dispersion in the (1,1) arrangement of
the double-crystal spectrometer : Although the experimental results

that we shall discuss later were obtained with the crystals in the (1,
-

1)

arrangement, it is convenient at this point to give briefly, by way of

contrast, the properties of the (1, 1) arrangement. Let the crystals be

set so that the angle between them is 2^. A ray reflected at 6l by
crystal A will then also be reflected at Ol by crystal B. Consider,

however, a ray incident on A at O
l + a. Its angle of incidence on B

will now be O
l
-

a, instead of also being X + a, as in the parallel position,
and the ray will not now necessarily be reflected from the second crystal.
This is really the essential difference between the two arrangements.
If the second crystal is turned through an angle ft from its zero setting,
in which it makes an angle 2^ with the first crystal, the angle of inci-

dence becomes Ol
- a + )3. For monochromatic radiation, the expression

for P'(0), the power reflected by crystal B at the setting jS, is therefore

P'03) =I (a)R(a)R03 -
)</, (6.36)

J 00

an equation whose derivation follows exactly the lines of that ofequation
(6.30) for the parallel arrangement.
The argument of the function R in the second factor of the inte-

grand of (6.36) is ft
-
a, instead of a - 0, as in (d.30), and this introduces

an essential difference. As before, suppose the curves R(a) and

R(/?-a) to be plotted as functions of a (fig. 113(6)). The curve for

R(0-a) cannot be obtained by simple displacement of that for R(a),
but is its mirror image about the line a=i/2. As may be seen from

fig. 1 13(6), if the curve R(a) is symmetrical, so is the curve P'(X which
does not then differ from the curve obtained in the parallel arrangement ;

but if the curve R(a) is unsymmetrical, its overlap with its mirror image
R( -

a) is different when j8 has equal positive and negative values, and
so the reflection curve from the second crystal, expressed as a function
of ft, must also be unsymmetrical. Unfortunately, however, the asym-
metry of the curve R(a) predicted by Prins cannot be tested in this way,
because of the dispersion in the (1, 1) setting, which we shall now
consider briefly.

Suppose radiation of two wave-lengths AJ and A2 to fall on crystal A,
and let B

l be the angle of incidence corresponding to a reflection

maximum for A
lf and ^ + AO the analogous angle for A2 . If the angle

between the two crystals is 20t the second crystal will also reflect A
a at

the maximum
; but the radiation of wave-length A

2 reflected as a maxi-
mum from crystal A at an angle Ol +A0 falls at an angle 1

- A8 on
crystal B, and will not be reflected by it until it has been turned through
an angle 2AO. If the wave-lengths Ax and A2 are present as two separate
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lines, such for example as the Ka^ and Ka2 lines, a peak on the reflection

curve will be obtained for each, and the apparatus acts as a spectro-

scope with a dispersion double that given by reflection from a single

crystal. The reflection curves R2 (j8) given by the individual lines will

be broadened, owing to the finite spectral width of each, and the range
of reflection due to this cause is in general considerably greater than the
width of the monochromatic reflection curve from a good crystal.
This method has been much used in studying the widths and fine

structure of X-ray lines. Reference may be made to the book of

Compton and Allison for an account of work of this kind, which lies

outside the scope of the present discussion.

(/) The effect of polarisation of the incident radiation on the double-

reflection curve : We return now to the parallel arrangement. The
expressions (6.31) and (6.32) for the reflection coefficient R2 (j8) apply
when the radiation incident on crystal A is polarised with its electric

vector either perpendicular to or parallel to the plane containing the

incident and reflected rays. We shall denote these two types of

polarisation by the symbols o- and n respectively. The reflection

coefficient R has different forms for the two cases, which will be denoted

by Ra and R,,.

The intensity of a beam of unpolarised radiation may be considered

as the sum of two equal parts due to independent components in the

two directions of polarisation. For unpolarised incident radiation,

therefore, (6.30) and (6.31) become

1-4-00

= iI () {Ra()R.(-/S) + Rw()R 1,(a-/J)}fa, (6.37)
J 00

f

C

{R<7 (a)

and R2 (/J)
= -

^

- .
(tf.38)

J o

For a perfect crystal with appreciable absorption, such as is considered
in the Prins theory, the relation between Ra and Rw depends in a rather

complicated way on the glancing angle 6, and no simple evaluation of

the integrals in the above expression is possible, although they can of

course be evaluated numerically for any special case.

For a perfect crystal with negligible absorption, Darwin's theory,
considered in II, 3(e) and 3(/), shows that the curve of Ra(),

plotted as a function of a, has the same shape as the curve of R,(a),
but that its angular breadth is everywhere greater in the ratio 1 : |cos 20 |,

where is the Bragg reflection angle. The areas under the curves are

therefore in the same ratio, and the denominator in (6.38) may be
1*4-00

written in the form (1 -f cos 20 ) Ra()rfa. When j8*=0, the
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numerator takes the form (1 +|cos20 |)
I {Ra (a)}

2
rf, so that, in

J -00

this special case, the reflection coefficient is independent of the state

of polarisation, and has the value given in (6.33) which, as we have

already stated, is 4/5 for the Darwin curve.

When Ra and R^ have the Darwin form, the reflection curves from
the second crystal for the two standard states of polarisation have the

same shape, but R;(0) is narrower than R%(f$) in the ratio |cos 20 |

: 1.

This may be seen from a consideration of fig. 113(0); for if the two
R-curves are narrower for the state of polarisation TT than for the state

of polarisation a in the ratio |cos 20 |

: 1, they will overlap for the same
fraction of their breadth in the two cases for values of ft that are in the

same ratio.

(g) Integrated reflections from the double-crystal spectrometer : We
shall now consider how the area of the double-reflection curve, that is

to say the integral of R 2 (j3) with respect to ft, is related to the integrated
reflection from the single crystal.

Suppose equation (6.38) to be integrated with respect to ft between
the limits plus and minus infinity. Then it is easy to see that for
either integral in the numerator

R(a)R(a-)rfarf =
j| R(a)rfaj

2

; (6.39)

for we may put a -/?=< in the integration with respect to 0, and
dp = -d<f>, since a is constant. The integral with respect to < is thus
identical with that with respect to a, so that (6.39) follows at once. We
may therefore write

(6.40)

where pa=Ra()rf, and pff
-Rw()</, (6.41)

the integrated reflections from the single crystal face for radiation

having the two standard directions of polarisation. The integrated
reflection for unpolarised radiation is %(pa + pw). For Darwin's for-
mula (6.40) may be simplified. In this case, />

=
|cos 20

| />a, so that

0o 2(1

where pD is the integrated reflection for unpolarised radiation as given
by equation (2.84) of II, 3(/). From equation (6.42), PD could be
calculated from the area of the reflection curve. If Prins's form of
the reflection coefficient is used it is not possible to express the integrated
reflection so simply in terms of the area of the reflection curve. There
is, however, no difference in principle. The integrals (6.41) must be
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evaluated numerically from the expression given in equation (2.90)
of II, 3(/i), to obtain the ratio between R

ff and R
ff for any desired

glancing angle.
The ordinates of the R2 (j8) curve are equal to the ionisation produced

in the chamber for each setting of B, divided by the ionisation pro-
duced when the whole beam reflected from A is allowed to enter the
ionisation chamber directly, crystal B being removed. The abscissae
of the curve are to be measured in radians, and the area of the curve
then gives the integrated reflection, uncorrected for polarisation, in

absolute measure. In comparing theory with experiment, it will usually
be more convenient to take the normalised area of the reflection curve
as the measured integrated reflection, and to calculate the value of
this from the assumed forms of the diffraction curves than to try
to deduce the integrated reflection for unpolarised radiation from the
observed curve.

(h) The relation between the widths of the double-reflection and single-

reflection curves : To conclude the discussion of the theory of the

double-crystal spectrometer, we must consider how the width at half-

maximum, of the observed reflection curve R2 (0), which we shall

OJC

(C)

(d) to

FIG. 115. The relation between the single- and double-reflection curves for

different assumed forms of the single-reflection curve
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denote by ws , is related to the corresponding width, u>c , of the reflection

curve R(a) for the single crystal. No general rule can be given, since

the relationship between the two widths depends on the particular

form of the curve R(a). It can, however, be stated that wa is never

less* than vvc . It is always of the same order of magnitude, but usually
30 or 40 per cent, greater. We may illustrate this by taking a few

special cases. Consider first of all two idealised reflection curves,

corresponding to nothing that actually occurs in nature, but neverthe-

less instructive. In fig. 1 1 5 (a), the crystal is assumed to reflect perfectly
over a certain range, and not at all outside it. The reflection curve
R2() is then an isosceles triangle, its width at half-maximum is equal
to the range of perfect reflection, and the maximum reflection coefficient

R2 (0) is in this one case unity. In fig. 115(6) the reflection curve is

assumed to be a triangle with one side vertical, in order to illustrate

in a simple way how a very unsymmetrical curve for R(a) gives rise to

a symmetrical curve for R 2 ()S). In this case, wg
= l-39wc , and R 2 {0)

=
2/3. In fig. 115(c), the curve R(a) is assumed to be a Darwin curve

for radiation polarised in one of the standard directions. Here,
wa

= l-40 times the range of total reflection, or l-32wc ,
wc being the

width at half-maximum of the Darwin curve, which is 1-06 times the

range of perfect reflection. For unpolarised radiation, these results

would, of course, be somewhat modified, since the widths of the curves

for the two standard components differ. Finally, in fig. l\5(d), the

curve R(a) is a Gaussian error-curve, and ws
= \/2wc

= l-41wc , and

R2 (0)
= 1/V2, or 0-707.

(/) The diamond as a perfect crystal : Of all known crystals, the

diamond, because of its hardness, and its flawlessness in good specimens,
seems to be the most likely to approach perfection of structure; and
it was one of the first to be investigated. Experiment shows that good
diamonds do in fact reflect X-rays very nearly as perfect crystals should,

although no thorough investigation of absolute intensities has so far

been made, mainly because the material has usually been available only
in the form of small crystals of irregular shape. Reference has already
been made in 3 (a) of this chapter to the experiments of W. H. Bragg,

2 - 22

who found the intensity of reflection from diamond to be proportional
to the structure factor, and not to its square; and also to those of

Ehrenberg and Mark,
25 who measured directly the widths of the

reflection curves from diamond, and found them to be of the order of
seconds of arc.

In 1928, Ehrenberg, Ewald, and Mark 35
published the results of

measurements of the widths of the reflection curves and of the integrated
reflections from diamond, made with the double-crystal spectrometer
in the parallel position. Using molybdenum Ka radiation, they found
the width at half-maximum of the double-reflection curve R 2 03) to be
about 4" for the spectrum 1 1 1, and deduced the value 2-8' for the width
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of the single-reflection curve R(), on the assumption that both R 2 (0)
and R(a) are error functions. This value they compare with a theoreti-

cal value 4-1", in the calculation of which, however, they make no allow-

ance for the decrease in scattering power of the carbon atom with

increasing angle of scattering. Allowance for this decreases the range
of total reflection given by the Darwin theory, which should apply
fairly closely to this case, to about 1-8*. It is plain that the crystal
used in these experiments was fairly perfect, so far as can be judged
from the widths of the reflection curves.

The same workers also made measurements of the relative values of
the integrated reflections for a number of spectra from diamond, and
compared them with the values to be expected from Darwin's formula

(tf.3), which may conveniently be written in the form

|
cot 0, for 0<45; p

=
k\F\ tan 0, for 0>45,

k being a constant for a given crystal and wave-length, and F the

structure factor for the spectrum considered. This may be represented

graphically in the way shown in fig. 116. The ordinates are values of
the integrated reflection. The origin lies at cot = tan = 1 (0

= 45);
to the right of the origin, the abscissae represent increasing values of
cot 0, to the left, increasing values of tan 0. The angle of reflection

therefore increases from right to left. If the structure factor were the

same for all spectra, the graph would consist of two straight lines of

equal and opposite inclinations, intersecting at cot 0= tan = 1. The
cotangent line prolonged would intersect the tangent axis at tan = 2.

and vice versa.

Two types of spectra occur for the diamond lattice. If the indices

hkl of the spectrum are all even, F 8/, unless A/2, k/2 9 1/2 are all odd,

in which case F vanishes;* if all the indices are odd, F =
4>/2/. The

unit cell contains 8 carbon atoms, each of scattering factor /. If /
were constant, the integrated reflections from diamond, plotted in the

way just described, should therefore lie on two pairs of straight lines,

and the slopes of the lines for the spectra of even indices should be

>/2 times those for the spectra of odd indices.

Ehrenberg, Ewald. and Mark found that the observed intensities

could be arranged fairly well on two lines with the right relative slopes,
but that the absolute slopes were quite different for 0<45 and 0>45,
the slopes for 0<45 being very much the greater. They were thus

unable to decide definitely whether the intensities were proportional to

|F| or to |F|
2
, although an estimate of the absolute intensity for 111

clearly indicated proportionality to |F|. They themselves suggested
that the discrepancy of slope was due to neglect of the variation with

angle of scattering of the atomic scattering factor of carbon.

* This assumes the atoms to be spherically symmetrical. Actually, a weak but
quite deBnite 222 spectrum occurs, which should be absent according to the rule

given.
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This point was later tested by Brindley,*' who used some theoretical

values of the /-factor for carbon given by James and Brindley, which,
although probably not of great accuracy, give well enough the order of

5 -t 1

Ton ft/** 4$ V C>jto ft

FIG. 116. Comparison of the observed integrated reflections from diamond
with the perfect crystal formula (Brindley)

(Proc. Hoy. 6'oc., A, 140, 301 (1933))

the effect, and should be fairly reliable for large values of (sin
The results of Brindley's calculations are given in fig. 116, which is

taken from his paper. The curves show the theoretical variation of
the intensity with allowance for /, the different curves being drawn
for different values of the proportionality factor k. The triangles

correspond to intensities of spectra with even indices, the crosses to

those of odd indices multiplied by >/2. It will be seen that this multi-

plication brings the points of both types more or less on to a single

line, indicating at least approximate proportionality of the intensity

to the first power of |F|. There is a rough general agreement between

theory and experiment, although there appears to be quite a systematic

divergence, which may be partly due to incorrect allowance for the

shape of the crystal, and partly due to the fact that unpolarised radiation
seems to have been assumed in the calculations, although, as we saw
in VI, 3(/), the radiation incident on the second crystal is partly
polarised by reflection at the first. A rough allowance for this effect

does not, however, improve the agreement between theory and experi-
ment.

The effect of the state of perfection of the crystal on the intensity of
reflection is well illustrated by some interesting experiments made by
Renninger,

37 with a view to measuring the structure factor of the
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'forbidden' reflection 222 from diamond, which should be absent if

the carbon atoms in the diamond lattice are spherically symmetrical.
The existence of this spectrum was first shown by W. HL Bragg in

192 1,
22 since when it has been confirmed by a number of observers.

The spectrum must have its origin in the binding electrons which will

presumably give rise to concentrations of electron density on the lines

joining neighbouring carbon atoms. A calculation on the principles
of wave-mechanics of the intensity of reflection to be expected has

been made by Ewald and Honl,
38 who give a value for F(222) of about

0-27.

Renninger measured the reflection 222 from octahedral faces of a

number of diamonds of varying degrees of perfection, finding a very

FIG. 117. Illustrating Renninger's method of determining the value of |F|
for the 222 spectrum from diamond

considerable variation in intensity. The crystal that appeared most

imperfect externally gave a 222 reflection about six times as strong as

the one that appeared to be most perfect. He was, however, able to

find the structure factor within fairly close limits by an ingenious device.

In fig. IP, the abscissae represent assumed values of F(222), the

ordinates, integrated reflections. Curve A gives the integrated reflec-

tion as a function of the structure factor on the assumption that the

crystal has a mosaic structure; for curve B, a perfect crystal, reflecting
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according to Darwin's formula, is assumed. The points representing
the observed integrated reflections must lie somewhere between these
two curves. The horizontal lines D l9 D4 , D5 , are drawn at heights
corresponding to the observed reflections from three specimens of
diamond. Of these, D6 was very perfect, and it could be reasonably
assumed that it reflected nearly as an ideal crystal. The point P where
the horizontal line D5 cuts the lower curve could thus be taken as

corresponding very closely to this particular reflection, and gives an

upper limit to the structure factor F(222). Similarly, it could be as-

sumed that the crystal D4 , which was outwardly imperfect, and gave a

high reflection, reflected nearly as a mosaic, and this gives a lower
limit to the structure factor, corresponding to the point Q where the
curve A is cut by the line D4 . The two extreme values of F are 2-6
and 2-1, giving a probable value some ten times as great as that cal-

culated theoretically by Ewald and Honl.*
This method is very interesting, and appears to be capable of ex-

tension, although a condition for its applicability is that material of

varying degrees of perfection should be available. The limits between
which the structure factor may lie will also be much widened if there is

very much secondary extinction.

The most recent measurements of the intensity of reflection from
diamonds are those of Brill, Grimm, Hermann and Peters,

17 but these
were directed mainly to determining the experimental values of the
atomic scattering factor for carbon in the diamond crystal, and not to
the investigation of the state of perfection of the crystal.

(jf) Tests of (he Darwin-Prins formula : Many investigators, the
earliest of whom were Davis and Stempel,

27 have shown by means of
the double-crystal spectrometer that certain crystals, among them some
specimens of calcite, reflect over a range of angles so small as to be
of the order predicted by Darwin's theory of reflection by perfect
crystals. In this section we shall consider some quantitative tests of
the reflection formula for large perfect crystals made with material of
this type. Careful measurements have been made by several workers,
notably by Allison,

40 and by Parratt,
41 in the United States, and by

Renninger
39 in Germany. The observations were as a rule made using

as the two reflectors the corresponding surfaces of a freshly cleaved
crystal, so that the reflection coefficient R(a) could be considered as
the same for each. The experimental part of the work consisted in

measuring the double-reflection curve R 2 ()9) (equation (631) of VI,
3(c)), with the crystals in the parallel setting. The normalising

factor in the denominator of equation (<J.31) is the integrated reflection
from the first crystal, which is measured by removing the second
crystal and allowing the whole beam reflected from the first crystal to
enter the ionisation chamber for a measured time. As we have already

*
See, however, note on p. 339, at end of chapter.
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seen in VI, 3(c), it is not possible to deduce the form and width of

the reflection curve R(a) from the double-reflection curve. The best

that can be done is to assume a form for the reflection curve R(a), to

calculate from it the corresponding double reflection curve R2 (), and
then to compare this with the observed-curve. Again, the observed

integrated reflection from the second crystal may be obtained from the

area of the curve R2 (jS), and this may be compared with that to be

expected from the theoretical form of the curve R(a).
The theoretical formula to be tested in this work is Prins's modifi-

cation of the Darwin formula, equation (2.90) or (2.91) of Chapter II,

which takes into account absorption of the radiation in the perfect

crystal; for the assumption of negligible absorption underlying
Darwin's original formula (2.84), or (6.2), is not justifiable with the

crystals and radiations used in these experiments. In equation (2.91),

the form of the expression we shall use, 77 is the parameter determining
the angle of incidence. The reflection coefficient R(^), which is the

same as R(a) except that it is expressed in terms of the parameter ij,

is the square of the modulus of the complex expression on the right-

hand side of equation (2.9 1). If is the angle of incidence expressed

in radians, the integrated reflection is
|R (17)1/0, where the integration

extends over the range of angles within which R (rj) is appreciable, in

practice a range so small that the quantities A and B in the integrand,
which strictly depend on 0, may be taken as constants with the values

corresponding to the Bragg angle . The parameter rj is proportional
to the deviation of the actual angle of incidence from that corresponding
to the middle of the Darwin reflection curve, and it expresses this

deviation as a multiple of the half-width of the range of total reflection

given by Darwin's theory. This is equal to yS sec cosec , where
1
- S is the real part of the refractive index of the crystal for the radiation

concerned and y = PF (20 )/F (0), P being a polarisation factor depending
on the state of polarisation of the incident radiation, F(20 ) the structure

factor of the crystal unit for the reflection concerned, and F(0) the

structure factor for zero angle of scattering. We can therefore write

for the integrated reflection, p,

(tf.43)

The ambiguity of sign is determined by the consideration that the value

of the integrand cannot exceed unity. It is easy to verify that this

expression reduces to the Darwin formula (2.84) if B and J3 are zero,

corresponding to negligible absorption of radiation in the crystal. The

integral in equation (tf.43) must be evaluated numerically or graphi-
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cally, and the calculation involves determining the modulus in the

integrand for a number of values of T?, a somewhat tedious process.

In order to perform the calculations it is necessary to make numerical

estimates of the values of the quantities A, B, and 0, occurring in the

expression for R (-?) a d w^ shall now consider how this may be done.

From equations (2.89a) and (2.89b) of Chapter II,

If q and qQ are real, as in the Darwin theory, qlqQ = PF(20 )/F(0) ; but

the essence of Prins's method of allowing for absorption is the assump-
tion of a complex scattering factor, so this expression must be modified.

Suppose for the moment that the unit cell contains only one atom.

Then we can write

A + fB
pf(20 )+if"(20 )

8+/ /'(o)+/r(o)
^ '

where f and /*" are the real and imaginary parts respectively of the

scattering factor of the atom, as in equation (4.6) of Chapter IV. As
we have seen in Chapter IV, the ratio of the real to the imaginary part
of the scattering factor varies widely for the different electrons in the

atom, and so we must consider each separately. If A S + /B S is the

contribution to A + fB of the electron s in an atom containing more
than one electron,

where C8 (26) =f,"'(20)/fs
'

'(26), and is the tangent of the angle of phase

change of the radiation when it is scattered through an angle 26 by the

electron s. Assuming this phase change to be the same for all angles
of scattering for the same electron group, which no doubt is not strictly

true, we can write for the whole atom,

A + IB =P2TW< 8- + /&) (6.47)
s J 8 (y)

If the frequency of the incident radiation is greater than that of any
atomic absorption edge, the absorption, which is proportional to 0,

will be mainly due to the K electrons. For these, to a fairly good
approximation, we may take /K'(20)=/K'(0), since their scattering

power falls off /cry slowly with increasing angle of scattering, owing to

the small spatial extension of the group in comparison with the wave-

length. Equation (6.47) may therefore be written in the approximate
form
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where ]8 is determined from the atomic absorption coefficient; or since

8
8 is proportional to/',(0)

(6A9)

where f'(28 ) is now the real part of the scattering factor for the whole

atom, and/'(0) = Z, the number of electrons in the atom. If the

scattering factor f'(29 ) is calculated for the atom at rest, we must

multiply the right-hand side of equation (6.49) by the appropriate
temperature factor in order to get the contribution of the atom to

A + I'B when it is subject to thermal agitation in the crystal lattice. Thus

(5.50)

If the crystal unit contains more than one kind of atom, allowance
has to be made for the path differences due to the relative positions of
the atoms in the unit cell. This allowance may be rather complicated
when the crystal is polar, and the radiation has a frequency not very
different from that of an absorption edge of one of the atoms in the

crystal unit ; but if the crystal is non-polar, as in the cases that interest

us here, it is easily made. To get the value of A + /B we have simply
to use the appropriate value for each atom of the expression on the

right-hand side of equation (6.50), in place of the value of the scattering
factor / in the formula for the structure factor of the unit cell. For

example, in the simple case of rock salt, where the structure factor for

a spectrum of even indices is just the sum of the scattering factors of

the individual atoms,

A + iB - P ir* -* SNa + /&. + -ci SC1 + /&, . (6.51)

(i) Rock Salt. We shall consider as our first example the case of rock

salt, investigated by Renniger.
39 The numerical values of A, B and j8

are estimated as follows from equation (6.51). By equation (2.88),

p. 63, if p, is the linear absorption coefficient of the crystal, 0=A/i/47r.
For rock salt, with Cu Ka radiation (A = 1-54A), /t

= 160; so

J3
= 1-54 x 10- x 160/47r=0-196 x 10~6 .

The contributions of sodium and chlorine to j8 for the whole atom are

in the ratio of their respective atomic absorption coefficients. From
the International Crystal Tables we find /iNa = 1 17, /in = 604 for Cu Ka
radiation ; whence Na -0-032 x 10~6

, C1 =0-164 x 10~6 . From equa-
tion (2.60),

---<W4l xlO-.ZNa ZCi
27rwc2

N being the number of atoms of sodium or chlorine in unit volume of
the crystal. The values of the scattering factors for the atoms at rest
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are taken from the tables, and are based on Hartree's calculations,

but have been corrected for dispersion by Honl's method, as described

in IV, 1 (n). The values of the temperature factors are those calculated

by Waller and James,
15 based on measurements by James and Miss

Firth.5
Using these values, we can at once calculate A and B from

equation (5.51) by equating real and imaginary parts. The constants

deduced by Renninger from these figures for rock salt are shown in

Table VI. 5. From these values, the curves reproduced in fig. 27,

p. 65, were drawn by Renninger.

TABLE VI. 5

Constants for Prins's reflection curve for rock salt (Renninger).

The crystals used by Renninger were not natural, but were grown in

the laboratory from a melt, and were optically very clear, but their

cleavage surfaces gave bad goniometer reflections. They consisted of

elements a few square millimetres in area, the largest of which by
themselves gave good reflections, btit whose surfaces were mutually
inclined at angles up to a few minutes. Renninger calls these separate

crystals
*

crystallites ', to distinguish them from the much smaller
*

blocks
'

of the mosaic theory. It was found possible to work with

single crystallites, and the measurements to be described were made
with two corresponding crystallites about 14x3-0 mm. in area, pro-
duced by cleavage from a single one, and isolated by diaphragms of
lead foil pasted on the crystal surfaces.

The half-width of the double-reflection curve given by this pair in

the order 200 was about 7-T, much lower than any previously recorded
values from rock salt ; and it might perhaps have been even lower had
it been possible to eliminate entirely reflections from neighbouring
crystallites. Determinations of the integrated reflections from the

second crystal were made by measuring the area of the double-reflection

curve, and also the power that entered the ionisation chamber when the
second crystal was removed, and the beam from the first crystal was
allowed to enter the chamber directly. Great care was necessary to
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ensure that the whole of the beam reflected by the first crystal fell on
the exposed surface of the crystallite in the second crystal. The
measurements were repeated, using an area of 30 to 50 sq. mm. of a
fresh cleavage surface as the second reflector, so that a number of
different crystallites were irradiated. The reflection curve now showed
a number of separate peaks, individually very narrow, but overlapping
to a certain extent. The integrated reflections were again measured,
and values between 4-47 and 4-70 x 10~5 were obtained for 200.
Measurements were also made from 400 and 600.
As a control, similar measurements were made with natural rock-

salt crystals. With these, too, crystallites were observed, and the
widths of the reflection curves from some were surprisingly small, as
low as 30" in some cases, although the reflection curve from any
considerable area of the surface might extend over a degree or so.
The integrated reflections were low for natural crystals, but when the
surfaces were polished the values rose considerably.*

Before the values of the integrated reflections from the second crystal
are compared with theory, correction must be made for the partial
polarisation of the radiation reflected from the first crystal. Let 8

l

and 2 be the glancing angles of incidence at the first and second
crystals respectively. If each reflects as a perfect crystal the compon-
ent of the radiation vibrating parallel to the plane of incidence (n) is

weakened by the first reflection relative to that vibrating perpendicular
to the plane of incidence (a) in the ratio |cos 20J : 1, and reflection at
the second crystal reduces it by a further factor |cos 202 |. The polarisa-
tion factor for the double reflection is therefore

F (1 +[cos 20! | |cos 202|)/(1 + [cos 20J),
instead of

P = (l+|cos202 |)/2,

as it would have been had unpolarised radiation fallen on the second
crystal. The observed results must therefore be multiplied by a factor

P/P', if they are to be compared with values calculated assuming
unpolarised incident radiation. Actually this is not quite correct, for
the quantities A and B in the Prins formula depend on the state of
polarisation also, and the correction should be rather larger. The
total effect, however, amounts only to a few per cent. Another cor-
rection applied by Renninger is that for the presence of the component
of half wave-length in the radiation reflected by the first crystal. This
also amounts to a few per cent., but opposes the polarisation correction.
The corrected results are shown in Table VI. 6, in which H is the half-

width of reflection from a single crystallite, W the width of the reflection

curve from a considerable area of the second crystal, and p the corrected

integrated reflection.

* Compare the results of Bragg, James, and Bosanquet on reflections from freshly
cleaved rock salt, quoted in VI, 1 {/).
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TABLE VI. 6

Table VI. 7 shows the values of the integrated reflections on the Dar-

win and Prins theories in comparison with the measured values from the

artificial crystal. It will be seen that the agreement as regards order of

magnitude is good, and that for the higher orders it is noticeably better

for the Prins formula. For 200 the agreement is not so good, and the

discrepancy should be too great for experimental error. For small

angles of incidence it was, however, very difficult to be sure that the

reflection was confined to a single crystallite, and if reflection had
taken place to some extent at a second crystallite after the radiation

had passed through the first, an increased integrated reflection would
have been the result.

TABLE VI. 7

Integrated reflections and half-widths of reflection for the ideal

crystal, calculated and observed.

It is plain that the individual crystallites ofwhich Renninger's artificial

crystal was built up reflected nearly as perfect crystals, but the crystal
as a whole was not truly perfect in the sense that it was regularly built

up throughout its entire volume. It consisted of crystallites of linear

dimensions from 0*1 to 0*01 cm., each of which was perfect enough and
large enough for dynamical reflection to take place within it; but the
individual crystallites were inclined to one another, and the whole
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crystal, examined with a spectrometer in the ordinary way, reflected

over a range of several minutes. The intensity of reflection from such

a crystal would, however, remain very low, of the order of that to be

expected from the dynamical theory. It would not reflect as a mosaic,

even although the range of reflection might be considerable.* This

large scale distortion is not a mosaic structure, although it must, of

course, merge into it as the size of the crystallites decreases, and the

individual blocks become so small (10~
4 to 10~6 cm. linear dimensions)

that primary extinction cannot take place within them.

0.1 0,2 0,3 0,1 0,5 0,6 0,7 0,8 Of W

FIG. 118. Integrated reflections obtained from rock-salt crystals with Cu Ka
radiation (A = 1 -54A) compared with various theoretical curves. Curves a,

mosaic crystal without (
-------

) and with (
-

) allowance for sec-

ondary extinction. Curves b, perfect crystal, according to Darwin's theory

(
------

), with allowance for absorption by Prins's method (
-

).

Observed values : o, from an untouched cleavage of an artificially pre-

pared crystallite ;
A

,
from an untouched cleavage surface of a natural

crystal : a >c . from a ground and polished face of a natural crystal

(Renninger)

(Zeti. f. Knt., 89. 344 (1934))

* Compare VI,lte), p. 282.
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It is important to realise, however, that whether we classify the crystal
as a conglomerate of ideally reflecting crystallites or as a mosaic must
depend on the wave-length of the radiation used. A truly ideal

crystal will reflect dynamically for any wave-length ; a crystal made up
of perfect crystallites that are optically independent will behave as an
ideal crystal in so far as intensity of reflection is concerned, if the

crystallites are so large that no appreciable amount of radiation gets

through them, even when they have ceased reflecting and the extra

absorption due to primary extinction no longer operates. If the

crystallites are so small that ordinary absorption allows some radiation
to pass through them, and to be reflected in turn from crystallites at a
lower level inclined to those in the first layer, the integrated reflection is

of course increased; and it is plain that we have here the first step
towards the mosaic structure. The limiting size of the crystallites
must depend on the wave-length of the radiation used. With Cu Ka,
employed by Renninger, the depth of penetration allowed by ordinary
absorption is of the order of 0-1 mm. With harder radiation the depth
of penetration would have been considerably greater, and similar

experiments would have shown the crystal to reflect to some extent as a
mosaic.

In fig. 118, the integrated reflection is plotted as a function of sin 6.

Curves (a) are the theoretical curves for the mosaic crystal, curves (b)
those for the ideally perfect crystal, the full line being the Prins curve,
and the dotted line the Darwin curve. The circles denote Renninger's
measurements on the artificial crystal, the triangles those on the freshly
cleaved natural crystal, and the crosses and squares those on the same
natural crystal, ground and polished. The latter agree very closely
with the curve for the mosaic crystal. This work is extremely interest-

ing, for it shows clearly that it is possible to obtain virtually ideal and
virtually mosaic crystals of the same substance, and it provides a very
striking confirmation of the essential accuracy of the theories of
reflection.

(ii) Calcite. Renninger's work on rock salt has been discussed first

because it is the most detailed quantitative test yet made of the dynami-
cal theory of reflection; but it had already been shown by Allison,

40

Parratt,
41 and others that certain specimens of calcite reflected very

nearly in accordance with this theory. The most complete observations
are those of Parratt, who measured the reflecting powers of calcite for

wave-lengths from 1-5A to 5A, a range including the absorption edge
ofcalcium (3-064A). Conditions for a proper quantitative comparison
are rather less favourable with calcite than with rock salt. The unit
cell is more complex, and there is a parameter, the distance of oxygen
from carbon, that has itself to be fixed by means of intensity measure-
ments, although indeed there is little doubt as to its value. The
/-curves for calcium, carbon, and oxygen, are less well determined than
those of sodium and chlorine, and no data are available for applying
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the temperature correction, although this is probably not large for the

spectrum examined, the first order from the cleavage face (100). With
these limitations, the method of calculating the theoretical curves

employed by Parratt was substantially the same as that described above
for the case of rock salt. The measurements were made with a vacuum

double-crystal spectrometer, on account of the high absorption in air

of the longest wave-lengths used. In fig. 1 19, the coefficient of reflection

18

16

14

12

10

. Calculated

_,_ Observed

Wave-length in A

FIG. 119. Observed and calculated coefficients of reflection from a calcite

crystal, as a function of the wave-length (Parratt)

from the second crystal is plotted as a function of the wave-length.
The circles on the dotted line show the calculated points, and the

crosses on the full lines the observed points. The agreement is within

the errors of experiment for wave-lengths below about 3 -9A. The

quantity called the coefficient of reflection by Parratt, and plotted in

fig. 119, corresponds to R2 (]8) of equation (6.3$), the polarisation of the

radiation being taken into account as in that equation. For further

details of the calculation, reference may be made to Parratt's paper.
The parameter / used by Parratt corresponds to the parameter rj

used

here, the relation between them being l=yrj, where y = PF(20 )/F(0);
and his angular variable k is expressed in the same units as /. If this

is borne in mind, the connection between Parratt's equations and those

of the present discussion will be clear.
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Parratt also investigated the half-width of the reflection curves

and found satisfactorily close agreement with theory. The half-widths

varied from 5" for A = 1-54A to 23-7" for A-4-94A, the calculated

values being 4-94" and 23-5" respectively. The calcite crystal used by
Parratt would appear to reflect as a perfect crystal within the limits

imposed by experimental error and the uncertainty of some of the

values used in the theoretical calculations. The measurements were
made with long-wave-length radiation, and one must remember that

this favours agreement with the dynamical formula, although the

results of the experiments on line-width indicate that Parratt's calcite

crystal was much more nearly a true perfect crystal than Renninger's
rock-salt crystal.

4. INTENSITY MEASUREMENTS FROM POWDERED CRYSTALS

(a) Introductory : The results discussed so far in this chapter illustrate

the difficulty of interpreting intensity measurements from single crystals

owing to the large influence of the state of perfection of the crystal on
the value of the integrated reflection. Recognition of this difficulty led

to the development of various techniques for measuring absolute

integrated reflections from crystal powders. If the crystal particles are

small enough, errors due to primary extinction are eliminated; and if

they are arranged entirely at random secondary extinction, which

depends on a relatively parallel orientation of optically independent
crystal fragments, is also enormously reduced, although not in principle

entirely eliminated.

Darwin,4 in discussing the determination of the atomic scattering
factors of sodium and chlorine made by Bragg, James, and Bosanquet,

3

suggested that the uncertainties in their results due to extinction might
best be overcome by the use of powdered crystals. A. H. Compton
and Freeman 42 had independently come to the same conclusion, and
had made some preliminary measurements from powdered rock salt,

which indicated its general correctness.

The powder method has of course its own limitations. As a method
of determining crystal structures it is applicable only to crystals of

relatively high symmetry, because of the very great complexity of the

system of diffraction haloes given by crystals of low symmetry. Never-
theless, a large number of practically important crystals, notably those
of the metals and their alloys, have high symmetry, and the powder
method has been of very great importance in dealing with them. The
aspect of the matter that will mainly concern us here is, however, the
determination of atomic scattering factors, and tests of reflection

formulae, by means of absolute measurements on crystals of known
structure.

The formulae applicable to determinations of intensities from
powdered crystals have been developed in Chapter II, 2(/). The
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Debye-Scherrer method, which is that mainly used for crystal analysis,
is not very suitable for absolute measurements, although it is of the

greatest practical importance, and for this purpose one or other of the

methods now to be described has generally been used.

(b) The transmission method : In one method, illustrated by fig. 23,

p. 48, a beam of X-rays passes through a parallel-sided slab formed of
the powdered crystal, and the intensities of the diffracted beams that

have passed through the slab are compared with that of the direct beam
after it has also passed through the slab. Since both diffracted and
direct beams have travelled the same distance in the slab, the ratio of
their intensities is independent of the absorption coefficient of the

crystal for the radiation, and this, in principle, makes the method

particularly suitable for absolute determinations.

Suppose the slab to be mounted on the axis of an ionisation spectro-
meter, and let the slit of the ionisation chamber be of height / and be
distant r from the crystal specimen. Then the ratio of P,, the power
in that part of the diffracted beam that enters the chamber, to I

t ,
the

power in the directly transmitted beam, is, by equation (2.49),

in which p is the number of co-operating planes for the spectrum
considered, t is the thickness of the powder slab, />' and p are respectively
the average density of the powder specimen, and the density of the

crystal in bulk, is the Bragg angle, and Q has the significance of

equation (2.31). If the ratio P
t/l t is determined experimentally, Q,

and hence |F|, can be calculated. Absolute measurements were made
by Bearden 20 in this way. The primary beam, before falling on the

crystal slab, was reflected from a crystal to make it monochromatic, an
essential precaution for absolute determinations. P, and l

t were
measured by allowing first the reflected beam, and then the directly
transmitted beam to enter the ionisation chamber for a known time.

Bearden determined the structure factors |F| for a series of spectra
from rock salt and aluminium with molybdenum Ka radiation, and
deduced the /-curves for sodium, chlorine and aluminium. He also

made careful absolute determinations of the integrated reflections from
a single crystal of rock salt, for comparison with the results obtained
from the powders. For those spectra for which extinction was small

the results obtained by the two methods were in agreement, and they
also confirmed fairly well the earlier results of Bragg, James, and

Bosanquet ; but the intense spectra from the single crystal, which were

presumably affected by extinction, were considerably weaker than those

from the powders, which appeared to be free from this error. The
values of/obtained by Bearden from aluminium powder are indicated

in fig. 110 by triangles. For the weaker spectra of high order they
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agree very closely with the values obtained later by James, Brindley,
and Wood 6 from single crystals of aluminium. For the strong spectra
of low order, for which extinction was apparently important in the

single crystals, the values obtained from the powder are considerably
the higher, and agree well with the theoretical curve calculated by
Hartree's method. It should perhaps again be emphasised that

Bearden's values are independent absolute values, and that the two
sets of readings have at no point been brought into agreement.

(c) The reflection method and the focusing condition : The power in

the diffracted beam is always small in comparison with that in the

incident beam, and a direct comparison of the two, involving as it does
an initial reflection at a crystal to produce homogeneous radiation,

requires a very powerful source of primary radiation. Most determin-

ations have not therefore been absolute in the sense considered above,
and it has been usual to compare the intensity of the spectrum to be

investigated with that of a spectrum whose absolute intensity is already
known as the result of some more or less standard determination.
For comparisons of this sort, the spectra diffracted from the surface of
a slab of the powder, so thick that none of the incident radiation passes

through it, have generally been used. The formula applying in this

case is (2.50). If I is the total power in the incident beam, and P the

power in that part of the diffracted beam entering the ionisation

chamber,

where p. is the linear absorption coefficient of the crystal in bulk, a is

the glancing angle of incidence of the primary beam on the surface of
the slab, and the corresponding angle for the diffracted beam, so that
a + = 20 , being the Bragg angle.
One of the advantages of this method, often called the reflection

method, to distinguish it from the transmission method discussed

above, is that a focusing condition can be found that makes it possible
to use an incident beam with a considerable angular divergence, and
this of course greatly increases the available intensity. Let A, fig. 120,
be a point source of X-rays, and let P be a crystal particle set so as to
diffract radiation through an angle 20 , giving a spectrum in the
direction PB. Let the arc of a circle be drawn through APB. Then,
for any other point P' on this arc, the angle between AP' and P'B is

also 20 . Suppose now the arc APB to rotate about the chord AB as

axis, forming a surface of revolution a toroid. Then for any point
P on this toroidal surface, the angle between AP and PB is the same.
If therefore a crystalline powder is spread with random orientation of
the particles over this toroidal surface, any particle which is set so as to
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produce a spectrum at an angle 20 must diffract this spectrum through
the point B, however divergent the primary pencil of radiation from A.

In actual practice, if A is a short slit, and if the toroidal surface is

replaced by that part of a cylindrical surface tangential to it, that lies

Powder Slab

FIG. 120

near the line of contact, a good enough focus for most purposes is

obtained. Powder cameras depending on this principle were used by
Seemann,

43 and by Bohlin.44 It will be seen, however, that whether

toroid or cylinder is used a different surface will be required to focus

each different spectrum. In a method used first by W. H. Bragg,
45 and

largely developed by Brentano,
46 the toroidal surface is replaced by a

flat surface, tangential to it at the point P. Approximate focus can

still be obtained for a primary beam with a divergence of a number of

degrees, and it is possible to secure the focus for any spectrum, although
of course not for all simultaneously, by a simple rotation of the crystal

specimen into the appropriate position. Let C, fig. 120, be the centre

of the arc APB, and let the surface of a flat slab of crystal powder be

tangential to the arc at P, with its plane perpendicular to the plane of the

arc. Let a and ft be the glancing angles made with the surface of the

slab by the ray AP and the diffracted ray PB respectively, so thai

a + /?
= 20 . It is then plain from the geometry of the figure that

sin a/sin j9 a/b, where AP--=a, and PB=6; and this is the condition

that the surface of the slab shall be tangential to the toroidal surface,

and hence that approximate focus shall be obtained at B for rays
diffracted from that part of the slab in the immediate neighbourhood
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of P. The questions of the degree of focusing, and the aberrations

produced by the departure of the flat surface from the ideal toroidal

surface are treated at length by Brentano, and reference must be made
to his papers for details, the discussion of which lies beyond the scope
of the present volume.

Suppose now that the powder slab can rotate about an axis through

P, which is also the axis of a cylindrical surface BB', of radius b. A
focus will be obtained on this surface for any angle of diffraction 20 ,

provided that the surface of the powder slab makes an angle a with

AP such that

sin a/sin
= sin a/sin(20

-
a) = a/b, (6.54)

which is constant for a given instrument. If photographic measure-

ments are to be made, BB' must be the surface of the film, but when
the ionisation spectrometer is used, P is the axis of the instrument,

and the slit of the ionisation chamber moves along the arc BB', and is

wide enough to take in the whole width of the diffracted beam, which

will be narrow because of the focusing etfect. When the focusing
condition is exactly fulfilled sin a/sin j3 is constant for the instrument,

whatever the spectrum. It is true that in practice the angle of incidence

a varies slightly, because of the finite range of angles in the incident

beam, and also because it is usually advisable to oscillate the crystal

slab through a small angle during the exposure when a photographic
method is used. Nevertheless, the experimental conditions are in

general such that no appreciable error is introduced by assuming the

factor (1 + sin a/sin ft) in equation (6.53) to be constant. If then we
wish to compare the values of P, say P

l and P 2 , for two spectra from

the same crystal powder, we may write

provided that the intensity of the incident beam is the same for both

spectra. In this way we may readily compare Q A and Q2 , and hence

[FJ and |F2|, the values of the structure factors for the two spectra.

Havighurst
47 determined /-curves for sodium and chlorine by this

method, using powdered rock salt and Mo Ka radiation, and expressed
his results in absolute measure byassuming the value of F(220) obtained

by Bragg, James, and Bosanquet. He used powders of varying degrees
of fineness, and concluded that primary extinction was absent when the

linear dimensions of the crystallites were of the order of 10~5 cm.

Havighurst also used powders of fluorite, lithium fluoride, and sodium
fluoride. To standardise his measurements for these substances he

compared certain spectra from each with the 220 spectrum of rock salt

by the transmission method, and this of course involved a knowledge
of the absorption coefficients of the crystals. He determined in this

way/-curves for lithium, calcium, fluorine, and sodium. The curve for
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sodium obtained from sodium fluoride differed from that obtained
from rock salt in a way that can be adequately explained by the different

thermal vibrations of the two substances. Havighurst's results were
of importance in the development of the subject, as they confirmed the
correctness of the idea of an atomic scattering factor appropriate to each
atom, and showed very clearly the effect of particle size on the intensity
of reflection.

(d) The mixed-powder method, and the substitution method : We have
seen that the intensities of spectra from the same crystal powder can be

compared without a knowledge of the absorption coefficient of the
radiation in the powder. It will, however, as a rule be necessary to

compare the intensities of the spectra from one powder with the

intensity of a standard spectrum from a different substance, such as

rock salt or aluminium. Two main methods have been used for this

purpose. In one, the crystal powder to be investigated is intimately
mixed with a powder of the standard crystal, and it is assumed that the

mixture may be treated as a homogeneous powder with a definite

absorption coefficient
; in the other, which has been called the substi-

tution method, comparison spectra from the standard substance are

taken on the same film as those from the substance to be investigated,

by interchanging mechanically the powder layers of the two substances

during the exposure. The method of mixtures, if the assumption of
the homogeneity of the mixed powder as regards absorption is justifiable,

requires no knowledge of the absorption coefficients of the crystals ;

the method of substitution requires a knowledge of the absorption
coefficients of both the experimental crystal and the standard crystal
to the same order of accuracy as that required in the final comparison
of intensities.

The method of mixtures is in principle very attractive but great care

is required in using it. It is essential that the powder particles should
be so fine that a negligible amount of absorption of the radiation takes

place in any one of them, and entirely erroneous results may be obtained
if this precaution is neglected. Discussions of the effect of the size of
the particles on the effective absorption coefficient of the powder have
been given by Brentano 48 (lll)

, and by Schafer.48 The essential point
is very simple. Let us suppose radiation to traverse successively two

particles of equal size and shape, one of a crystal (a), the other of a

crystal (ft), and let each particle be large enough to absorb a considerable

fraction of the radiation traversing it. If the radiation passes first

through (a) and then through (ft), the scattered radiation will consist

almost entirely of the radiation from (a), since very little radiation gets

through to (ft); while if the order of the particles is reversed, the

scattered radiation will consist almost entirely of radiation from (ft).

It is only if each particle is so small that it absorbs a nearly negligible
fraction of the radiation incident on it that both have an equal chance
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to scatter. Similar considerations must apply to the case of a powder
consisting of a very large number of particles, and it is only when all

the particles are so small as to satisfy the condition of negligible

absorption that one can assume the powder to have an average absorp-
tion coefficient.

The considerations put forward in 1 (b) of this chapter, show that

when the individual crystallites are small enough for primary extinction

to be negligible they are also small enough to fulfil the condition of

negligible absorption, except perhaps with crystals containing very heavy
elements. The linear dimensions necessary are of the order of 10~5 to

10~4 cm., and it is exceedingly difficult to produce uniform powders of
this kind by purely mechanical means. Various methods of producing
them are discussed by Brentano,

49 ' 50 who has employed chemical
methods with success in certain cases. It is, moreover, very important
that the powder should be fairly uniform. Particles much larger than
the optimum size produce extinction errors; and very small particles
are also to be avoided, as they cause a broadening of the spectra due
to diffraction, which in extreme cases produces wings to the reflection

curve, merging into the general background, and making the actual

height of the diffraction maximum above the background, and the area

of the reflection curve, very difficult to determine with accuracy.
Brentano has used aluminium powder, chemically prepared by Kahl-

baum, as a standard powder for the method of mixtures. In skilful

hands the method is certainly capable of giving excellent results, but

neglect of the precautions outlined above may easily lead to very
considerable errors.

The substitution method was also suggested by Brentano.51
It was

developed independently by Brindley and Spiers,
52 and in the hands of

Brindley and his fellow workers has given very good results. It avoids
some of the difficulties of the method of mixtures, particularly those
involved in producing particles of appropriate size, but it is subject to

other errors, which the method of mixtures avoids. Brindley's powder
camera produces, side by side, spectra reflected from the powder to be

examined, and from the standard powder. A knowledge of the

absorption coefficients of both crystals is therefore required, and this

at present involves some uncertainty. The possibility that secondary
extinction, as well as ordinary absorption, may take place must be
considered

; for there may be preferential orientation of the crystal

particles, either in the powder itself, or in the larger particles formed
by the aggregation of crystallites small enough individually to show no
primary extinction. Brentano has found it advisable to introduce a

spacing material of some sort, both to bind the powder together, and
to help to produce random orientation of the crystallites, particularly
when there is reason to suppose that the crystallites tend to break into
some special shape owing to cleavage, and this again involves some
modification of the normal absorption coefficient of the material. As
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an example of the use of the substitution method, the work of Brindley
and Ridley

53 on potassium chloride may be quoted, while the work of
Brentano and Baxter 48 on the L-dispersion of tungsten, discussed in

detail in Chapter IV, 2(/), may serve as an example of an important
determination made by the method of mixtures. For a further dis-

cussion of the methods, reference may be made to a critical account of

their difficulties by Brentano.54

For determining structures, the method of Debye and Scherrer, as

developed by later workers, particularly by Bradley, is the most

generally used. For practical work this remains by far the most

important of the powder methods, although it is not so suitable for

accurate quantitative determinations as the methods described above.

One of the difficulties lies in the allowance for the absorption of the

radiation in the powder specimen, which is in the form of a rod on the

axis of the camera. The absorption correction is a complicated
function of the angle of scattering and is not easy to apply with

accuracy. Methods of applying the correction have been developed

by Claasen,
65

Rusterholz,
56 and Bradley.

57 The latter has given com-

prehensive tables to facilitate the work,

The discussion of the quantitative aspects of the Debye-Scherrer
method belongs more properly to the volume on experimental technique
than to the present volume, and we shall not consider it further, except
to remark that in the hands of Bradley and his fellow workers it has

become an important and accurate method of quantitative measure-

ment, which has given results of the greatest value.

NOTE ON THE INTENSITY OF THE 222 SPECTRUM FROM DIAMOND
The possibility that a forbidden spectrum may appear as a result of multiple

reflection has already been considered in Chapter I, 4, and this has a very

important bearing on the measurement of the intensity of diamond 222.

Renninger
68 found that the measured intensity of this very weak spectrum

varied greatly from specimen to specimen, and, even with the same diamond,
depended markedly on the azimuth of the reflecting face with respect to its

own normal. He investigated this by rotating a diamond about the zone
axis [111], and at the same time recording photographically the intensity of
the 222 spectrum. He found that a series of well-marked maxima occurred,
the strongest of which had from ten to twenty times the intensity of the true

spectrum, which appeared only as a weak background. When Cu K<x radia-

tion was used there were in all 36 maxima, of which 12 were particularly

strong. The maxima occurred in pairs, which were repeated at intervals of
60 of azimuth, the closest pairs being the strongest maxima.
As Renninger showed, all these maxima can be explained as double

reflections of the type referred to as indirect reflections in Chapter I, 4.

The strongest maxima are due to successive reflections 331 and III, or III
and 331, or reflections corresponding to cyclic interchanges of these indices

that keep the index-sum of a pair equal to 222. When the reciprocal-lattice

points (2, 2, 2) and (3, 3, 1) lie on the sphere of reflection at the same time,
the reflection 331 is in such a direction as to be reflected again by III in the
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direction of 222 ; and similarly, when (2, 2, 2) and (I, I, 1) lie on the sphere
at the same time III is reflected again by 331. As the crystal rotates about
[111 J, so that (2, 2, 2) always lies on the sphere, points such as (3, 3, 1) or
(1, 1, 1) pass twice through the sphere for azimuths differing by a little over
10 for CuKa 1 (A=l-537A). The points always lie outside the sphere for
K<x2(A = 1-541 A), so that these maxima are formed by one component of the
a doublet only. Altogether 12 maxima of this type can be formed, taking
into account the cyclic interchanges of the indices and the order of the
reflection. The maxima corresponding to reversal of order differ in azimuth
by 180. Pairs of reflections 111, 113, and 311, 133, also yield twelve possi-
bilities each, and the 36 maxima so far considered are all that are actually
observed with copper radiation, although a few others, too weak for observa-
tion, are in principle possible. Other geometrically possible pairs give no
double reflection, because one of the spectra involved is itself forbidden. It

is not difficult to enumerate the possibilities for copper radiation by means
of the reciprocal lattice.

With shorter wave-lengths, the number of maxima becomes greater,
because many more points lie within the sphere of reflection in any given
position, and so there are many more possible intersections of points with
the sphere as the lattice rotates. Renninger estimates that with Mo K
(A = 710A) a maximum occurs about every degree of azimuth, so that it

would be difficult to observe the true spectrum alone in this radiation.
Indeed it seems fairly certain that the original observation of the reflection

by W. H. Bragg,
22

, who used Rh Ka (A -0-61 5A), was an observation of an
indirect reflection, although the true spectrum does in fact exist . As Renninger
himself points out (he. cit.), the high values of the observed 222 intensities
in comparison with those to be expected theoretically, commented on in 3 (i)
of this chapter, are certainly due to this cause.
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CHAPTER VII

THE USE OF FOURIER SERIES IN CRYSTAL ANALYSIS

1 . TRIPLE, DOUBLE, AND SINGLE SERIES AND THEIR APPLICATION

(a) Introductory : A determination of a crystal structure by means of

X-rays is really a determination of the distribution of diffracting matter

in the unit cell. At each point in the crystal there is a certain density

p(x, y, z) of scattering matter, which is a function of the co-ordinates

(jc, y, z) of the point. The function p is to be identified with j^l
2
,

where f is the electronic wave-ftmction at the point (x, yy z), suitably

normalised, so that |^|
2

is expressed as an electron density. The

amplitude of the radiation diffracted from any small element dv in the

neighbourhood of the point (jc, >>, z) is then proportional to p(x, y, z)dv.

It is true that it is often convenient to regard the unit cell as built up
of discrete atoms, but the correct idea, and for our present purpose the

essential one, is that of a continuous distribution of diffracting matter

having maxima in the regions occupied by the atoms.

A crystal structure is essentially a repeating pattern in three dimen-

sions, and the density function p(x, y, z) may therefore be expressed
as the sum of a suitable Fourier series. A preliminary account of

the use of such series has been given in The Crystalline State, Vol. I,

Chapter IX. In the present chapter we shall describe in greater detail

various ways in which the measured intensities of the diffracted beams

may be used to define the coefficients of a Fourier series that, when

summed, gives direct information about the arrangement of diffracting

matter in the unit cell.

There are two main types of such series. (1) If we knew both

'amplitude' and 'phase', the significance of which will be made clear

by the following account, for all the diffracted beams, we could build

up a complete picture of the distribution of diffracting matter in the

crystal. In practice, only the intensities are measured, phase being
unknown, and the number of beams is limited ; so that any Fourier

series is incomplete. Often, however, the phase can be inferred, and

enough terms of the series can be got from the experimental measure-
ments to make possible a very fair approximation to the complete
picture. It must be realised, however, that we are here supplementing
our X-ray measurements by knowledge drawn from other sources.

(2) We can base our Fourier representation only on the X-ray measure-
ments of intensity, making no assumptions about phase. The results

are then unequivocal, but although the series may give important
information about the structure it cannot give a complete representation.
From the consideration of series of the latter type one passes naturally

to analytical methods for dealing with scattering from amorphous
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solids, liquids, and gases. The essential difference between diffraction

by crystalline and amorphous matter is that in the former case the
diffracted energy is highly concentrated in certain specific directions

(*the reflections'), whereas in the latter case it is spread into diffuse
haloes. The Fourier series applicable to crystalline diffraction become
Fourier integrals in the case of amorphous diffraction. Diffraction by
amorphous matter will be dealt with in Chapters IX and X.
The Fourier treatment shows in a very illuminating way the relation

of the diffraction of X-rays to the diffraction of light, and to the forma-
tion of optical images; and it is at the same time one of the most
powerful and widely used methods of utilising the experimental results
of X-ray analysis. Use was first made of the Fourier method by W. H.
Bragg Mn 1915. Ewald,

2 in 1921, pointed out the importance of Fourier
series in the general theory of crystal lattices, and showed how to

express the series for the periodic density distribution in an infinite

crystal in terms of the reciprocal-lattice vectors. In a paper written
in 1924, in which they discussed the quantum theory of X-ray reflection

by crystals, due to Duane 3 and to A. H. Compton,
4
Epstein and

Ehrenfest 5 used a triple Fourier series to represent the density of

diffracting matter in a crystal, and showed clearly the relationships
between the intensities of the X-ray spectra given by the crystal and the
coefficients of the terms of this series. Their arguments were based on
Bohr's correspondence principle. Duane,

6 in 1925, suggested applying
the series given by Epstein and Ehrenfest to the problem of determining
the density distribution in the crystal from the observed intensities of
the spectra. He realised clearly the ambiguities inherent in the method
owing to lack of knowledge of the relative phases of the spectra, and
discussed methods of getting over this difficulty. Duane's formulae
were applied in the same year by Havighurst

7 to find the distribution
of diffracting matter in some simple crystals, and A. H. Compton,8

in 1926, gave other analyses, and introduced new forms of the series,
with the particular aim of determining the electronic distribution in

atoms. W. L. Bragg
9 and his collaborators in 1929 extended it to be a

standard method of dealing with complex crystals, and Robertson 23

and others have given many examples of the application of Bragg's

method to organic crystals. Finally, Warren and Gingrich,
10 and

Patterson,
11 in 1934 developed formulae of the second type, which give

information about the structure independently of any knowledge of

phase. The work of Warren and Gingrich, which is an application of
a method proposed by Zernicke and Prins and first practically applied
by Debye and Menke to diffraction by liquids, will be discussed in

Chapter IX.

(6) The derivation of the triple series : Let p(x9 y, z) be the density
of scattering matter at the point (x, y, z) of the crystal, the axes being
parallel to the primitive translations a, b, and c of the lattice, and not
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in general rectangular. The structure of the crystal is periodic parallel
to x, y, and z > in the distances a, b, and c, respectively. The density at

any point in a line parallel to x must therefore be expressible by a

Fourier series of the type

If we consider the periodicity parallel to y as well, it is plain that each

coefficient A A may be represented by a series of the type

and similarly for the periodicity in the z direction. For the density at

any point (x, y, z) we can therefore write

/ , V^V^V^A f2irhx . \ llnky \ I2rrlz ^\
p(x, y, z)

=
^^ >,A^cos^

-
^Jcos^-^

- 8
fc

jcos^
-
8,J.

(7.1)

This is the expression given by Epstein and Ehrenfest,
5 and by Duane,*

but it may be put into another form, which is more generally useful for

crystal analysis, and has a more direct physical significance. We use
instead of the cosines the complex exponential forms of the periodic

functions, including the phase angles 8 in the complex amplitudes
We can then write

p(x, y, 2) =VV \]^(hkl)e~^ U f
6
+

y. (7.2)YYT1

oo

In this form of the expression it is evident that there is one plane
Fourier wave-form for each triplet of whole numbers, A, A:, /. More-
over, the planes of constant phase are the planes

hx/a + kyjb + lz/c
= constant,

which are parallel to those lattice-planes of the crystal whose indices

are (A, ky /), since h/a, k/b, 1/c, are proportional to the direction cosines
of the normal to these planes. The value of the expression

hx/a+ky/b+lz[c

changes by unity in passing from one lattice-plane of the set (hkl) to

its neighbour, and the spacing of these planes is therefore equal to the

wave-length of the corresponding Fourier wave. Thus to each lattice

spectrum there corresponds a set of plane Fourier waves, having wave-
fronts parallel to those lattice-planes that may be supposed to produce
the spectrum by reflection, and a wave-length equal to the spacing of
these planes. To the higher orders from a given set of planes there

correspond formally spacings that are submultiples of the true lattice

spacings of the planes, and so Fourier waves whose wave-lengths are

submultiples of this spacing.
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(c) The calculation of the coefficients of the series : To evaluate the
coefficients A(hkl) we proceed in the usual way. Multiply each side
of equation (7.2) by the factor

a* (?+*+)e \ o t> c /
9

and integrate each term with respect to *, y, and z, over the ranges
to a, to b, and to c, respectively. Every integral on the right-hand
side of the equation will then vanish, except that for which h = A', k = k' t

and / = /', and the value of this remaining integral is \(h'k'l')abc.
Let dv be the volume of the elementary parallelepiped whose sides are

dx, dy, dz. Then dv = N dx dy dz, N being a constant for a given lattice,

depending on the angles between the axes of .v, y, and z (see Appendix II

(*) and (</)). The volume of the unit cell, V, is then Nafcc, and so we
may write the integrated equation (7.2) in the form

f

l') 9 (7.3)

where the integration extends throughout the volume of the unit cell

of the lattice. The integral on the left-hand side of (7.3) is the structure
factor of the unit cell for the spectrum h'k'l', which we have previously
denoted by F(/z'/cT). This will be plain on reference to Chapter II,

l(c); for the integral is the form taken by the summation of

equation (2.14) when the scattering matter is associated with a con-
tinuous distribution of density p(x,y,z), instead of with a set of dis-
crete points.

Thus

(7.4)

so that the Fourier series (7.2) becomes

-

(7.5)

To every spectrum that can be given by the crystal there corresponds
one term in the Fourier series. Each such term represents a distribution
of scattering matter whose density is given by a plane simple-harmonic
wave-form with a wave-length equal to the spacing of the planes by
which the corresponding spectrum would be produced as a first order.
The wdve-length is thus equal to one of the lattice spacings of the

crystal, or to a submultiple of it. The amplitude of the wave is equal
to the structure factor of the unit cell of the crystal for the corresponding
spectrum.

(d) The physical interpretation of the terms of the series : Before

proceeding further with the mathematical development it will be well
to consider the more physical aspects of the problem. A plane sinus-
oidal distribution of scattering matter, such as we have considered
above, will give two spectra only, the positive and negative first orders
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corresponding to a spacing equal to the wave-length of the distribution.

A sinusoidal distribution will of course include negative densities, and
these may be interpreted by supposing the negative part of the distri-

bution to scatter in opposite phase to the positive part. It will then be
clear that a sinusoidal distribution, since it consists of equal positive
and negative distributions, will give no spectrum of zero order, and it

is easy to show that it will give the two first-order spectra, and no
others. We can therefore think of each pair of spectra hkl and Kiel

given by the crystal as produced by a certain sinusoidal density distribu-

tion, and of the whole array of spectra as produced by a total density
distribution that is the sum of the sinusoidal distributions giving the

individual pairs of spectra. These distributions must include a uniform

distribution, corresponding formally to the spectrum of zero order,
which will ensure that the total density is everywhere positive.
The relative phases of the different sinusoidal distributions remain

indeterminate, for we can displace any such distribution in a direction

perpendicular to its wave-front without altering either the intensity or
the angular positions of the pair of spectra that it gives; just as the

positions and intensities of the spectra produced by an ordinary
diffraction grating, for example, are not in any way changed by dis-

placing the grating in its own plane in a direction perpendicular to its

rulings. The relative phases of the spectra are, of course, changed by
relative shifts ofthe scattering distributions, but in the case of the spectra

produced by a crystal with X-rays we have no means of detecting such

phase differences experimentally. In the series (7.5) the phases of the
wave are included in the structure factors F(hkl) t which are in general

complex. The measurements that we are able to make give us
| F(hkl)\,

and not F(hkl), so that the series cannot be evaluated directly in terms
of quantities derived from observations of X-ray spectra. Relative
shifts of the density distributions affect nothing that we can observe,
and the structure of a crystal is not uniquely determined by the positions
and intensities of the spectra that can be obtained from it by means of

X-rays. To any set of observed spectra there correspond an infinite

number of formally possible density distributions. Many of these
are physically absurd, and in practice it is often possible to choose the
correct one ; but such a choice must always involve other than purely
optical considerations. The solution of the optical problem is formally
indeterminate. We shall return later to this point, but must now con-
tinue the discussion of the series.

(e) Reality conditions for the density distribution : According to

(7.5), the density p(x9 y, z) is in general complex. Physically, a complex
scattering factor means a change of phase of the radiation on scattering.
If we suppose no such change to occur, p(x, y, z) must be real at every
point, and this will be so if F(hkl) F*(A7), that is to say if the struc-

ture factor of the spectrum obtained from one side of a set of planes
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(hkl) is the conjugate complex quantity to that of the spectrum obtained

by reflection from the opposite side. That this is a condition for the

reality of p(x9 y, z) may be seen as follows. For the sake of brevity,

we put

<7-6)

Then the terms of the series (7.5) may be written in pairs such as

If we put
F(WW)HF (A)| ew

,
F (/!/) HF(/iW)|*-

fl

, (7 -7)

which is equivalent to the assumption that F(hkl) and F(Hlcl) are

conjugate complex quantities, the pair of terms reduces to

which is real. The whole series is therefore real if for all values of

h, k, and /

(Kkl) = *(hkl) 9 or \(hkl)\
=

\(KliI)\. (7.8)

This is equivalent to the assumption that the intensity of reflection from

one side of a set of planes is equal to that from the other side. We
have already discussed this assumption in Chapter II, !(</), and have

seen that it ceases to be true if the crystal is polar, and if at the same

time the phase change on scattering is different for the different atoms

in the unit cell, which may be so if the radiation has a frequency very

near to one of the absorption frequencies of an atom in the structure,

so that dispersion effects are of importance ; but this is a very special

case, and in practice we can nearly always assume the relation (7.8) to

be true. In what follows we shall always do so.

With assumption (7.8), the general form of the Fourier expansion

for the density becomes

. y, z)
~ + V |F(AW)| cos tf(fcW) -(**/)}, (7.9)

where the summation is to be taken over all the orders of spectra,

except that corresponding positive and negative orders are not to be

distinguished. It should be noted that there is only one term |F(000)|,

which is equal to the total electron population of the unit cell.

(/) Case of crystal with symmetry centre : As we have already seen,

the phases 8 (hkl) cannot be determined experimentally, and so equation

(7.9) cannot be used directly. So long as the values of |F(/rfc/)| remain

unchanged, the density distribution obtained using any arbitrarily

assumed values of &(hkl) would always give the same set of spectra,

having the same positions and intensities. If we consider only such

crystals as have a centre of symmetry in the unit
cell,_and

use such a

centre as the origin of co-ordinates, then p(x, y, z)
=

/>(*, ~y, ~z)y
and for
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this to be true every constituent wave from which /> is built up must
also be symmetrical about the origin. By (7.9), the term representing
such a constituent wave may be written

2\F(hkl)\ (cos <f>
cos 8 4- sin sin 8). (7. 10)

Now cos < does not change sign when x, y, and z all change sign
together, while sin < does; so that (7.10) can be symmetrical in jc, y,
z, only if sin 8=0, that is to say if 8 =0 or w. We can therefore write

(7.9) in the form

*)~'-~^ + |F(M)|cos*(W), (7.11)

where each coefficient could, formally, be either positive or negative.
Spectra with indices hkl and Kiel give identical terms, so that (7.1 1) can
be written as a triple sum over all values of A, A:, and /, in the form

cos 27T ~+ + ~ (7.12)

for a crystal with a centre of symmetry.
Formula (7.12) means that if all the possible spectra from a crystal

with a centre of symmetry have been measured, densities that would
give a set of spectra with the same intensities may be obtained by using
the moduli of F(hkl) calculated from the measured structure factors
as coefficients, and taking each as either positive or negative. The
degree of indeterminacy thus remains very high, but any density
distribution deduced from the formula must satisfy certain conditions
if it is to be a physically possible, as distinct from a purely formal
solution of the problem, and this in practice limits the possible solutions

very greatly. The discussion of this question, which introduces con-
siderations having nothing to do with optical principles, must be
postponed until we deal with actual examples.

(g) The Fourier series and the reciprocal lattice : The results of the

preceding paragraphs take a very neat form when expressed in terms
of the reciprocal lattice. The vector r* (hkl) to the point (A, k, I) of the
reciprocal lattice is perpendicular to the planes (hkl) of the crystal
lattice, and its magnitude is the reciprocal of the spacing of these planes.
It follows therefore from the results of 1 (b) of this chapter that the
direction of the reciprocal vector i*(hkl) is also the direction of the
wave-normal of the Fourier wave (hkl), and that the length of the
reciprocal vector is numerically equal to the number of waves per
unit length in the direction of the wave-normal, that is to say, to
the wave-number of the Fourier wave. If, as was suggested by Ewald,

2

we also assign to each point of the reciprocal lattice a weight equal to the
structure factor of the corresponding spectrum, this weight will also
be equal to the coefficient of the corresponding term in the Fourier
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series, and the reciprocal lattice will then constitute a complete formal

representation of the spectra given by the crystal lattice, and of the

set of Fourier waves by the sum of which the density of the scattering
matter that produces the spectra can be represented.

Using reciprocal vectors, we may express some of the results already
obtained in a rather different way. Let r* be the reciprocal vector to

the point (/?, k, /) of the reciprocal lattice, the single symbol m being now
used to represent the triplet of numbers h, k, L If r is the vector from
the origin to the point (x, y, z) in the crystal,

r.r* = (x +y +z)-(/* + fcb* + /c*)

by the properties of the reciprocal vectors (see Appendix II (a)). Now
a**x - (a-a*)x/a = x(a, and similarly b*-y =y/b, c*-z = z/c, so that

r< = hx/a + ky/b + fe/c. (7. 1 3)

The Fourier series (7.5) can therefore be written in the form

ni

where F(w) =
fp(r)e

2ni(r 'rm> <fr. (7.15)

The value of the phase angle <j>m is given by

< m = 27r(rr*) =27r(rn*)/Jm> (7.16)

where n* is the unit vector in the direction of the reciprocal-lattice
vector r*, and dm is the spacing of the planes (hkl). The phase is

therefore constant as long as the scalar production* is constant. This

scalar product is the projection of the vector r on the direction of n*,
and is constant so long as the extremity of r lies on a plane perpendicular
to n*. The wave-fronts of the Fourier waves are therefore planes

perpendicular to n*, and their wave-length is dm or l/|r*|. The

reciprocal lattice thus provides us with a convenient and vivid way of

summarising the information given by the X-ray spectra. We shall have
occasion to use this device at a later stage.

(h) Examples of (he use of triple series : In the triple series we have
so far discussed there is one coefficient for each spectrum given by the

crystal. In practice, therefore, a series may have many hundreds of

terms, the coefficients of which have all to be determined by observation.

To evaluate the series for enough points in the unit cell to give a com-

plete picture of the structure would therefore be a formidable task, the

labour of which was for some time considered to be prohibitive, a point
of view which led to the development and use of other forms of the

series, to be discussed below. Triple series are, however, being increas-

ingly used in crystal analysis, not as a rule to give a complete point-by-
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point representation of the structure, but rather to obtain the density
of scattering matter along lines, or over planes, which may be expected
to give information of importance.

Suppose, for example, the electron density along the a edge of the

unit cell were required. We should then determine the value of

p(x, 0, 0) for a series of values of x close enough together to give a

picture of the way in which p varies along the cell edge. From (7.9),

we may write

,(*, 0)
- + |F(Afc |

cos - 8(M/) - (7.17)

If the crystal has a centre of symmetry at the origin, the expression takes

the simpler form

(7.18)

Series of this type were first used by Havighurst,
12 who determined the

density in some simple crystals, mostly belonging to the cubic system,

along lines such as the cell edge [100], the cell diagonal [111], and the

face diagonal [110]. All the crystals used had high symmetry, so that

certain relationships existed between the values of F that allowed

further simplification of the summation, which it is not necessary at

this stage to consider in detail.

Curves obtained in this way by Havighurst for the density along the

cube edge in rock salt, sodium fluoride, and lithium fluoride are shown
in fig. 1 2 1 . All the crystals are of the rock-salt type, and the alternation

of
peaks

of different height, corresponding to the two types of atom,
which occur alternately along the cube edge, is well shown, as well as

the very small density between the atoms.

Formally, the sign before any of the coefficients (hkl) in (7.18) may
be either positive or negative, but in crystals of such a simple type it is

quite easy to determine the correct sign to use in any particular case ;

for very simple considerations lead with practical certainty to the

structure, and this, together with a knowledge of which atom of the

pair has the larger scattering factor, at once determines the signs of
the coefficients. For example, if in the case of rock salt the origin
is taken at the centre of a chlorine atom, the structure factors are

4(/ci-t-/Na) for spectra with even indices, and 4(/cl -/Na) for spectra
with odd indices, and are zero for any other type; and, since

/oi >/Na for all angles of scattering, all the coefficients are positive.
It is plain that with a more complicated structure it would have been

less easy to decide on the signs of the coefficients. Moreover, the
sizes of the unit cells of most crystals are much greater than those of
the simple crystals used by Havighurst, and the number of spectra of
the general type hkl then becomes very much larger.

Another method of using the triple series is to evaluate the density
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FIG. 121. Electron density along the cube-edge in rock salt,
sodium fluoride, and lithium fluoride (Havighurst)

(Phys Rev ,29, 1 (1927)).

over a plane, so as to obtain a section of the structure at some par-
ticular level. This method is being increasingly used to obtain detailed

information about structures that have been approximately determined

by one of the less laborious methods to be discussed later. We shall

consider an example in I(M). If the density in the plane z = z l is

required, the series to be evaluated is that for p(x, y, z^ or

IF (ooo)| 2
cos < ITT

(7.19)

with zl constant. The summation must be carried out for enough values
of x and y to give a picture of the distribution of p in the plane z^zlt

Here again it is possible to simplify the summation if the crystal has a

centre of symmetry, or if the symmetry imposes certain relationships
between the values of F for different spectra.

(0 The double series : A method of using Fourier series which has
since become a standard method in the analysis of crystals was intro-
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duced in 1929 by W. L, Bragg.
9 Instead of the volume density, the

surface density of the projection of all the scattering matter contained

in the unit cell upon a plane, usually one of the axial planes of the

crystal, is determined, If such a projection can be made on more than

one plane, an amount of information sufficient to determine the struc-

ture can often be obtained, and the work involved in doing this is far

less than that involved in an analysis by means of triple series. More-

over, even if it is intended to use the triple series later, it is usual to

make a projection of this type as a preliminary measure.

In fig. 122, a unit cell of the structure with edges of length a, />, c,

parallel to x, y t z, is shown. Consider an elementary parallelepiped, of

length c parallel to z, erected on a base with edges dx and dy in the

A1

FIG. 122

neighbourhood of the point QO, y), in the plane r-0. The total

scattering matter in this parallelepiped, divided by the area of its base,
we shall denote by v(x,y), and this we shall call the surface density at

the point (x, y) when the structure is projected parallel to c on to the

ab plane, This defines the sense in which the word 'projection' is used

in this connection,

Let Nabc be the volume of the unit cell, and A the area of the face ab
An elementary parallelepiped with edges dx, dy, dz has a volumt
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Ndxdydz, and the element of area with edges dx, dy has an area

(&fab)dxdy. Thus

a(x, y) =N dx dy\ />(*, y, z)dz/(A/ab)dx dy
Jo

=N (ablA) f

'

p (x, v, z) dz. (7.20)
J o

We now substitute the series (7.5) for p(x,y, z) in the integrand of

(7.20), and perform the integration with respect to z. All the terms
vanish on integration, except those for which / = 0, and for these the

integration simply introduces a factor c. Thus, since V=N06c, we
can write for the density of the projection

1
"*" CO __o (hx ^l/\

A ^f^ A m,J ^ ' * V * J
r\.

fa fc

00

For the projection in a direction parallel to c onto the ab plane, only
the structure factors (HkQ), belonging to those crystal planes for which
c is the zone axis, that is to say to the planes of the zone [001], are

required. It may be necessary to measure a hundred or more spectra,
but this is quite practicable, and the summation of the series involves

no excessive amount of work, particularly when certain shortened

methods, some of which we shall discuss later, are used.

The reality conditions discussed in 1 (e) of this chapter apply here

also. The series is real if |F(/i/cO)| =|F(/z0)|, and the corresponding
form for OT(JC, y) is

r/lWW O

cos {<f> (hkQ)
- & (hkQ)}, (7.22)

where again the sum is to be taken over all orders of spectra belonging
to the zone [001], without distinction between corresponding positive
and negative orders. If the projection has a centre of symmetry, as it

sometimes may, even when the structure as a whole has none, and if

this centre is taken as the origin of the co-ordinates x, y in the projection,
the series reduces to a form corresponding to (7.12) :

a(*'^)=i?? I

F (**)I cos27r (7+^)
' (7 -23)

00

where the indeterminacy of the phases of the constituent waves is

reduced to an ambiguity in the signs of the coefficients.

In practice, it is usual as we have done here, to project the structure

onto one of the axial planes of the crystal, but it is evident that any
plane may be used. Let us, for brevity, refer to the axial plane as the

plane P, and let P'(A'OB'D') be any other plane, making any angle
with the direction of c. Let Q' (*', y) be the projection on the plane P'

of Q (*,>>) in the plane P (fig. 122), the co-ordinates x' and y' being
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referred to the axes a', b\ which are the projections of the axes a and b
on the plane P'. Then

x'/a'-x/a, y'/b'=y/b.

If a'(x', /) is the density of the projection on the plane P' in the

neighbourhood of Q', it is clear that

where A' is the area of the projection of the face ab of the unit cell,
whose area is A, onto the plane P'. Formula (7.21) therefore also

applies to the density of the projection at any point in the plane P'
if *', /, a ', b', and A' are substituted for x, y> a, b, and A, respectively.

Formally, there is some advantage in projecting the structure onto
a plane perpendicular to the direction of projection. When this direc-
tion is that of the c axis, the corresponding plane of projection is that
containing the a* and b* axes of the reciprocal lattice, which we may

conveniently call the plane P*.

projection of the ab face of the

unit cell (OADB), fig. 122, on
the plane P*. The distances

between the pairs of lines OB!,
A 1D 1 , and OA l5 B^, are re-

spectively the a and b spacings

ofthelattice,c/(100)andrf(010).
OA! (

=
0i) and Q^ (

- 6X) form
the primitive translations of a

net in two dimensions, lying in

the same plane as the net a*b*
of the reciprocal lattice. These
two nets are reciprocal to one

another; for the direction of
the a* axis is perpendicular to

FIG. 123 *i> which lies in the be plane
of the crystal lattice, and I/a*

is equal to d(100), which is also the al spacing of the albl net; and
similarly b* is perpendicular to al9 and l/b* is equal to J(010), and
so to the &! spacing of the avbv net.

The density *i(xl9 y^ of the projection at the point (xl9 yj in the
plane P* is given by

1
+*

2
*

ffe'-ifoA

AI *h k

One Fourier wave corresponds to each spectrum of the type AJtO, and
to each of these there corresponds a point of the reciprocal net a*b*.
The vector Aa* +*b* from the origin to the point (h, k) of this net lies
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in the plane P*, and is normal to the corresponding Fourier wave-
fronts. The points of the reciprocal lattice associated with the c-direc-
tion of projection, or the direction of the zone axis [001], are those of
the net (h, k, 0). The projection of the structure onto the plane of
this net gives a doubly periodic density distribution based on the net
with translations ajb^ which is reciprocal to the net (h, k, 0). We shall
return to this correspondence later.

The projection need not of course be made along one of the principal
axes. Any zone axis [ww] may be used, and the spectra contributing
to the sum would be those belonging to the zone [ww], whose indices

satisfy the relation hu + kv + lw = Q (see Appendix II, (/)).
W. L. Bragg

9
first applied the double series to find the structure of

diopside, and an account of this determination will be found in The
Crystalline State, Vol. I, Chapter IX. A general account of the method,
and of some more recent examples of its application, will be found in a
report by Robertson u published by the Physical Society.

0') The projection of a slice ofthe crystal cell : It is possible to project
a
portion

of the unit cell instead of the whole of it. For example, we
might project all the scattering matter lying between the planes z = zl

and z = z2 onto the c plane. To do this, all that is necessary is to take
the integration with respect to z in (7.20) from zl to z2 , instead of from
Otoc. Let us call the projection so obtained S12 (x, y). Then, by (7.20),

Si 2 (*> y) =N(fl6/A) I P(JC, y, z)dz. (7.25)

The actual integral that occurs in (7.25) is, by (7.5),

~c~ -e <

(7.26)

From (7.5) and (7.25), therefore,

. (7.28)
/(*,- rj/c

The last factor in (7.27) and (7.28) approaches unity as z2
- z

1 approaches
zero, and in this case S12 (.r, y) becomes in the limit equal to the density
in the plane z = zlt and is equivalent to (7.19). If, on the other hand,
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z2 = zl 4- c, the slice includes the whole unit cell. The last factor in

(7.27) is then zero unless / =0, in which case it is unity, and the expression
reduces at once to (7.21). An expression equivalent to (7.27) has been

given by Booth.13 The series for S 12 0c, y) is essentially a three-

dimensional series, and requires a knowledge of all the coefficients

F(hkl).

(k) Methods of handling the double series : The practical application
of the methods of Fourier synthesis is a subject belonging more properly
to a volume on experimental technique, but a few points of some

general importance may be dealt with here. The summation even of a

double series involves a considerable amount of numerical work, and it

is important to reduce this as much as possible by using shortened

methods such as those devised by Beevers and Lipson,
15 and by

Robertson. 16 We shall here give a short outline of one such method.
For details reference may be made to a paper by Lipson and Beevers.17

In considering how to sum the series it is of great assistance to think

of the Fourier components as represented by the points of the reciprocal

lattice, to each of which a weight equal to the structure factor of the

corresponding spectrum has been given. For the two-dimensional

series (7.22) the points concerned are those lying in the reciprocal net

(hj k> 0), which contains the origin, and is perpendicular to the zone
axis [001] of the crystal lattice. The structure factor (hkQ) associated

with the point (h, k) of this net is either equal to, or is the conjugate

complex quantity of F(/i0) associated with the point (n, ), and the

two points together give the term

2|F(AA;0)| cos {hu + kv -8(hk)}

in the series for Av(x, y). We have here introduced for the sake of

brevity the notation

u = 27rx/a, v=27ry/b, w =
27rz/c, (7.29)

and have also written 8 (hk), instead of S(hkQ), for the phase angle.
All the terms of the series are now included by considering only those

points in the reciprocal net for which h is positive or zero or, of course,

alternatively, those for which k is positive or zero. We shall here
consider the former case.

To the origin, there corresponds the term |F(000)|. The points

along the a* axis, excluding the origin, correspond to a summation
with respect to h only, and give a contribution

2|F(AOO)| cos {hu
-

S(/K))}, (7.30)

and, similarly, the points along the b* axis give a contribution

|
cos {kv -S(Ofc)}. (7.31)
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The remaining terms are associated with points lying on neither axis,

for which neither h nor k is zero. The points with positive k give a

contribution
T| *

227 E\F (hkff)\ cos {hu + kv-8 (hk)}, (7.32)
i i

and those with negative k a contribution

2r !|F(WEO)| cos {hu
- kv -8(hfy. (7.33)

i i

The whole series is given by the sum of these contributions. In these

expressions, H and K have been used to denote the largest values of

h and k occurring in the summations. In practice, these are seldom

greater than 15 or 20, instead of being infinite as in the theoretical

series. It will be necessary to consider at a later stage what is the effect

of this limitation.

We now introduce the abbreviations

C(hk) = |F(/jfcO)| cos 8(t), S(hk) = | F(/ifcO)| sin &(hk), (7.34)

and expand the cosines in the expressions (7.29) to (7.33). After a

certain amount of reduction, the sum of the series can be written in

the form
K K

Aa(w, v)
= A(0, w) -t-A(A-, u) cos kv + &(k, u) sin kv, (7.35)

i i

where

A(0, u) = F(000) + 227{C(/*0) cos hu + S(W)) sin hu},

A (A:, u) = 2C(OJt) + ZE{[C(hk) + C(Uc)] cos hu + [S (hk) + S(*)] sin hu},
i

B (k, u) = 2S (Ofc) + 227{[S (fcfc)
- S (A)] cos hu - [C (AA:)

- C (/i)] sin /zw}.

(7.36)

The coefficients A(0, w), A(&, w), and B(fc, w) have first to be deter-

mined by summations carried out over h for each value of k, and finally

the summation of (7.35) with respect to k must be made.* This has to

be done for each point (w, v) (or (x, y)) for which the value of <r is

required. A division of the cell edge into 60 parts, so that u and v

vary in steps of 6 degrees is suitable if the maximum values of the

indices h and k lie between 10 and 20, but other intervals may be

necessary in some cases.

Lipson and Beevers have greatly facilitated the work of summing
these series by preparing sets of cardboard strips upon which values of

* The series can of course equally well be written in such a form that the sum-
mation with respect to h is the final operation. The choice will depend on the

circumstances of the particular case. Reference may be made to the paper by
Lipson and Beevers (he. cit.) for practical details.
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A sin hu and A cos hu are printed. Such a strip is represented in

fig. 124.

Fio. 124. Values of 99 sin 3w for values of u at 6 intervals from w= to w= 90

The strip shown as an example in the figure gives the values of 99 sin 3w
for values of u at intervals of 6. Each strip extends from t/=0 to

w = 90, covering one quarter of the side of the unit cell. The index

values h of the strips go up to 20, and the amplitudes A range from
- 99 to + 99 at intervals of unity. Sets of strips are prepared for both
sines and cosines, and they fit into specially constructed boxes, so that

the strip for any amplitude and any index can be instantly found. In

summing any series; say of the type TA(/0 sin hu, all that has to be

done is to take from the sine box those strips with the appropriate
values of A(/z) and h, place them one below the other so that the vertical

columns correspond, and add up the columns of figures. This gives
at once the values of the sum for a set of 16 successive values of u.

The same strips can, of course, be used to carry out summations with

respect to k. It is not necessary to have strips with values of u or v

higher than 90, since the values of the sines and cosines repeat them-
selves in known ways for larger angles, and can be written down
directly once the values up to 90 are known. For example, cos hu
is symmetrical about w-90 if h is even, and antisymmetrical if h is

odd, and there are analogous rules for the sines; so that if odd and
even values of h and k are kept separate during the summations, there
is no difficulty in extending the computation to cover the whole area of
the cell-face, although the symmetry of the projection will usually make
it unnecessary to carry out the work for more than a fraction of the
area.

The final result of the calculations is to give a set of numbers re-

presenting the values of the density a(jc, y) at points spaced regularly
and fairly closely over the whole area of the projection. These numbers
are plotted at the appropriate points in a scale diagram, and contour
lines based upon them are drawn for values of the density differing by
suitable intervals. Such a diagram resembles a contour map of a
mountainous country, the 'mountains* corresponding to concentra-
tions of density of the scattering matter, that is to say to the presence
of atoms. Even although we are dealing with the projection of the
whole of the matter in the unit cell upon one plane, so that overlapping
of the atoms is to be expected, it is surprising how often the individual
atoms are resolved in such a way that the projection gives a vivid

picture of the molecule. An example of this is given by the projection
on the ac plane of the unit cell ot>-dinitrobenzene, fig. 125, due to
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FIG. 125. Projection of the structure of p-dinitrobenzene in the direction of
the b axis. The crystal is monoclinic (James, King & Horrocks)

(Proc, Roy. Soc.. A, 153, 225 (1935))

James, King and Horrocks,18 in which the benzene rings and the nitre

groups are very clearly shown with no overlapping. The rings are

actually very nearly regular hexagons, but they are inclined to the

direction of projection, and so appear distorted. In this case, a fairly

clear and well-resolved set of contours could also be obtained by pro-

jection on the ab plane, so that the co-ordinates of the atoms in the

unit cell could be determined from the two projections taken together*

Very often the projection of the density on a plane has a centre of

symmetry, and if this is taken as the origin of the co-ordinates x, y,

or w, v , the expressions (7.35) and (7.36) may be considerably simplified ;

for in this case S(/iA:)=0 or TT, F(MO) is real, C(A/c) = F(A*0), and

S(hk) = 0, so that the equations (7.36) become

A (0, 14)
- F (000) +2F (/iOO) cos hu

9

A (k, 14)
- 2F(00) +

-
B(Ar, u) 27{F(A*0)

-

+ F(/uEO)} cos hu,

sin hu. (7.37)

The projection may have other symmetry elements, involving rela-

tions between the structure factors that still further simplify the

summations. For example, if F(/7)) = F(/?0), as it will if the
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projection has a symmetry plane perpendicular to b, for which a two-

fold rotation axis in the crystal parallel to a is a sufficient condition,

B(A% u) =0, and the sum becomes

A<r(w, v) = F(OOO) + 227F(/200) cos hu + 2F(OA:0) cos kv
i i

HK
+ 4Z1

i:F(/zA:0) cos hu cos A:z>. (738)
i i

(/) Practical application of the double series when the projection is

centrosymmetrical : In the expressions (7.37) or (7.38) the coefficients

F are all real, but may be either positive or negative ; and which sign
to use in any given case can be determined only by considerations other

than those derived from observations of the diffraction of X-rays by
the crystal. A structure has in effect to be guessed, and the structure

factors corresponding to this tentative arrangement of the atoms must
then be worked out from the assumed atomic co-ordinates, with values

of the atomic scattering factors taken from tables such as those given by
James and Brindley.

19 The algebraic signs of the structure factors so

determined are then given to the corresponding Fourier coefficients, but
for the numerical values of the coefficients the measured values of

\(hkQ)\ are used. The final solution when the projection has a centre

of symmetry is thus independent of any theoretical values of/ ; for

these are used merely as an aid to determining the correct signs of the

coefficients. The assumed values of the co-ordinates will usually be
close enough to the true ones to give the signs of the important
coefficients correctly, but the preliminary Fourier projection made using
these will generally indicate atomic positions different enough from
those assumed to change the signs of some of the smaller coefficients.

A revised projection must now be made with the consequent corrections
to the signs of the coefficients and, if necessary as a result of this, still

another. Although the structure cannot be worked out directly, and
processes of trial and error must still be used, the method of Fourier

synthesis is nevertheless greatly superior to the method of merely com-
paring the values of observed and calculated intensities, since it uses
in a very direct way all the information at our disposal as a result of
the observations of the spectra ; and the superiority of the method is

particularly marked where the structure has a number of parameters.
Once a structure near enough to the truth to give the signs of theimportant
coefficients has been guessed, the variation of the parameters to give
the best fit with observation is done automatically by means of the

series, at all events in the case of a crystal with a centre of symmetry,
in which only observed numerical data are used in the final solution.

The type of information used to obtain a preliminary assumed
structure varies from crystal to crystal. There is no routine method of

procedure, and each crystal presents a separate problem, with its own
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points of interest and difficulty, often affording considerable scope for
the experience and ingenuity of the investigator. The size and probable
shape of the molecule may be known from previous work on substances
of similar type, and the possibilities of packing together such molecules
into the space available in the unit cell, with due regard to any restric-

tions that may be imposed by the symmetry of the space-group to
which the structure belongs, must be investigated. Such considerations
sometimes set very close limits to the possible positions of the atoms.
A standard procedure is to examine the crystal optically, and if possible
to measure its three principal refractive indices. If a characteristic of
the structure is the packing of flat molecules, such for example as those
of the organic ring compounds, into layers, the crystal is likely to show
strong negative double refraction, with the small refractive index as-

sociated with a direction of the electric vector of the light waves perpen-
dicular to the sheets of molecules. Valuable information as to the
orientation of flat or chain-like molecules may sometimes be obtained

by examining the diffuse reflections due to thermal movement. The
methods used are in fact those used in any structure determination by
the method of trial and error, and their systematic discussion belongs
to a volume on experimental technique, and not to the present
chapter.

(ni) Some examples of the use of the double series when the projection
has a centre of symmetry : We shall now consider more closely two
actual examples of the application of the double Fourier series, with
the object rather of illustrating the differences in the treatment of
individual cases than of indicating any general method of procedure.
The first case we shall consider is that of potassium di-hydrogen

phosphate, KH 2PO4 , a relatively simple structure, to which the Fourier
method was applied by West.20 The unit cell of the crystal is body-
centred tetragonal, and the positions of the K and P atoms are fixed

by the symmetry of the crystal at definite points in the structure. The
oxygen atoms surround the phosphorus atoms in groups of four,

arranged nearly at the corners of a regular tetrahedron, each group
having a phosphorus atom at its centre. We shall not here consider
the nature of the crystal unit in detail. The crystal had already been

analysed by Hendricks,
21 and the aim of West's work was to apply the

Fourier method to the accurate determination of the shape and size of
the PO4 group.
To illustrate the particular method used by West to determine the signs

of the Fourier coefficients we need only consider the projection along
the tetragonal axis onto the plane (001), which is shown diagramma-
tically in fig. 126. The black circles in fig. 126 a represent the atoms of
K and P, which in this projection fall on top of one another, their

positions being fixed by the symmetry of the cell. The O atoms in the

projection are arranged in squares about the K+P positions, and are
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denoted by white circles in fig. 126 a. It will be seen that the projection
has a centre of symmetry, but no planes of symmetry. The structure

factors F(/?/:0), which are those

required for this projection, fall

into two classes, (i) those for which
h is even, to which all the atoms

contribute, and (ii) those for which
/i is odd, to which K and P make
no contribution, the spectra of this

type being due to oxygen alone,

and therefore all weak in compari-
son with those of type (i). The
contributions of K and P to the

relatively strong spectra of type

(i) are all in phase, and we may
conclude that they govern the signs

of the structure factors for these

spectra. We may therefore take

the signs of the coefficients for the

terms with h even as being those

due to the K and P atoms alone,

and these are very easily calculated.

A preliminary projection was there-

fore made using terms in the sum

(c)

FIG. 126

with h even only. The type of

projection obtained is illustrated

in fig. 126/7, which gives only the

neighbourhood of one of the K + P peaks, that enclosed in dotted lines

in fig. 126 a. It will be seen that around this peak there are eight
smaller peaks, symmetrically disposed about the diagonals of the cell,

instead of four. This is because the structure that would give no spectra
with h odd, which is what this projection corresponds to, would have this

symmetry about the diagonals. The diffracting matter of the four

oxygen atoms would have to be disposed symmetrically in eight
maxima about the K + P peak, instead of in four. But the co-ordinates

of the O atoms can be read off from this projection, and using them
we can calculate the signs of the coefficients with h odd. A projection
made using these alone is shown in fig. 126 c. This gives four positive
maxima in the positions of four of the peaks of fig. 126 b. The peaks

symmetrical with these about the cell diagonals have, however, become
hollows of negative density. The true distribution is got by superposing
figs. 1266 and 126 c, when the corresponding positive and negative
densities neutralise each other, and we are left with four oxygen peaks
only around each K -h P peak, each with double the density of the eight

peaks obtained from the spectra with h even. This is an ingenious
solution of a particular problem, which might well have applications to
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other fairly simple structures. The attack is relatively direct, and the

superiority of the Fourier method to that of detailed comparison of

observed and calculated spectra is evident.

A particularly beautiful example of the method is the analysis of the

phthalocyanine structure by Robertson. 22
Although this molecule is

very complicated, its analysis is perhaps the most direct yet carried out.

There are 32 carbon atoms and 8 nitrogen atoms in the molecule, but

it was possible to obtain the electron-density map directly by means of
the double Fourier series without making any initial assumptions as to

the form of the molecule, and indeed, as Robertson points out, without

assuming the existence of separate atoms at all.

The molecule of free phthalocyanine has a centre of symmetry at

which no atom is situated, but it is possible to prepare a series of com-

pounds isomorphous with one another and with the free compound,
which contain a metal atom in this position. It can be proved quite

definitely, by X-ray methods, that the metal atom enters the compound
at the centre of symmetry. Because the series of compounds is iso-

morphous, and the dimensions of the unit cell remain closely similar,

we may infer a general similarity of structure. Since the metal atom
lies at the centre of symmetry, it is easy to calculate the magnitude and
the sign of its contribution to the structure factor of any spectrum,
and it is plain that for all spectra, except perhaps for some of quite

high order, the corresponding Fourier coefficients will be positive, that

is to say the Fourier waves will have crests and not troughs at the centre

of symmetry. Suppose now we compare a spectrum given by a metallic

compound with the corresponding spectrum given by the free com-

pound. If the intensity of the spectrum from the metallic compound
is greater than that from the free compound we know that the contri-

butions to the structure factor from the metal, and from the non-

metallic part of the molecule, have the same sign. If, on the other

hand, the intensity of the spectrum from the metallic compound is less

than the intensity of that from the free compound we know that the

contribution from the non-metallic part, that is to say in effect from

the free molecule, must be opposite in sign to that from the metal.

Thus it is possible to determine quite directly the signs of the coefficients

for the free compound, and hence to carry out a direct summation of

the Fourier series. The projection parallel to the b axis of the crystal

is shown in fig. 127, together with a key diagram. The peaks cor-

responding to the forty atoms of carbon and nitrogen show out very

clearly. It must be remembered that this is a perfectly direct optical

determination, with no initial assumptions as to the nature or the

number of atoms in the molecule, and it forms a striking confirmation

of the general correctness of the Fourier method of representation.

Unfortunately, the method used to analyse the structure is not one

of general application, since it depends on the existence of a series of

isomorphous compounds ; but it is nevertheless a good example of
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the ingenious exploitation of a particular circumstance to effect an

analysis a method which in some form or other must always be used.

It will, however, rarely happen that so beautifully direct a solution is

possible, and methods of trial and error will as a rule have to be used.

Reference to a number of typical determinations by this method will

be found in the bibliography at the end of this chapter
23

.

(n) The use of the double series when the projection has no centre of
symmetry: The general expression for the structure factor (hkl) is,

by equation (2.14) p. 31,

F (kkl) = Zf8 e2i<fttt. + *. + i, >

where A = Ef9 cos 2n (hu9 + kvs + lws)

B = Ef9 sin 277 (hus + Art/, + lw,) 9 (7.39)

/i being the scattering factor for the atom whose co-ordinates, expressed
as fractions of the corresponding sides of the unit cell, are w5 ,

va , and

H>,, and the summation being over all the atoms in the unit cell. If

the crystal has a centre of symmetry, which is also the origin of co-

ordinates, B, the sum of the sine terms, vanishes, and F(hkl) is real. If

there is no centre of symmetry, B does not vanish, and F(hkl) is com-

plex ; but it is plain from (7.39) that so long as the /'s are real

F(/E/)=A-iB=F*(A), the result obtained in VII, l(c), equation

(7.8). The phase angle 8 (A*/) of (7.8) is evidently given by

tan 8(AA:/)=B/A

cos 8 (hkl)
=
A/I F (hkl)\ , sin 8 (AW) = B/| F (hkl)\ . (7.40)

To calculate the phase angles, we therefore need to know the atomic

scattering factors,/, for the atoms in the unit cell, and also the atomic
co-ordinates. It may often happen that although the structure as a

whole has no centre of symmetry, its projection onto one or more of

the axial planes has. For example, structures belonging to the ortho-

rhombic holoaxial class, which is characterised by the possession of

three two-fold axes, have no centre of symmetry, but their projections
on all three axial planes are centro-symmetrical. Sometimes, however,
the required projection has no centre of symmetry, and it will then be

necessary to use the series (7.21), or (7,35), that form of it suitable for

summation. The quantities C(hk) and S(Afc), defined in (7.34), which

appear in the coefficients of (7.35), involve the phase angle S(A&0).
The lines on which it is necessary to proceed are as follows. By

some means, an approximation to the structure must be guessed. Using
the assumed co-ordinates of the atoms, and the values of/from the

tables, we calculate sin S(AfcO) and cos S(AJtO) from (7.39) and (7.40)
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for all spectra of the type (hkO) lying within the range of observation.

Then, using the observed values of |F(/2/cO)|, and the calculated values
of sin 8 and cos 8, we calculate the quantities C(hk) and S(hk\ and
form the coefficients C(hk)+C(hlc), S(hk) + S (/;), C(hk)-C(hk\ and

S(Afc)
-
S(/*), that occur in the summations (7.36). With these values,

the summations (7.36) and (7.35) are carried out. If the initial guess
at the structure has been fairly accurate, a good enough projection
should be obtained to make it possible to correct the assumed co-

ordinates. A re-calculation of the phase angles must then be carried

out with the corrected co-ordinates, and with the revised phase angles
a second projection must be made. The process must be repeated until

no important change is introduced by further corrections.

The amount of work involved in carrying out the summation for the

unsymmetrical projection is not seriously greater than that for the

symmetrical one, the increase being largely in the preliminary calcula-

tions of the phases. Robertson M has carried out a successful analysis
of the structure of resorcinol by this method. Another example is the

analysis of 4:4'-dinitrodiphenyl by van Niekerk.25

When the projection has no centre of symmetry, the values of the

phase angles used in the summation depend directly on the assumed
atomic co-ordinates, and also on the theoretical values of the atomic

scattering factors. The method is therefore less satisfactory in principle
than it is when the projection has a centre of symmetry ; for then the
final summation depends on no numerical values other than observed

ones, theoretical values of the scattering factors being used only to help
to decide between the two possibilities, and TT, for any given phase
angle. It is important to make some test to see whether the process
of successive approximations described above does tend stably towards
the correct solution. A projection will not in general be attempted until

there is fair agreement between observed and calculated intensities for
the more important spectra, and we may perhaps expect the projection
obtained to depend a good deal on the assumed co-ordinates from which
the relative phases of the Fourier waves are calculated.

The following simple example may serve to illustrate the difficulty
under consideration. A projection was made of a fictitious crystal
structure with a rectangular unit cell containing two identical atoms.
The separation of these atoms was assumed to be parallel to the a edge
of the unit cell, and equal to one third of the cell edge. The a and
b spacings were assumed each to be equal to 5A, and the projection
was made in a direction parallel to the c axis. The scattering factors of
the atoms were supposed to be equal to those of K+, as given in the
tables of James and Brindley, and all structure factors of the type
F(hkG) for spacings greater than 0-5A were calculated, and included
in the summation.
With such a crystal, the obvious course would be to take the origin

mid-way between the two atoms, which would have co-ordinates
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(u, 0, 0), where -60. A projection was made in this way,
assuming as a tentative value of the parameter u = 54. The 'observed'

values of |F|, that is to say those calculated assuming = 60, were
used as coefficients. The assumed parameter, w = 54, gives the wrong
sign to all coefficients for which h = 8, but correct signs to all the others.

The values of a(x, 0) at points along the cell edge, which are very
easily calculated, are shown in fig. 128 b. There are well-marked peaks

100V

80

i 40-

20

60" V ~
/><,-- ^ V 300

1

(a.) All coeffiaents with correct sign

(b) Coefficients with h' 8, wrong sign

FIG. 128. Illustrating successive approximations to a projection where the

crystal has a centre of symmetry

at about u= 58, and this correction to the assumed values of 54
is enough to give the correct signs of the coefficients with h = 8, so that

the next approximation is in this case the final one. It is shown in

fig. 128 a. The large oscillations in the background of fig. 128ft are
due to the reversal of phase of the waves with h = 8, and the smaller
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oscillations in the corrected figure, 128 a, are due to the systematic
rejection of all Fourier waves with lengths shorter than 0-5A. They
are analogous to diffraction rings about the main maxima, and will be
discussed in the second section of this chapter.

This example is of course trivial in itself, but it is introduced for

comparison with the next one, in which the projection of the same
structure is treated as one with no centre of symmetry, by choosing the

origin at the centre of one of the atoms. The atomic co-ordinates are
then 0, and (2w, 0, 0), and the structure factor is given by

F(hkO) =f(l + 2 cos 2hu) + //sin 2hu.

The values of cos 8 and sin 8 were calculated for w = 108, and the

values of C(lik) and S(hk) were determined using these values and the

360

FIG. 129. Illustrating successive approximations to a projection where
structure has no centre of symmetry. A and B are the correct positions of

the maxima ; A and A', those assumed in calculating the phases

'observed' values of |F(/z/cO)| for w = 120. The resulting values of

<r(x, 0) are shown in fig. 129 for rather more than the whole cell edge.
The lines A and A' show the assumed values of the co-ordinates, and
A and B the actual values on which the 'observed' values of |F| are

based. It will be seen that the first approximation yields a value of u

differing very little from the assumed one, about 111, instead of 108,
and a further approximation would presumably yield a further slow

approach to the correct value. The irregularity of the background
shows that the phases have not been guessed correctly, but this criterion

might be difficult to apply in practice in the case of a more complicated
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crystal. The general indications in this simple case are that the projec-
tion tends to give values of the parameters rather largely influenced by
the assumed values, and that the approach to the correct values in
successive approximations may be rather slow. It is clear that caution
must be used in interpreting the results obtained from projections having
no centres of symmetry. If the projection shows clean definite maxima
near the positions to be expected from the assumed parameters one may
infer that the assumed structure cannot be far wrong, and that there is

good general agreement between observed and calculated structure

factors, but it is probable that the exact values of the parameters cannot
be so reliably inferred as in the case of the structure with a symmetry
centre, in which the corrections introduced by the successive approxi-
mations are changes of sign of certain coefficients in the series.

In the simple example taken above, the values of/used in calculating
the phase angles are the same as those giving the observed structure
factors. In practice this will not generally be true, since theoretical
values of/, to which no reliable corrections for the thermal motions of
the atoms can be made, must be used in calculating the phases, while
the observed intensities depend on the actual effective values of the

scattering factors for the atoms in the crystal.

(o) One-dimensional series: Let ABCD, EFGH, fig. 130, be two
successive lattice-planes of a crystal structure, and let the parallelepiped
between them enclose a

space of volume equal H^
to that of the unit cell.

Consider a thin slab of

this cell of thickness c/x,

parallel to the lattice-

planes, and at a distance

x from ABCD.
/ / J-*

Let S (x) dx be the total

amount of diffracting
matter lying within this A
slab. The function S(.v) FIG. 130

is periodic in the distance

d, the spacing of the planes, and can therefore be expressed as the
sum of a Fourier series of the simple or one-dimensional type,

-2"""rf
. (741)

00

The coefficients A(/i) are determined in the usual way, and are given by

</.A(/i)=| S(x)e2ntnxfd dx. (7.42)

If the phase of the radiation scattered from the plane ABCD is taken
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as zero, the phase of the contribution from the slab at a distance x
from ABCD to the /?th order spectrum from the planes is 27rnx/d;
so that the integral on the right-hand side of (7.42) is equal to F(//),

the structure factor for the nth order spectrum from the planes of

spacing d. Thus the series for S(;c) may be written

S (x) =-^ FCH)*-"*". (7.43)
" n

00

If the scattering density S(x) is everywhere real, F(/i) and F(n) are

conjugate quantities, and, just as in VII, 1 (e\ the series (7.43) may be

expressed in the form

SW +^>W,co.fe-3<4 (7.44)a a n== \ I
" J

If the structure has a symmetry centre, or a plane of symmetry, or a

rotation or screw axis parallel to the lattice-planes, the origin for x may
always be so chosen that S(x) is symmetrical in jc ; and in this case

S() must be either or TT, so that a distribution consistent with an
observed set of values of \P(n)\ is given by the series

,
(7 .45)

the argument being exactly as in VII, 1 (/).

This is the simplest of all the types of Fourier series that are applied
to crystal analysis. It gives information about the distances of atoms
from the reflecting planes, without regard to their positions parallel to

these planes. The use of such series was first suggested by W. H. Bragg
l

in 1915. The derivation of the series, and some examples of its applica-

tion, were given by A. H. Compton in 1926, in his book X-Rays and
Electrons.

In applying the series it is of course necessary to assume tentative

structures, or to use information other than that given purely by the

use of X-rays, to estimate the phases of the Fourier components. The
form (7.45) of the series has usually been employed, in which only the

algebraic signs of the coefficients have to be determined. Some
examples have been given in The Crystalline State, Vol. I, Chapter IX,
an interesting one being that of the alums, due to J. M. Cork,

26 in which
the signs of the coefficients were determined by examining a series of

isomorphous compounds.
The coefficients |F(/?)| are the structure factors of the successive

orders from one set of lattice-planes, and unless the spacing of these

planes is fairly wide the number of terms in the series will be small and
the resolution consequently low. In fig. 131 we give as an example a

curve calculated by means of the one-dimensional series showing the

distribution of diffracting matter between the (001) planes of j9-alumina
(Na2O, 1 1 A1 2O3). The planes have a spacing of 22-45A, and 16 terms
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of the series have been used. Actually spectra up to 0, 0, 32 were
included, but the spectra of odd order are absent for this set of planes.
We are indebted to Mr. C. A. Beevers for the results upon which fig.

131 is based. Rather more than one quarter of the distance between
successive planes is shown in the figure, in which S(*) is plotted as a

function of the angle 2irx/d expressed in degrees, so that 360 represents
the full spacing d (

= 2245A). The distribution is symmetrical about

,v-0,<//4, and 3rf/4 ; or 0, 90, and 270
; so that the complete

Al At 40 3AI 40 Ai Na+0

FIG. 131. The distribution of diffracting matter between the (001) planes
of jS-alumina (Na 2O, 1 1A1 2O3), calculated by means of a

one-dimensional Fourier series

distribution is easily obtained from the portion of the curve shown.
The positions of the atoms between the planes as determined by Bragg,
Gottfried and West 27 are indicated by arrows at the top of the figure.

(p) Fourier methods requiring no knowledge ofthe phases of the spectra :

Patterson's series : In 1934, A. L. Patterson u developed a method of

obtaining information about interatomic distances in crystals by using
a Fourier series the coefficients of which are the values of |F(/;A:/)|

2
,

instead of those of F(M/), as in the series so far discussed. Such a

series, which takes no account of the relative phases of the spectra,
must evidently give less information than could be obtained in an ideal

case from the ordinary series if full knowledge of the relative phases

wereavailafrlgT t)n the other hand, the information derived ffom it

depends directly on observation, and not in any way on assumptions
based on tentative ideas of the structure of the crystal. Patterson's
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method arose as a result of discussions of another direct method intro-

duced by Warren and Gingrich,
10 the consideration of which we shall

postpone until the scattering of X-rays by amorphous matter has been

dealt with. Patterson's work is, however, a direct extension of the

ordinary Fourier methods, and is useful in obtaining preliminary
estimates of the structure before applying the ordinary series. It must
therefore be considered here.

Suppose the density of scattering matter at a point (x9 y, z) in a

crystal to be p(x9 y, z) 9 which is given by the Fourier series (7.5). This

density will have very small values except in the neighbourhood of

certain points, the positions of the atoms. Now consider the function

p(x + u, y + v
9 z + H>), where u

9
v

9
H> are parameters supposed constant

in any given case while x9 y, z vary. This latter function is the same
function of the variables x + w, y + v, z + w as p(x9 y, z) is of x9 y9 z, and
it represents a distribution exactly similar to that corresponding to

p(x,y, z), but displaced with reference to it, without rotation, through
a distance whose components parallel to x, y, z are -

w, -v, - w.

Consider now the product p(x, y, z) p(x + u, y +v 9 z + w). Its value

at any point (x, y, z) will in general be small, but it may reach appreci-
able values at certain points if w, v, w are the components of the distance

between two of the atoms in the structure, that is to say between two
of the density maxima in the distribution p(x9 y, z). For in this case

one maximum of the distribution p(x,y, z) coincides with another
maximum of the distribution p(x + u

t y + v, z + w). The coincidence of
the two distributions will be complete if u9 v, and w are zero, or any
multiples of the lattice translations of the crystal, but there will be some

degree of coincidence, as we have just seen, if they are the components
of any interatomic distance.

As a measure of the degree of coincidence, we may take the function

P(w, v
9 w), given by

P(w, *% H>)
=N 1 I p(xt y, z)p(x + u9 y+v, z + w)dxdydz9 (7.46)

Jo Jo Jo

where a, b, c are the lattice translations of the unit cell, whose volume V
is Nahc. The integrand is the product of the densities of the two distri-

butions for the same point (x, y9 z), which is small unless there is a

coincidence of maxima at the point concerned. The greater the general
coincidence of maxima in the two distributions, the greater the value
of the integral. P(w, v9 w) is a function of u9

v9 and w only. Let us
consider it as a density distribution in the co-ordinate space of u9

v
9 H>.

This distribution is periodic in the distances a9 b 9
c parallel to u9

v
9 H>,

and it has maxima whenever the vector from the origin to the point
(w, v9 w) is equal to the vector distance between two atoms in the original

crystal structure. The main maxima occur whenever this vector dis-

tance is a lattice vector of the crystal, that is to say whenever u9 v, and
w are any multiples, positive, negative, or zero, ofa, b and c respectively.
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Since P(w, v
9 w) is periodic, it may be expressed as a Fourier series,

and we must now find the coefficients of this series. By equations
(7.46) and (7.5),

xe
'(i/+p)

,

i'(z+w)\~\
b

+
c

Jjdxdydz. (7.47)

This integral vanishes unless h= -h' 9 k= -k', 1= -I'. In this case,

)
=

F*(/2'A:7'), and (7.47) becomes

1ST

P(w, v, w) =^V flic |F(AJt/)|
2

. fhu kv lw\n*U+ +
-?J

COS 2" + + '

(7 '48)

The series for P(w, e>, w) is thus of the same type as series (7.12) for the

density distribution for a crystal with a centre of symmetry, except that

the coefficients are now necessarily positive, and proportional to the
intensities of the spectra. This is Patterson's series. Its evaluation

yields a density distribution which is periodic with the periodicity of the

crystal, has maxima at the origin and at points derived from the origin

by the lattice translations of the crystal, and subsidiary maxima at

vector distances from the origin equal to the vector distances between

every pair of atoms in the crystal.

(q) The properties of Patterson"s series : We may discuss the essential

properties of the series by considering the one-dimensional case, dealt
with in VII, 1 (0), in which S(x)dx is the amount of diffracting matter

lying within a slab of the unit cell of thickness dx at a distance x from
the yz plane. Patterson's series in this case is given by

os2ir. (7.49)

P(w) has principal maxima when u is equal to any multiple of a, and

subsidiary maxima when u is equal to the distance between any two of
the maxima of the original distribution S(x). We may discuss the

properties of the series analytically in the following way. Let there be
atoms in the structure at points whose x co-ordinates are xl9 x2 ...>xn ,

xm . . .
, and let/lf/2 ...,/,fm . . . , be their scattering factors. Then

(7.50)
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+S E2fmft cos (xm - xn). (7.51)
TO m n CL

Assuming the/'s to be real, and substituting (7.51) in (7.49), we obtain

P(M)--|F(000)|
2 -f-VB(A)cos277-

a a " a

2 m^n r

7/1 71

27TA

where D/IA r/-2/L\ ^v^ \** -^w -^n/r r v-52)

It must be remembered that/m and/n are functions of A, and we have

written them fm (h) and/n (A) to emphasise this.

In equation (7,52), each summation with respect to h is a Fourier

series with positive and steadily decreasing coefficients. The first such

series, the second term in (7.52), gives a distribution with maxima at

w=0, 0, 2a, and so on. These maxima will be the sharper the

more slowly B(h) dies away with increasing A, although if the series ter-

minates while B (h) is still appreciable subsidiary maxima and minima will

appear. In practice, the coefficients die away rather rapidly, since they

depend on/2
, and the maxima are rather broad. These maxima give us

no useful information. They are due simply to the necessary coincidence

of S(x) and S(* + u) when u is any multiple of the identity period a.

The third term in (7.52) shows that corresponding to any pair of

atoms m and n there are two Fourier series, each with a coefficient

fm(h)fn (h) for the Ath term. These series yield distributions with

maxima at u =na(xm -xn), symmetrically disposed therefore about
each main maximum. The heights of these maxima are proportional to

Zfm(h)fn(fy- It is easy to generalise the results just obtained to two
n

and three dimensions.

A full three-dimensional analysis by this method is impracticable on
account of the amount of work involved, although, as we shall see

later, very valuable use has been made of a three-dimensional series

for certain special cases. Patterson's early applications of the method
were to projections in two dimensions. If a(xy y) is the density of the

projection of the diffracting matter on the xy plane, the corresponding
Patterson series is

I

JQJQ
(x + u>y+v)dxdy

<7-53>
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A being the area of the face ab. This distribution will have main

maxima, corresponding to coincidences of the two distributions a(x, y)
and a(x + u, y + v), at the corners of the network ab, Symmetrically
disposed about each maximum will be pairs of subsidiary maxima, cor-

responding to each interatomic distance in the projection <T(JC, y). A
simple example will make the relation between the two types of distribu-

tion clear. In fig. 132#, is shown the projection of the positions of the

atoms in the unit cell of iron pyrites, FeS 2 , on one of the cube faces.

The black circles indicate the iron atoms, and thewhite circles the sulphur
atoms. Fig. 1326 shows the positions of the maxima in the correspond-
ing Patterson projection P(w, v).

Main
Maxima

FIG. 132. (a) Projection of a unit cell of FeS 8 on a cube face

(b) Patterson projection of the same unit

Even for such a comparatively simple structure, the |F|
2
projection

is not easy to interpret, and it would be more difficult still if the true

projection were not already known. In the figure, all the positions arc
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shown at which maxima should occur, but in the actual projection,
the maxima will be rather diffuse, and the fainter or closer ones may
not be resolved. In the |F|

2
projection, the vector corresponding to a

given interatomic distance is always drawn from the origin, no matter

where the two atoms may lie in the true projection. If there are several

equal and parallel interatomic distances in the true projection, all give
the same peak in the |F|

2
projection, which will be correspondingly

strong. Interatomic distances between two heavy atoms will also show

up clearly in the |F)
2
projection, since the height of a corresponding

maximum is proportional to fmfn , the sum being taken over all the

orders of spectra concerned. Very valuable information may sometimes
be obtained in such cases, and the method may be a useful adjunct to

the process of trial and error used as a preliminary to a full crystal

analysis ; but it is unlikely to provide information leading to the direct

analysis of an unknown and complicated structure, because of the

many interatomic distances in the true projection, and the number of

overlapping and unresolved maxima in the |F|
2
projection in such a

case. Many of the difficulties due to lack of resolution are avoided by
a method employing a three-dimensional series, which we shall con-

sider in detail in a later paragraph,

(r) Methods of increasing the resolution of the Patterson distribution :

As we have seen in 1(0) of this chapter, the maxima in the |F|
a

distribution are rather diffuse, because the coefficients |F|
2 of the series

diminish rapidly. Again it is easiest to consider the one-dimensional

case, although the results can be applied quite directly to the two-

dimensional one. The maxima corresponding to any particular pair of

atoms m and n are those given by the Fourier series in the third term
of equation (7.52). The coefficients of these series are fm (h)fn (h),

which diminish rapidly with increasing h. If we can in any systematic

way decrease the rate at which the coefficients fall off, we shall sharpen
the maxima in the distribution given by the series. A number of

devices suggested by Patterson n for increasing the sharpness of the

maxima amount to such a systematic modification of the coefficients,

and although useful, have in reality a mathematical rather than a

physical significance.

A set of equal coefficients, not decreasing at all, would correspond
physically to point atoms, without temperature motion, and the

structure factor for this case could be obtained by writing Zm in place
offm in (7.50), Zm being the number of electrons in an atom of type m.
If all the atoms in the unit cell were alike, each with a scattering factor

/m , we could in effect reduce their action to that of point atoms by
writing instead of the actual structure factor F(h) the quantity
F(ft)Zm//TO , and the series whose coefficients were the squares of these

quantities would correspond to a distribution with considerably
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sharper maxima than those given by the series whose coefficients are

the values of |F(A)|
2
, although the termination of the series at a finite

number of terms would necessarily introduce false detail. In practice,

the values of F(A) are those appropriate to a crystal whose atoms are

in thermal movement, while the values of fm used in the modified

coefficients would presumably be tabulated values corresponding to

atoms at rest. The modified coefficients would not therefore corres-

pond exactly to point atoms, and the false detail would accordingly be

reduced.

The atoms in the unit cell of a crystal are not in general all of one
kind. Patterson therefore suggests using in the coefficients instead of

F(/i), F(fc)//; where

(7.54)

the summation being over all the atoms in the unit cell. The general
effect of this is to produce a scattering factor corresponding more

closely to one due to point atoms, and to sharpen the maxima in the

resulting distribution. Patterson gives in his paper a number of

examples, an interesting one being the case of copper sulphate. Here
the maxima in the distribution made using the modified coefficients

|F(/OI
2
/I/I

2 are much more clearly defined than those in the ordinary

|F|
2 distribution.

Patterson makes the further suggestion that the main maxima at the

corners of the lattice-cell, corresponding in the one-dimensional case

we are here considering to the second term in (7.52), should be removed,
since they give no useful information, and prevent resolution of other

maxima. This removal may be carried out in principle by using instead

of |F(/i)|
2 a modified coefficient |F (/i)|

2
, where

2
. (7.55)

The second term in (7.52) then vanishes, and we are left only with the

peaks of the third term, corresponding to interatomic distances within

the unit cell, but not to the lattice translations. In practice, however,
there might be some danger of introducing false maxima by this process,

since the values of \fm \* would have to depend on theoretical/-curves,

and might be considerably in error.

(s) Markers application of the Patterson method : As we have seen

above, the two-dimensional |F|
2 series is not very satisfactory in prac-

tice, because the projection of every interatomic distance in the unit

cell onto the plane considered has its corresponding maximum in the

P(w, v) distribution, so that there is nearly always overlapping of

maxima. Moreover, the individual maxima are rather diffuse because

of the comparatively small number of effective terms in the series,
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whose coefficients diminish rapidly with increasing order. The series

for the three-dimensional Patterson distribution, P(w, v, H>), cannot be
evaluated completely without excessive labour, but it has been shown

by Marker 28 that very useful results can nevertheless be obtained by
applying it to special cases of crystals with certain symmetry elements.

We shall consider some of the more important examples : (i) Let the

crystal have a twofold rotation axis, and suppose this to be chosen as

the b axis of co-ordinates. Then for any atom with co-ordinates

(x, y, z) there is another with co-ordinates (3c, y, z). The vector between
these two atoms has components (2x, 0, 2v), and the positions of the

corresponding maxima in the distribution P(w, v, w) can be found by
evaluating P(w, 0, w) only; for the corresponding vector must lie in

the uw plane, since all vectors in the distribution start from the origin.
Thus

VP (w, 0, w) = Z*SZ
|

F (hkl) i

2 cos 27r ( + ~
h k I \ a C

--ZZ
h I

= Z2C(hl)co*2ir f- + -\ , (7.56)
A i \a c I

where C(hl) =Z\(hkl)\*. (7.57)

All the interatomic vectors not actually in the plane xz are eliminated
in this way, although they would, of course, appear in the two-dimen-
sional distribution P(w, w). It will be seen that the evaluation of the
series involves the measurement of the intensities of all spectra of the

general type hkl, of which there may be a large number. On the other

hand, a very accurate estimate of the intensities is not necessary, and the
work involved is by no means prohibitive. The preliminary summations
to form the coefficients C(W) may be thought of in the following way.
Suppose a rotation photograph to be taken with the crystal rotating
about the b axis. Layer lines and rowjines will be formed, and each
row line corresponds to a given pair of values of h and /, while each

layer line corresponds to a given value of k. One coefficient C(W)
would therefore be given by the sum of the squares of the structure
factors of all the spectra in one row line. This is a convenient geo-
metrical way of visualising the summations to be carried out; it is

not necessarily the most convenient way to do them in practice. By
this method, information about the distances of atoms from the two-
fold axis may be obtained, which may be of considerable value in

deciding upon a possible structure. The same method can be used for

three-, four-, or six-fold axes ; for the vectors between equivalent pairs
of atoms are in all these cases parallel to the plane y =0.
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(ii) It
%

the axis parallel to b is a two-fold screw axis, an atom
with co-ordinates (x, y, z) gives rise to a second with co-ordinates

(x, y + b/2, 5), and the vector between them has components
(2x,

-
b/2 t 2z). The corresponding maxima in the P(w, v, w) distribu-

tion have co-ordinates (2jc,
-
b/2 9 2z) and (2x, + b/2 9 2z), since all

is symmetrical about the origin. In this case we evaluate the series for

the plane v = 6/2, and obtain

+ /hit k Iw\
VP(w, b/2, w) ~Z 27|F(M;/)|

2 cos 277 - + ~ +
]

h k i \a2cj
oo

where C(A/) = (- l)*|F(/tA;/)|
2

. (7.58)

The components parallel to the plane y=Q of the vectors from the

origin to the maxima in P(w, i/2, w) give the directions, and double
the distances, of the corresponding atoms from the two-fold screw

axis. In the summations for C(W) in this case, the intensities of the

spectra on the even layer lines are taken as positive and those of the

spectra on the odd layer lines as negative.

(iii) Suppose the crystal has a reflection-plane of symmetry, perpen-
dicular to the b axis, and passing through the origin of co-ordinates.

To any atom with co-ordinates (x, y, z) there corresponds a second
of the same kind with co-ordinates (.v, y y z), and the vector between
them has components (0, 2y, 0). The corresponding maxima in the

P(w, v, w) distribution lie on the b axis at distances 2y from the origin.
We therefore evaluate P(w, v, w) for points on the axis of v. Thus

VP(0, v, 0) - ESZ\?(kkl)\* cos 2*~
h k I O

where B(A:) ~SZ\P(hkl)\*. (7.59)
h i

The summation for B(fc) now includes squares of the structure factors

of all spectra on the kth layer line. The distances of the maxima in

P(0, v, 0) from the origin are equal to twice the distances of the

corresponding atoms from the mirror plane.

(iv) If the crystal has a glide-plane of symmetry perpendicular to the

b axis, with a glide c, equivalent points have co-ordinates (x, y, z) and

(A, y, z +c). The maxima in the distribution P(w, v, w) corresponding
to the distances between these atoms have co-ordinates (0, 2y, -$c)
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and (0, 2y, +c). We evaluate P(w, v, vt>)
for the line u = 0, z =*$c,

and obtain

VP(0, v. ic) =SEE |F(Att)|* cos 2*r^ +^
oo

~B(Jt)cos^ (7.60)
k O

where

Here again, the information given is the distance of the atom from the

glide-plane, which is half the value off corresponding to a maximum.

Other types of glide-plane may be dealt with in a similar way.
In Table VII. 2, we give a list, taken from Marker's paper, of the

appropriate forms of P(u, v, w) for different types of symmetry element.

The notation is that of the International Crystal Tables, which is also

that used in Vol. I of The Crystalline State.

TABLE VII. 2

If some atoms are known to be in special positions, other simplifications

may be possible.

Marker's method is likely to be of considerable value in the analysis

of the more complicated structures. It will in general be used in con-

junction with the ordinary two-dimensional F-series, and its main

function is to fix some co-ordinates of important atoms in the structure

in order to determine the appropriate phases of the spectra for use in

the F-series.

(t) An example of the use of the Patterson-Harker method : As a

good example of the use of this method we may take the determination

of the structure of penta-erythritol, C(CH2.OH)4, by Llewellyn, Cox
and Goodwin .

w The structure is based on a body-centred tetragonal

lattice, and the symmetry is that of the space-group H. There are two
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molecules in each unit cell, and the central carbon atoms of these

molecules lie at the cell corners and cell centres. Through them pass

axes of four-fold rotatory inversion. The carbon atoms of the CH,
groups, and the oxygen atoms

of theOH groups lie in general

positions, and there are eight

of each in the unit cell, four

associated with each molecule,

and derivable from one an-

other by the action of the axis

of rotatory inversion.

Fig. 133 a shows the pro-

jection of the structure on

the c face of the unit cell.

Similarly shaded atoms in the

molecule at the cell centre lie

in the same plane for space-

group reasons. The plane

containing the carbon atoms

Cx and C3 lies as far above

the central carbon atom C
as the plane containing the

atoms C2 and C4 lies below it ;

and similarly with O1 and O3 ,

and O2 and O4 . Atoms in the

molecules at the cell corners

lie in planes half a unit above

and below those containing
the corresponding atoms in

the molecule at the cell centre.

Fig. 1336 shows the Patter-

son-Harker distribution

P(w, v
, 0), and is a section of

the three-dimensional distri-

bution P(w, v, w) by the plane
w = 0. For the sake of clear-

ness, only the positions of the

maxima in the distribution

FIG. 133. (a) The projection of the positions
of the atoms in the unit cell of penta-erythritol
on the c face; (b) The Patterson-Harker section

P(u, u, 0) for the same crystal

re shown, but it must be remembered that the original diagram is

a contour diagram, similar to those shown in figs. 125 and 127,

from which the positions of the maxima have to be estimated.

Apart from the main maxima at the cell corners, there should be only
two independent maxima in this distribution those corresponding to

the spacings betweenQ and C3, and between Ox and O3 . Each of these

pairs of atoms lies in a plane parallel to the plane w =0, because of the

fourfold axis of inversion ; and owing to the action of this axis each
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of these maxima will be repeated symmetrically four times about the cell

centres and cell corners. Such maxima have been called 'space-group
maxima'. They are the maxima denoted by (1) and (2) in fig. 1336,

together with those derived from (1) and (2) by the action of the four-

fold axes. In addition to these maxima there are, however, maxima
of a third type, marked (3) in fig. 133 b. These cannot be space-group
maxima, and must be due to atoms which happen for reasons not

directly connected with the symmetry of the crystal to have very nearly
the same z co-ordinates.

An elimination of the various possibilities, for the details of which
reference must be made to the original paper, shows that the oxygen
atoms OjOjjOgO* lie very nearly in the same plane as the central carbon

atom, and that the maxima of type (3) correspond to spacings such as

OiO2 and O2O3 . If this interpretation is correct, other maxima must
occur corresponding to the spacings between the central carbon atom
C and the oxygen atoms. No such maxima are found in the present

instance, and it is necessary to account for their absence. In fig. 1336
the vectors from the cell corners to the maxima, which are equal and

parallel to the corresponding interatomic distances, are indicated by
arrows. Those with single heads correspond to vector distances of the

type QC3 or C2C4 , and those with double heads to distances of the

type OjOg and O 2O4 . These vectors correspond to the true space-group
maxima. The three-headed arrows correspond to vector distances of
the type O^ and O2O3 , which happen for reasons unconnected with
the essential symmetry of the structure to lie parallel to the plane w = 0.

It will be noticed that the distance C^Og is very nearly double the

distance C1C3 , and that the corresponding vectors are very nearly

parallel. The vector corresponding to the distance QCj will thus be

very nearly equal to that corresponding to the distance QCg, and the

maxima corresponding to it will thus coincide with the maxima of type
(1), which accounts for their non-appearance as independent maxima
in the distribution.

From the information contained in fig. 1336 it was possible to fix

the general dimensions and orientation of the molecules, and so to cal-

culate the phases of the terms (hkO) of the ordinary two-dimensional
Fourier series from which the structure was finally determined. It is

important to remember that fig. 1336 was obtained from the results of
observation alone, without any assumption as to the nature of the

structure. In its evaluation, Llewellyn, Cox and Goodwin used only
visually estimated intensities of the spectra of the general type hkl\
accurate measurements were made of the intensities of the spectra of

type hkO alone, which were used in the final projection.
It is instructive to compare the Patterson-Harker distribution

P(u,v, 0) shown in fig. 133 b with the two-dimensional distribution

P(w, v). In the latter there would have been in principle one maximum
for each type of interatomic distance shown in the projection on the
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c face, fig. 133 a. It is plain that the resulting distribution would have
been far more complex than that shown in fig. 1336, and that to

interpret it would in all probability have been impossible.

\/(u) Summary : In the preceding paragraphs we have discussed a

variety of methods by means of which information can be obtained

about the structure of crystals by summing appropriate Fourier series.

We have seen that there is no method that gives the structure directly.

It is always necessary to infer by means other than those depending on
observations of an optical character the phases of the spectra, and so of

the corresponding terms of the Fourier series. If the crystal has a centre

of symmetry, it is possible, by choosing this as origin of co-ordinates,
to reduce the indeterminacy of phase to an indeterminacy of algebraic

sign ; but the phases, or the signs, have always to be inferred in someway
before the series can be summed. For this purpose, it is necessary to

make a preliminary guess at the structure near enough to allow the phases
of the spectra to be calculated with such accuracy that a recognisable
structure appears as a result of the first summation of the series.

To do this, we may use our knowledge of the sizes and shapes of the

atoms and molecules of which the crystal is built up, and of the way
in which the symmetry elements of the structure limit the possibilities

of packing them together; or we may use information about the

orientation of the molecules obtained by measuring the refractive

indices, or by observing the diffuse spectra due to thermal movement,
or the magnetic anisotropy.

30 Another method is to employ Patterson

series, for which it is not necessary to know the phases of the spectra,
to obtain information about the distances between important atoms in

the structure, or, in some cases, their distances from planes or axes of

symmetry. By some or all of these means it may be possible to obtain

a fairly accurate preliminary idea of the structure.

Once this preliminary guess at the structure has been made, it is

possible to calculate from it the phases of the spectra for use in the

series, or the signs of the coefficients, if the crystal has a symmetry
centre. This is probably the greatest labour in the whole process of

analysis, and it is usual therefore to make first of all two-dimensional

projections of the structure on one or more of the axial planes, using
the double series, since this involves the calculation of the phases of

only the comparatively small number of spectra of the types M'O, OA:/,

and /iO/. The projections so obtained will in some cases give the

structure with all the accuracy that is immediately needed, and indeed,
until comparatively recently, any further analysis was rarely attempted ;

but it will often happen that overlapping of the molecules in one or

more of the projections prevents a really clear picture of the molecule
from being obtained.

From the two-dimensional projections, together with the results of

appropriate Patterson analyses, it may now be possible to calculate
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the phases of the spectra of type hkl with enough certainty to make the
use of a triple series practicable, and so to investigate the finer points of
the structure. A method that has been used with success for this

purpose is to determine the density of the scattering matter over planes
at a series of heights in the unit cell, so chosen as to give the information

required, by means of the series (7. 19). In the summation of such triple

series, methods exactly analogous to those described in some detail in

1 0') in the case of the double series may be used. A striking example
of an analysis of a complicated structure made by taking sections of the
structure in this way is that of geranylamine hydrochloride by Jeffrey,

31

illustrated in fig. 134, which shows a series of sections of the structure

FIG. 134. Projection of the molecule, and Fourier sections, of geranylamihe
hydrochloride on (010) (Jeffrey)

(Proc. Roy. Soc., A, 183, 388 (1945))

projected on the plane (010). Such determinations do involve a con-
siderable amount of labour, as an examination of the list of spectra*
used by Jeffrey in analysing of this crystal will show, but with present-
day methods of analysis, applied step by step in the manner indicated,
there is now every chance that the labour will produce results.

It may at times happen that the presence of a heavy atom in the

*
Reproduced in Publication No. 61 of the British Rubber Producers* Research

Association.
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structure has a determining effect on the phases of the spectra, so that
if it is possible to fix the position of this atom the signs of the coeffi-

cients in the Fourier series follow with some degree of certainty. An
example of this has already been given in 1 (m) in considering
Robertson's analysis of the phthalocyanines, and the point is of equal
importance in using triple series.

2. THE FOURIER PROJECTION CONSIDERED AS AN OPTICAL IMAGE

(a) Introductory : In this section we shall consider how the projection
of a crystal structure onto a plane, obtained by summing the double
Fourier series, is related to an optical image. We shall see that although
calculation, and not a lens, is used in the final stages of its formation,
and although certain essential data, used automatically by a lens, namely
the relative phases of the spectra, have to be inferred by means other
than optical before the calculation can be carried out, the projection is

nevertheless formally an optical image.
No optical image can ever be a completely faithful reproduction of

the object ; for the practical necessity of using lenses of finite aperture
imposes limits to the fineness of the detail that can be resolved. We
shall find that analogous effects due to lack of optical resolution mani-
fest themselves in the projection of the crystal structure. It is a
fundamental principle of physical optics that detail on a scale appreci-
ably smaller than that of the wave-length of the light used to observe
it cannot be distinguished by any optical arrangement. The wave-

lengths of the X-rays used in examining crystal structures are of the
order of the atomic dimensions, and while therefore-we may expect to

get the positions of the centres of the atoms with some accuracy from
the positions of the maxima in the Fourier projection, we shall not expect
the distribution of density around those maxima to represent in any
detail the electronic distribution in the atoms, even in those cases where
each maximum in the projection stands out clearly from its neighbours,
without overlapping. The regions round the density maxima in the

projection are in fact analogous to the diffraction discs seen when
particles whose dimensions are smaller than the wave-length of light
are viewed in the ultramicroscope. We must therefore beware of

interpreting rings of subsidiary maxima and minima such as may some-
times surround the main maxima in the Fourier projection as being
due to details of the atomic structure. They will in general no more
correspond to anything in the atom itself than the rings surrounding the

image of a bright star seen in a telescope of small aperture correspond
to anything in the structure of the star. In both cases the rings are
diffraction effects, and are due to the limited resolving power of the

optical system used.

This much we can say without any formal analysis, using only the

principles of physical optics. In the succeeding paragraphs, we shall
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follow in some detail the parallel between the methods of X-ray analysis
and microscopic vision. W. L. Bragg

32 has considered this question
in a number of papers, and has given an introductory account of it in
Vol. I of The Crystalline State, Chapter IX. The present treatment is

based on this, but is more detailed.

(b) The reciprocal relation between the net ofa two-dimensional grating
and the array of spectra produced by it : We shall first of all consider
some properties of a two-dimensional plane grating used in the ordinary
way to produce spectra with monochromatic light. Let the grating
consist of small holes in a plane opaque screen, arranged at the points
of a regular network having primitive translations represented by the
vectors a and b. Suppose a train of plane waves w , of wave-length A, to
fall at normal incidence on the grating, so that each opening becomes the
source ofcoherent waves in the same phase. In fig. 135, let G represent
the grating, and L a lens upon which the diffracted radiation falls. The

FIG. 135

wavelets leaving the separate grating openings combine at a distance
from the grating to form a number of separate trains of plane waves,
travelling in different directions, and each such wave-train is brought to
a focus at a point in the second focal surface of the lens. The points
so produced constitute the array of spectra formed by the grating. We
shall suppose the second focal surface of the lens to be spherical of
radius /, with its centre at C, the second nodal point of the lens.

Let S, fig. 135, be a spectrum, and let CS be represented by the
vector R so that |R| =/. The vector R is in the direction of the wave-
normal of the diffracted plane wave-train w that produces the spectrum
S. The conditions for the formation of a spectrum are that the pro-
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jections of both the primitive translations, a and b> of the grating onto
the direction of R, that is to say the scalar products of both the vectors
a and b with a unit vector in the direction of R, should be an integral
multiple of the wave-length.
The unit vector in the direction of R is R/|R|, or R//, so that the

condition for the formation of a spectrum can be written

j.(R*)-*A, j.(R-b)=a,
(7.61)

h and k being any integers, including zero.

Let SN, fig. 135, be the perpendicular from S on to the axis of the

lens, and let NS be the vector p, and CN the vector p. Then

(7.62)

and since p is perpendicular both to a and to b, (7.61) can be written
in the form

^(p-a)=/i, ^(p-b)=A:.
(7.63)

The values of p corresponding to the possible lattice spectra are obtained

by giving to h and k all possible integral values.

Let a* and b* be the primitive translation vectors of the net reciprocal
to the grating net. The two nets are coplanar, a* is perpendicular to b,
and b* to a, while the axial lengths |a*| and |b*| are equal respectively
to the reciprocals of the a and b spacings of the net (a, 6), so that

a-a* =Wb* =
1, a-b* =b-a* =0. (7.64)

Let r* be the vector to the point (A, A:) of the reciprocal net, so that

r*=/ia*+b*. (7.65)

Then ar* =/i, and br* -A:, and it is plain that if

^P=r*,
(7.66)

the conditions (7.63) are fulfilled. The vector distance p from the axis

of the lens to a spectrum S(/i, k) is thus parallel to and proportional to
the vector from the origin to the point (ft, k) in the net reciprocal to
the grating net.

To get this relationship accurately fulfilled we have taken the focal

surface of the lens as a sphere of radius /. Let a plane be drawn
tangent to this sphere at the point where it cuts the axis of the lens, that
is to say at the second focal point F2, and suppose all the possible

spectrum points projected onto this plane in a direction parallel to the
axis. The resulting array of points on the plane will form a net recipro-
cal to that of the grating.
The various sets of parallel and equally spaced rows in which the

points of the grating net can be considered as lying can be assigned
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Miller indices (A, /c), and from the properties of the reciprocal net it is

plain that the vector p to the spectrum S(A, k) is perpendicular to the
rows (A, k) of the grating, and also that the length of the vector r*

(
=

|r*(A/c)|) is the reciprocal of the spacing d(hk) of the rows (A, k) of
the grating. The term 'spacing' is here used in the extended sense of

1 (a) of Chapter I, or of Appendix II, (e).

The spectra will not, of course, all have the same intensity, and to

get a complete representation of the behaviour of the grating we must
associate with each reciprocal-lattice point (A, k) the amplitude A(Afc)
of the corresponding spectrum . A (hk) may be represented conveniently
by a complex quantity, so as to include a phase factor. It depends on
the angle of diffraction, and on the form of an individual opening of the

grating, and is the analogue of the structure factor ofan X-ray spectrum.
The significance of the phase of the spectrum can be seen in the

following way. In fig. 135 the grating may be moved in any direction

through any distance, so long as its orientation remains the' same,
without altering in any way either the positions or the intensities of
the spectra ; for nothing in the above argument depends on the actual

positions of the grating points so long as their relative positions, and
the orientation of the grating as a whole, remain unchanged. The
phase of the wave arriving at S will, however, be changed. If each

grating point is moved through a distance represented by a vector u

lying in the plane of the grating, the distance travelled by the light from
each grating opening before reaching S will be altered by (u.R)//, and
the phase of the wave arriving at S by 27r(u-R)/A/. If each grating unit
consists of an exactly similar set of points, instead of being a single
point, we can consider points of each type as forming a separate grating.
Each such grating contributes its own amplitude and phase to the wave
arriving at S, and the resultant amplitude and phase thus depend on
the arrangement of the points in each unit. A knowledge of the relative

phases of the spectra is thus an essential part of the information

required if we are to deduce from the array of spectra given by the

grating the structure of a grating element. It is, of coursej just this that
we attempt to do in analysing a crystal, and we must now consider the

bearing of the results obtained in this paragraph on the corresponding
problem in crystal analysis.

(c) The relationship between the two-dimensional grating and the pro-
jection of a crystal structure on a plane : The correspondence discussed
in the last paragraph between the array of spectra produced by a two-
dimensional grating and the net reciprocal to the grating net is the

physical analogue of the formal representation of the spectra given by
a crystal by means of the reciprocal lattice, which was discussed in

I (g) of this chapter. The analogy is particularly close if we reduce
the crystal problem to a problem in two dimensions by considering
only the projection on a plane.
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As before, suppose the crystal structure to be projected parallel to
the c axis onto the plane (001). The density of the projection a(x, y)
is periodic in the directions x and y in the distances a and b respectively.
For the sake of simplicity, we shall assume the c axis to be perpendicular
to the plane (001), so that the latter contains not only the axes a and b,
but also the reciprocal axes a* and 6*, which simplifies the discussion
without affecting the general validity of the results obtained.

Consider now a two-dimensional optical grating with primitive
translations a and b. Let a plane wave fall normally on this grating
so that each point of its surface scatters in the same phase, and let

the amplitude scattered from the element of surface ds in the neighbour-
hood of the point (x,y) be o(x,y)ds, <*(x,y) being the density at the

corresponding point in the crystal projection considered above. Sup-
pose now this grating to be used instead of the point grating discussed
in the last paragraph. Let the element ds be situated at Q (fig. 135),
and let r be the vector from the origin to this point, so that x +y =r.

The phase difference between the radiation scattered in the direction R
from the origin O and from the element ds is 27r(r-R)/A/=27r(r-p)/A/by

(7.62), and so the amplitude scattered into the spectrum S(A, k) by each
unit mesh of the lattice will be

f 2ni

A (hk) -
J
a(x, y)e*

(r
' p)

ds, (7.67)

where the integration is taken over the whole area, A, of the mesh;
and, since p//A = r*, this can be written

A fa f&

ab\ o J o

(** *v\
*

by (7.13).

The right-hand side of (7.68) is simply the structure factor F(WtO) for

the corresponding crystal unit, the projection of which on the plane

(001) has the density <j(x, y). This can be seen as follows. By (7.3),

=Np f f P (x,y,z)e
2ni

(%+kt +l

Jo Jo Jo

Then F(hfcO) = N f f e*
ni
(^+^) dxdy? P (x, y, z)dz
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a

f6 sw l**Jv\^ (x,y)* ^ "t'dxdy, (7.69)
o

by (7.20).
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Thus the amplitudes A(hk) of the spectra due to the plane grating of

density cr(x, y) correspond exactly to the structure factors F(hkO) from
a crystal that would produce a density distribution a(x, y) on the plane
(001). From the reciprocal relationship between the plane grating and
its spectra, derived in the last paragraph, it is clear that the points of
the net (hkO) of the reciprocal lattice of the crystal, weighted with the

corresponding structure factors F(MO), correspond formally exactly to
the array of spectra produced by a plane grating having primitive
translations a and b, and a scattering density a(x, y) at the point (x, y)
equal to the density of the projection of the unit cell of the crystal onto
the plane ab. In the general case, the plane of the projection should be
the plane of the reciprocal axes a* 9 &*, and not the plane ab, as will be
evident from the discussion in 1(0 of this chapter, p. 351 ; but in

the case we have considered, in which the c axis is assumed to be

perpendicular to the a and b axes, the two planes coincide. It is easy
to modify the argument to suit the general case, but no difference in

principle is introduced by so doing.
It will now be easy to carry over formally to the crystal problem any

results we may deduce by considering the more familiar optical pro-
blem of the grating. That we can by no physical process produce
simultaneously the set of spectra (hkti) from the crystal, arranged on
the reciprocal net, does not in the least impair the usefulness of the
formal analogy.

(d) Abbe's theory ofimageformation : Suppose the grating in fig. 135
to lie outside the first principal focus of the lens. Then a real image of
it will be formed somewhere outside the second principal focus. The
question arises of the relationship of this image to the array of spectra
formed in the second focal surface of the lens. For simplicity, consider
the case of a linear grating consisting of a row of small, equally spaced,
holes, ...Oj.Oo.CV, fig. 136. These form a row of spectra

L

O,

FIG 136
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... S2', Si, S , Si, S2,
...

,
in the second focal plane, F2, of the lens L, each

of which may be considered as a source of light having an amplitude
proportional to that of the corresponding spectrum. The phases of
these sources are not independent, but the relation between them is

determined by the form of the grating elements. The image may be
considered as formed by the interaction of the waves from these sources.
If l! is the image of the hole at O^ then the optical path from Ol to Ix
is the same by all routes through the lens, so that waves from all the

spectral sources reinforce at l l ; and the same is true for the images of
the other holes. The waves from the two corresponding spectra St and
Si, the first orders on either side, produce by their interaction a set of
interference fringes, and the amplitude of the disturbance due to them
in the image plane IJ-j ... can be represented by a set of sinusoidal

stationary waves. The single wave from the spectrum of zero order,

SQ, produces a uniform amplitude in the image plane, and this together
with the sinusoidal amplitude distribution due to the first-order spectra
gives rise to a waxing and waning of the amplitude with a linear period
equal to that of the grating itself, multiplied by the appropriate
magnification factor for the image. The distribution of amplitude
bears, however, na necessary resemblance to that transmitted by the

grating itself. The two second order spectra, S 2 and S2', produce a
similar set of stationary waves with half the linear period of those given
by the first-order spectra, and if these are added to the contributions
from the first and zero orders, a modification of the amplitude in the

image surface, bringing it in general closer to that in the object surface,
is the result. The third-order spectra will produce another set of station-

ary waves, with a period equal to one third that of the fundamental,
and so on. These successive sets of stationary waves represent in fact

the Fourier components, by the sum of which the periodic distribution

of amplitude transmitted by the grating can be represented. According
to Abbe,33 in order that there should be anything approaching good
representation of the object by the image it is necessary for a consider-

able number of spectra to give their contributions to the Fourier series.

If spectra are excluded, by reducing the aperture of the lens for example,
there will be a distribution of amplitude in the image plane correspond-
ing to that transmitted by a grating that would have produced the

spectra actually observed, and no others. As more and more orders

are excluded, the representation of the object by the image gets more
and more faulty, until when only the first and zero orders are used
the distribution of amplitude in the image is of the type

A + 2AX cos 2irx/g',

where g' is the grating constant multiplied by the appropriate magnifica-
tion factor, whatever the actual nature of the individual grating
elements. If all orders except the zero order are excluded, there will

be uniform illumination in the image plane, and all trace of the periodi-
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city of the object will have vanished in the image. If, on the other hand,
the odd-order spectra are excluded by appropriate means, while the
even orders are retained, the image will show a periodicity half that of
the true image of the grating. A very good acount of Abbe's theory is

given by A. B. Porter,
34 who also describes experiments in which various

components of the array of spectra produced by a cross-grating were
cut off, and it was verified that the corresponding variation of the image
was in general accordance with the predictions of Abbe's theory.
The extension of the theory to the case of the cross-grating will be

evident. Each pair of spectra (hk) and (KK) gives rise to a set of station-

ary waves in the image plane, the lines of constant phase being parallel
to the rows (hk) of the grating. The image is formed by the super-
position of the waves produced by each pair of corresponding spectra,
which cross one another in various directions.

In practice, only a limited number of spectra can ever be used. In
the case of the linear grating, with central illumination, the first-order

spectrum is produced at an angle t given by sin
l
=
A/g, g being the

grating constant, so that if u is the angle subtended by the radius of
the lens in the plane of the grating, no periodicity will appear in the

image if sin w<A/g. Even if the aperture of the lens is large enough to
include all the spectra the grating gives, and in the practical design of

microscopes it is possible to approach this condition, there is still a
limit to the resolution. The number of spectra that the grating gives
is limited by the wave-length; for if 6m is the angle of diffraction of
the wth-order spectrum, sin 6m =mX/g, and it follows that w>g/A. The
shorter the wave-length, therefore, the greater the number of spectra.
Now the amplitude of any given grating spectrum relative to that of the

spectrum of zero order is a function of (sin 0)/A, and so is independent
of the wave-length for a given order. If then the theory outlined above
is correct it follows that each additional spectrum must give more
information about the grating. In principle, therefore, an infinite num-
ber of spectra, corresponding to an infinitely short wave-length, are

required to give complete representation of the object by the image,
while if A>#, no trace of periodicity can appear at all.

Principles similar to those discussed above apply if the structure of
the object is not periodic, but the image must then be represented by a
Fourier integral, instead of by the sum of a Fourier series.

(e) The relationship between the spectra and the Fourier components of
the image : It is not difficult to calculate the wave-length and the
amplitude of the standing waves produced in the image surface by the
waves coming from the pairs of spectra, and to show their correspon-
dence to the terms of the Fourier series representing the form of the
grating, but it is perhaps instructive to proceed rather differently. Let
us suppose the light, when it has reached the spectrum surface, to be
reversed, so that each spectrum may now be considered as a source
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giving rise to waves that pass out again through the lens. If we con-

sider the spectra to be point sources, each gives rise to a train of plane

waves, and the interaction ofthe plane waves from all the spectra should

build up again in the plane of the grating a distribution of amplitude

equal to that which left it ; or, in other words, they should combine
to give an image of the grating coinciding with the grating itself. This

image may be an imperfect representation of the grating for two reasons.

First, owing to the finite aperture of the lens, not all the diffracted waves

given by the grating with the wave-length actually used are able to form

spectra in the focal surface. Not all the trains of waves given by the

grating are therefore present in the image built up by reversing the waves

from the spectra. Secondly, the number of spectra given by the grating

depends on the wave-length of the light used, or, in other words, the

modulation of the amplitude of the primary wave-train by the grating

depends on the wave-length of the light. Periodicities in the grating
on a scale appreciably smaller than the wave-length of the light give

rise to no corresponding periodic variations in the amplitude of the

wave transmitted by the grating. The spectra produced relate in fact

to periodicities on a scale greater than the wave-length, and detail on a

scale finer than this does not affect the spectra, and so can have no

counterpart in the image.
Let us consider the spectra formed by the plane grating discussed

in 2(b) and 2(c) of this chapter. We take the spectra in pairs, fixed

by the equal and opposite vectors p(hk) and p(/t). In fig. 137, let

Fio. 137

S(Afc) and S(f) be the two spectra, and let A(/tfc) and A(#E) be the

corresponding amplitudes, which may be complex and include a phase
factor, but which will be conjugate complex quantities, so long as the
actual process of scattering by the grating introduces no relative phase
differences. The two trains of waves to which these spectra give rise
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are indicated in fig. 137, and what is required is their resultant in GG',
the plane of the grating.
We choose as origin the point O in which the plane GG' intersects

the axis of the lens. The displacement at a point determined by a
vector r from the origin due to a plane wave ofamplitudeA isA 2fr<(" f-N *r

>,

where N is the wave-vector, a vector of magnitude I/A in the direction

of the wave-normal. Let N! and N2 be the wave-vectors of the two
plane waves that give rise to the spectra S(/jfc) and S(Klc) respectively.
When the whole wave-system is reversed, the signs of these vectors are

reversed, and the displacement D(r) due to the two waves at the point
fixed by the vector r is given by

D(r) ~e8w
*'{A(Afc)*

1'"N'- r + A()e2w 'N*'r
}. (7.70)

Now NX is in the direction of R, and has magnitude I/A, and since

M-/.

(7.71)

where p is the vector CN ; and similarly,

Nf -l(R-2p)-i(p-p). (7.72)

We are interested in the disturbance only in the plane of the grating,
so that r is perpendicular to p and the scalar product r-p ==0. Thus,

N
IT =

^(PT),
N2T--~.(p.r). (7.73)

Since A(hk) and A(M) are conjugate, if

\(hk) = | A(fc)|e-*<**>, then A (AC) = | A(A*)|**<**>. (7.74)

Substitution of (7.73) and (7.74) in (7.70) then gives at once for D(r),
the disturbance due to the two waves at a point in the plane of the

grating fixed by the vector r,

D(r) - 2| A(**)| cos
j^ (p-r)

-
8(Wfc)|

e2^'. (7.75)

By equation (7.66) of VII, 2(b\ p/A/-r*(AJt), the vector to the point
(h, k) of the net reciprocal to the grating net; and if (x, y) are the

components of the vector r referred to axes parallel to the translations
a and b of the grating, then by (7.13)

r*r* =hx/a+ky/b,

since z -0, Thus (7.75) may be written

cos 27r ~ + - 8(Wfc)**. (7.76)
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The total amplitude o(x, y) at the point (x, y) in the plane of the grating
is therefore

a(x 9 y) = A(00) +2| A(**)| cos ~ + - *(M)\ , (7.77)

which is a Fourier series of exactly the same form as the double series

(7.22) derived for the projection of the crystal structure on a plane.
Each term represents the amplitude of a standing wave such as (7.76).

The nodal and antinodal lines of such a wave are parallel to the rows

(h, k) of the grating, and the wave-length is equal to the spacing of the

rows in the extended sense. To each pair of spectra S(hk) and S(Klc)
there corresponds one such stationary wave.

The sum of the series (7.77) gives the amplitude at each point of the

optical image of the grating. In so far as the series is incomplete,

owing to the omission of terms of finite magnitude, the representation
of the object is imperfect. The series may be incomplete because the

aperture of the lens is not large enough to receive all the diffracted

wave-trains, and will in any case be incomplete because the number of
wave-trains is limited by the wave-length of the radiation used.

We have seen in VII, 2(c), how the two-dimensional projection

<T(JC, y) of the crystal structure corresponds formally exactly with the

distribution of transmitted amplitude from a certain two-dimensional

grating having the same translations. The array of spectra produced
by the grating forms a network reciprocal to the grating net, and cor-

responds to the array of lattice spectra on the net (hkQ) of the reciprocal
lattice of the crystal. We now see how the optical image of the grating
is represented by a Fourier series of exactly the same type as that giving
the density a(x, y) of the projection of the crystal structure. This pro-

jection must therefore be regarded formally as an optical image, and it

will be subject to the imperfections of optical images. In practice, the

number of spectra we can obtain from a crystal is always limited by
the wave-length of the radiation used. Limiting the number of spectra
we now see to be equivalent to reducing the aperture of the optical
device used to examine the structure. We know that optically this gives
rise to false detail in the image, and to lack of exact correspondence
between image and object, and we must therefore be on the look-out for

similar imperfections in the Fourier projection of the crystal structure.

In the next paragraph we shall consider this point in more detail.

The discussion given above assumes the spectral sources in the

second focal plane of the lens to be points, which give rise on reversal

of the waves through the lens to plane waves. A set of point spectra

corresponds to a grating of infinite extent, and their actual formation

requires a lens of unlimited aperture, as does the formation of truly

plane waves on their reversal. We have tacitly assumed the existence

of such a lens, but have used only a limited number of the point spectra
to produce the optical image in the plane GG'. The number of
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diffracted wave-trains actually produced, even by an infinite grating,
depends on the wave-length used, and the number of these that can
form spectra in the second focal plane of the lens on the aperture of
the lens. Using a limited number of spectra as sources, and so a
limited number of plane waves to form the image, we may therefore

conveniently speak of by analogy as limiting the aperture of the

equivalent optical system ; but it must be remembered that the analogy
is not completely accurate.

If the grating is of limited extent, the spectra will not be points, but
will be formed by diffracted wave-trains, each of which spreads over a

range of angles inversely proportional to the linear dimensions of the

grating, and a limitation of the aperture of the lens used to form the

spectra will have a similar effect. Let us, however, assume the aperture
of the lens to be of unlimited extent, so that any point source in the
second focal plane corresponds to a truly plane wave on reversal. If
the grating is of limited extent, each spectrum extends over a finite

area of the focal plane, and the reversed wave-train corresponding to it

will not be a single plane wave-train but a slightly divergent one contain-

ing a continuously variable range of wave-vectors. The addition of a
number of such slightly divergent wave-trains produces in the plane
GG' a set of maxima in the regions of the actual grating points, but
effectively zero displacement in regions outside that occupied by the
actual grating. The Fourier series has become a Fourier integral,
representing a structure that is no longer truly periodic, because no
longer of infinite extent.

Effects of this kind need only be considered if the linear dimensions
of the grating are comparable with the wave-length of the radiation
used, a condition not met with in ordinary crystal analysis, to which
the analogies worked out in the first part of this paragraph apply with
all necessary accuracy. The discussion of diffraction by very small
crystals will be taken up in Chapter X.

(/) Diffraction effects in the Fourier projection : We have now to
consider how far the individual maxima in a two-dimensional Fourier
projection, in which the atomic centres are well separated, correspond
to the true projections of the scattering matter in the atoms onto a
plane. To do this, we shall consider the projection of a crystal com-
posed of atoms all of one kind, situated at the corners of a primitive
space-lattice, and scattering as points. We shall see that by considering
this simple case we can derive quite useful results, which may be applied
with a fair degree of approximation to the case of scattering by an
actual atom. The scattering factor for a point atom is independent
of the direction of scattering, and so we may suppose the structure
factors to be equal to F(0) for all spectra given by the crystal. The
component terms of the Fourier series representing the projection will
therefore all have the same amplitude.
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As before, let the direction of projection be that of the c axis, which
we shall further suppose perpendicular to the ab plane of the crystal
lattice. This plane will then also be the a*6* plane of the reciprocal
lattice. The reciprocal-lattice points corresponding to the spectra hkO
concerned in the projection lie in this plane. Let us suppose that in

making the projection all spectra are included whose reciprocal-lattice

points lie on the plane within a distance R* of the origin. If then
is the greatest glancing angle for any spectrum used,

2cin A ^JkP* C7 *7C\smtf ^AK (7.78)

and R* 5 l/rf , where d is the corresponding smallest spacing for which
a spectrum is measured.

If A is the area of the mesh ab of the crystal lattice, the area of the

reciprocal-lattice mesh is I/A, and a number of spectra approximately
equal to 7rR*2A will be used in making the projection.
The corresponding two-dimensional optical grating will consist of

scattering points arranged on a network with translations a and b.

Let H (fig. 138) be the greatest angle that a wave-train diffracted by the

L

G'

FIG. 138

grating may make with the axis if it is to enter the lens, so that sin u$
is the numerical aperture of the equivalent optical system. All the

spectra lie within a circle of radius p on the focal surface, and from

fig. 138, in which the notation is the same as in figs. 135 and 137, we
see that sinw =

/> //. But, by (7.66), po//"A
= R*, the corresponding

greatest value of the reciprocal vector, and so

sini/ = AR*. (7.79)

On comparing (7.78) and (7.79), we see that if all spectra up to a

glancing angle are included in making the projection of the crystal

structure, the numerical aperture of the equivalent optical system is

2 sin -

Suppose now the spacing of the lattice is large in comparison with A.

Then a very large number of spectra will be included, and we may sup-

pose the corresponding points to be spread uniformly in the reciprocal-
lattice plane with a surface density equal to A points per unit area.

As A becomes larger and larger, the equivalent optical case tends to
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the image of a single point, and the series a(;c, y) for the density of

the projection tends to an integral as a limit, whose value we shall now
determine.

For the simple lattice we are considering, if one of the lattice-points

is taken at the origin the values of S(hk) are all zero, and the coefficients

(hkO) are all positive; and since they are also all equal to F(0), the

series (7.23) can be written

+* /AV ky\

A r
te ky\+

b)'

or a(r). (7.80)

where r is the vector to the point (jc, y) in the plane of the projection,

and r* is the reciprocal-

lattice vector to the point

(A, k).

Let the circle in fig. 139

be the circle of radius R*
drawn on the reciprocal-

lattice plane, on which

we now suppose the points
to be closely spread with

l& a surface density A, so

that we can suppose the

vector r* to a reciprocal-

lattice point to be con-

tinuously variable. The
element of area ds at

the point (r*, <f>)
contains

kr*dr*d<f> points, and
Fl * 139

together with the cor-

responding element of area at (-r*, TT+<) contributes an amount

2F(0) A .._

to the sum (7.80). In fig. 139, the plane of the projection and the

reciprocal-lattice plane are shown superposed with a common origin O.
P is the point r in the plane of projection for which the value of the

density a(r) is to be calculated. The scalar product r*r* can be written
rr* cos

<f> 9 where </>
is the angle between the directions of r and r*, and

the whole sum can be replaced by the integral

(R*(w
a(r)=2F(0) r* cos (2-nrr* cos <f>)dr*d</>. (7.81)

Jo Jo

This integral is one that occurs in the theory of diffraction by circular
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apertures, and contains a Bessel function of unit order. If J (0 and
Ji(0 are Bessel functions of zero and unit order respectively, then

I

and ffJ (r)<//
=
rJ,(r).

J o

Using (7.82), we may write (7.81) in the form

a(r) = 27rF(0)[
r*J (2ir/y*)dr*

or, by (7.83),

(7.82)f

(7.83)f

(7.84)

Equation (7.84) gives the value of the density a(r) at a distance r from
one of the lattice-points. The factor F(0)7rR*

2 can be left out of
account in discussing the distribution of density, which is determined

by the factor 2J 1 (w)/w, where

(7.85)

The variation of this factor with m is not unlike that of the familiar

diffraction factor for a slit, (sin/u)/m. It has a principal maximum at

w =0, equal to unity, and subsidiary lateral maxima and minima. Its

zero values are given by the roots of the equation Ji(/w)=0,J with
the exception of m -0. The first four roots, other than m -0, occur at

/a 2J//n)/m

0-2-

FIG. 140. Graph of the function 2J,(m)/m

t See, for example, G. N. Watson, The Theory of Bessel Functions, Camb., 1922,
pp. 21,45.

J See Table X. 3, p. 575.
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values of m equal to 3-832, 7-016, 10-173, and 13-323. In fig. 140, the

curve of 2J1(m)/m is shown plotted as a function of m. The curve

falls to zero for the first time when m = 3-832, or when

3-832 0-61 _ 0-61 A 0-61A
T ~

27rR*
~

R*
~
2 sin

"
~^~ (7M>

by (7.78) and (7.79), a being the numerical aperture of the equivalent

optical system.
The projections of the point-like atoms made by using a limited

number of spectra are therefore not points. If all the measurable

spectra up to a given value of the glancing angle are used, the result is

equivalent optically to that of using a lens of finite circular aperture
to form an image of a point source. An appreciable diffraction disc

extends over a radius given by (7.86), and is surrounded by alternately

negative and positive minima and maxima. In an actual optical image,
the negative regions do not occur, since the intensity is proportional to

the square of the amplitude ; but in the case of the Fourier projection
we are actually plotting resultant amplitudes and not intensities. Since

every point source will produce in the projection a diffraction disc of
radius 0-61/R* it follows that no detail of the structure can be distin-

guished in the projection unless it is on a coarser scale than this.

Suppose, for example, we measure all spectra up to a glancing angle

30, so that 2 sin =
1, then no detail on a scale finer than 0-61A could

be distinguished, and if the observations were made with CuKa
radiation (A = 1-54A) the limit of resolution would be about 0-94A,
which is too coarse to show any of the finer details of the atomic
structure. In practice, greater glancing angles and shorter wave-lengths
are sometimes used, but it is scarcely possible to increase this degree
of resolution by a factor of four. The greatest possible value of R*
that can ever be used is the radius of the limiting sphere (Chapter I,

2 (a)), which is 2/A, and this gives a theoretical limit of 0-3A, which,
however, can never quite be reached in practice.

We may express this result rather differently. If rf is the smallest

spacing of the reflecting planes used in the projection, the term
*

spacing
'

being used in its extended sense, then </ is the wave-length of the

shortest Fourier wave that goes to build up the projection. If R* is

the length of the corresponding reciprocal-lattice vector, R* =
l/</ ,

and by (7.86)

r =0-61</ . (7.87)

Detail on a smaller scale than this cannot therefore be resolved.

The integral form (7.81) of the series for a(r) is not of course periodic,
and is the limiting form when the spacing becomes indefinitely great,
and when the atoms scatter as points ; but nevertheless, the analysis
given is of fairly direct application to the case of an actual crystal.
As we have seen in Chapter III, 4(e\ much of the diffracting matter
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in an atom lies within a distance of the atomic centre considerably
less than the wave-lengths of the radiations used in crystal analysis.
For these inner groups the value of the scattering factor/ falls off very
slowly with increasing 0, and is not greatly reduced even at the largest
glancing angles that can be used. The condition of the point-like atom
is thus fairly well satisfied for such groups. Moreover, if the spacing
of the crystal is not too small, well over 100 spectra may be included
in the projection, and the error made by treating the summation as an
integration is not very great. We may therefore expect the inner
electron groups of the atom to produce a distribution of density in the

projection not unlike that given by (7.84), with rings of alternate

positive and negative density surrounding the central maximum. These
will be superposed on the distribution due to the outer electrons, which
produce no appreciable diffraction rings, since the value of/for them
falls off rapidly, and has as a rule become negligible at the largest

glancing angles used. The series must, however, be terminated while
the values of its coefficients are appreciable, owing to the slow decrease
of/for the inner electron groups, and it is this that gives rise to the
diffraction rings. This point was tested in a very direct way by W. L.

Bragg and J. West,35 from whose work the treatment given above is

taken, with certain inessential differences in the method of presentation.

(g) Some examples offalse detail due to diffraction : Bragg and West
considered the projection of an artificial rock-salt crystal, in which the
radial distribution of the electrons in the atoms was that calculated by
Hartree by means of the method of the self-consistent field. It has
been shown by James, Waller, and Hartree that the observed X-ray
diffraction from a rock-salt crystal corresponds very closely with that to
be expected from the Hartree distribution if an appropriate temperature
factor is applied. Bragg and West considered two cases, one in which
the atoms, or rather ions, were supposed at rest, without zero-point
energy, at the lattice-points, and the other in which they were supposed
subject to the proper thermal motions at room temperature, 290 Abs.
The projection was made on the plane (110). The atoms are not

entirely separated, even in this projection, but it is possible to disen-

tangle with some certainty the effects due to the partial overlap of
their projections. In the case of the crystal with the atoms at rest, the
diffraction rings show up very clearly round the projections of both
atoms. In fig. 141, taken from the paper by Bragg and West, the

density <r(r) in electrons per A2 for the case in which the atoms are at

rest is shown plotted as a function of r, the distance from the atomic

centre, for the projections of Cl~ and Na+, and on the same figure the

positions of the maxima and minima of the diffraction pattern obtained
on the assumption that the atoms scatter as points are indicated by
means of arrows. The projection was made assuming RhKa radiation

(A =0-6 15A) to be used, and all spectra up to a maximum value of
2C
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equal to 30 are included, so that the numerical aperture 2 sin is

equal to unity, and </ = 0-615A. The greatest negative value of the
100 -

Minimum ii
FIG. 141. Diffraction rings of Cl~ and Na+ compared with optical rings

(Bragg and West)
(.Phil. Mug., 10, 823 (1930))

first diffraction ring should occur at 0-81 rf , and the greatest positive
value of the next at l-33rf . The general agreement between the
theoretical and observed sizes of the central diffraction maximum,
which is about the same for both Na and Cl, as it should be, is very
striking. The agreement is better for Cl- than for Na+, but this again
is as it should be, since there is a greater concentration of electrons
towards the centre of the heavier atoms. The maxima and minima
have quite evidently nothing whatever to do with electronic rings in
the atoms ; indeed the projection of the actual atomic electron-cloud
onto a plane shows no maxima and minima, and doldr should be
everywhere negative.
The projection made using the values of/appropriate to the atoms

in thermal motion at room temperature shows only vestiges of the
diffraction rings, and no negative densities. The spreading of the
average electron distribution near the centre of the atom is enough to
do away with most of the false detail, although of course no more
information about the actual distribution of the electrons in the atom
can be obtained from this projection than from the other. Bragg and
West pomt out, however, that if it is desired to count the number of
electrons in each atom by estimating from the projection the value of

the integral
J

(r)ds, rfj being an element of area of the projection, for
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each peak, the projection in which the atoms are subjected to thermal
motions is the better one for the purpose. The structure factors of the

spectra have fallen effectively to zero at the largest angle of diffraction

employed, and this has the effect of trimming up the projection, and of

removing the spurious rings, while leaving the total value of fo(r)ds for

the unit cell unchanged; for this is always equal to F(OOO). It will
still be impossible to assign with certainty an exact number of electrons
to each atom, for the outer regions of the projections of the different
atoms overlap considerably. Great care must therefore be used in

drawing any conclusions about the state of ionisation of the atoms in
the crystal from such electron counts.

In many crystals, particularly those composed of the lighter atoms,
such as carbon, oxygen, or nitrogen, the natural thermal movements are

enough to do away with diffraction rings in the projection. If the

crystal contains heavier atoms the rings may still be quite evident, even
in the actual crystal subjected to thermal motion. An interesting case
of this was discussed by Parker and Whitehouse,

37 who made careful

projections of the structure of iron pyrites, FeS2, in an attempt to
determine the electron distribution in the homopolar bond in the S,
group. They found definite diffraction rings round both the iron and
the sulphur atoms, which completely masked the effect looked for.

By applying an artificial temperature factor, as suggested by Bragg and
West, to make the Fourier series converge within the number of terms

they were able to employ, they got rid of the false detail due to the

rings. The electron count of 25-9 for each iron atom indicated that the
iron was not ionised

; on the other hand, when the diffraction effects

were removed, the details of the S 2 group were so smeared out by
the necessary thermal movement that no indication of the probable
electron distribution between the two atoms could be obtained. If

heavy atoms such as iodine are present, the diffraction rings due to
them may completely mask the positions of the lighter atoms, especially
if long waves, such as those of CuKa, are used.

3. APPLICATIONS OF THE METHODS OF FOURIER ANALYSIS TO THE
DETERMINATION OF THE ELECTRON DISTRIBUTION IN ATOMS

(a) Fourier integrals : Let f(x) be a function periodic in jc with a

period a, so that it may be expressed by a one-dimensional Fourier
series of the type

OiT, (7.88)

1 fa 9*"*
where A(/i) = M f(x)e. (7.89)

QJQ
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Now let the identity period a increase, until it finally becomes infinite.

The values of I-nnxja for successive values of n become more and more
nearly equal.

Put -p. (7.90)

Then as a increases to infinity, p becomes a continuously variable

quantity, and the series (7.88) tends to a certain integral. Let A(p)dp
be the total amplitude contributed to (7.88) in the short range dp of
the variable p. Then the series (7.88) can be written

/(*) =
J o

(7.91)

The integral theorem of Fourier (see Appendix IV) enables us to write
down the coefficient A(/>) as an integral with respect to x, the analogue
of equation (7.89). The theorem states that iff(x) is given by equation
(7.91), then

AGO-^ /(*)***
dx - <7-92)

Equations (7.91) and (7.92) are the generalisations of Fourier's series

to functions that are single-valued but no longer periodic.
If the function f(x) is symmetrical about x =0, it will be expressible

in the form

f(x) = \
AGO cos /?*<//?, (7.93)

Jo

and in this case it may be shown that

AGO - -
f

+

/(*) cos px dx ; (7.94)
IT J 00

while for a function antisymmetrical in x the corresponding forms are :

if /(*) - r A (p) sin px dp, (7.95)
Jo

1 f+QO
then A (p) - - /(jc) sin px dx. (7.96)

7T J OQ

A derivation of this Fourier integral will be found in Appendix IV.

(b) The determination of the radial electron density, U(r), from the

atomic scattering factor, f : In Chapter III, 2(b\ equation (3.4), we
obtained for the atomic scattering factor/the expression

where /A =477 (sin 0)/\, and U(r) is the radial electron density, the num-
ber of electrons lying between radial distances r and r + dr from the
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centre of the atom being U(r)rfr. If U(r) is known as a function of r

it is easy to calculate /as a function of
ju,

or of (sin 0)/A from equation
(7.97) ; and the values of the /-curves given in the tables, and used in

crystal analysis, are calculated in this way from various assumed forms
of U(r), such as those of Hartree, Thomas, or Pauling and Sherman.
This aspect of the matter was discussed fully in Chapter HI, Section 4.

We must now consider the converse problem.
Suppose we have determined / as a function of jt, by experiment.

Then equation (7.97) can be regarded as an integral equation for U(r).
If we can solve it, we can determine the radial electron distribution in

the atom from the atomic scattering factor.

Equation (7.97) can be written

f
3

Jo
(7.98)

Jo r

and has then exactly the same form as (7.95). By (7.96) therefore

U(r) 1 r+-M = - f/GO sin (/tr) dp (7.99)r TT j _(#

= -{ /*/(/*) si
77 JQ

sin dir) dp. (7. 100)

The integral (7.100) can be evaluated graphically or numerically for

any desired value of r if/0*) is known as a function of /i. In principle
then the problem is solved, but in actual cases there are serious practical

difficulties, connected with the rate of convergence of the integral; for

the factor (iffa) decreases very slowly with increasing /*, owing to the
form of the atomic /-curves.

A. H. Compton,88 and Wollan,
39 have applied equation (7.100) to

determine the radial electron density for the monatomic gases helium,
neon, and argon, using values of the scattering factors determined by
direct measurement of the scattering of X-rays by the gases. Such
measurements have been made by Barett,

40
Herzog,

41
Wollan,

42 and
others, and will be discussed in more detail in Chapter IX. The
radiation scattered from a gas contains incoherent as well as coherent

radiation, and this must be corrected for, since equation (7.97) applies

essentially to the coherent radiation. The method of applying the

correction is discussed in Chapter IX, 1 (b). We shall here suppose
it to have been made already to the scattering factor /(/LI).

In evaluating the integral we first plot pffa) as a function of /i.

Some examples of such curves are shown in fig. 142. They are equi-
valent to the B(JC) curves of Compton and Wollan. Compton's B(jc)
is equal to (2/Z)/t/(/x), Z being the total number of electrons in the

atom, and his x is /A/TT. We shall denote ft/(^) by BO*). Suppose now
we wish to determine U(r)/r for a given value of r, say r^ For any
convenient set of values of ft we multiply the corresponding ordinates
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of the B(/LI) curve by the values of sin 0*^), and plot the resulting pro-
ducts against ft. The area between this curve and the axis of ft gives
the value of U^)/^. The difficulty of carrying out this process in

practice is due to the incomplete knowledge we have of the form of

the curve for /x/(ft) for large values of ft. At the largest values of ft

60r

50- ci-

146 to

tL-4Tr(Sin0)/\ in A''

Fio. 142. Curves showing /i/(/n) as a function of /A, for Cl~ and Na+

for which / can be measured in any practical case /x/(/x) is still large,
and it is very difficult to estimate in what way it will tend to zero. To
illustrate this, we have drawn in fig. 142 the B(/x) curve for the Hartree
distributions Cl~ and Na+ up to values of (sin 0)/A

=
1-1, or ft

= 13-83. It

will be seen how little information these curves give as to the way in

which they tend to zero for large values offt. In practice, measurements
of the scattering cannot be made for values of /x very much greater than

this, because it becomes necessary to use inconveniently hard radiation.

Nor can we easily measure the scattering for very small values of ft ;

but here we may get some help from the slope of the curve at the origin.
If BOx) -ft/Ox), then c/B/rf/x =/(ft) +fu///rfft. When /x

= 0, /(O) =Z, the
total number of electrons in the atom, and (<#740o =0 from the general
form of the diffraction curves, so that rfB/4* = Z, when /x=0, which
gives the slope of the curve at the origin.
For large values of r, the function B(tt) sin fir oscillates rapidly, and

the exact form of the extrapolated curve for Bftx) matters very little.

This is only another way of saying that the electronic distribution at

large radii affects the form of the /-curve only for small values of
(sin 0)/A. For small values of r, however, when sin(ftr) oscillates only
slowly, the extrapolated part of the B(ft) curve becomes of the first

importance. The way in which the /-curve falls off for large values of
(sin 0)/A depends almost entirely on the electronic distribution U(r) for
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small values of r ; and conversely, if we are trying to determine U(r)
from/, it is the values of/for large (sin0)/A that are significant. All

errors in measuring/, or in estimating it by extrapolation, are magnified
by multiplication by n, and no reliable information about the inner

10 11 12

20

s
^ 4

FIG. 143 a. Broken line is B(ft)-curve for Na+ from the Hartree atom. The
solid line is the experimental part of B-curve for Ne. The dotted line

shows how this curve was extrapolated

electrons can be obtained by this method. This is of course just what
the principles of optics would lead us to expect. We cannot resolve
detail on a scale smaller than that of the wave-length of the radiation
used whatever mathematical means we may employ to discuss the

observations. We can get the

outer part of the B curve in

practice only by using short

wave-lengths ; for sin cannot
be greater than unity, and fi is

always less than 47T/A. In any
extensive extrapolation of the B

curve, we are putting into it the

results of preconceived ideas,

based on theoretical knowledge
of the electronic distribution in

the atom. We naturally get out

of our calculations something
not unlike the distribution upon
which the extrapolation was

founded; but the process is in

no sense a direct determination

of the details of the electronic

distribution. In figs. 143 a and
1436 the B curve, and the

resulting calculated distribution

02 04 06 06 10 14 16

FIG. 1436. Radial electron distribution
curves for Ne. The solid line calculated
from the extrapolated B(/i) curve of fig.

143 (a). The dotted line is the Hartree
distribution



408 THE OPTICAL PRINCIPLES OF THE DIFFRACTION OF X-RAYS

for neon, taken from a paper by Wollan,
39 are shown. The dotted

part of the B curve is due to extrapolation, based on the known
variation of B for the Hartree distribution Na+ . It is plain that

without any knowledge of this distribution it would have been

impossible to predict the position of the second maximum in the B
curve. The inner part of the distribution in fig. 143 b is thus experimental

only in a very limited sense. The whole K peak lies within a distance

of 0-2 A of the atomic centre, and a wave-length of 0-7 A was used in

the experiments. The detail in the curve is thus well below the limits

of possible experimental resolution.

(c) Series for the radial electron distribution : An expression for the

radial distribution U(r) was first given by A. H. Compton 8 in the form

of a series. He considered the atoms as forming a crystal lattice of

spacing D, wide enough for there to be no appreciable overlapping of

the electronic distributions of neighbouring atoms. For such a crystal,

the one-dimensional series (7.45) gives S(jc), where S(x)dx is the number
of electrons lying in a slice of the crystal of thickness dx at a distance x
from the atomic centre. Compton showed that U(r), the radial density
for a radius r, and S(r), the value of S(x) when x = r, are connected by
the relation

dS(r) U(r) ,= (

dr 2r
^

from which the series for U(r) can be obtained by differentiation of the

series for S(r). Thus

sm "

(7' 102)

In this expression, f(n) is the value of the structure factor, here the

atomic scattering factor of the atom, for reflection in the nth order from
the planes of spacing D.

urrj

FIG. 144
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We may derive the series directly in the following way. U(r), the
radial density function for a single atom, is essentially a symmetrical
function of r. U(r)/r must be zero for r=0 ; for /a(r), the actual

charge-density, is finite everywhere, and

or

and must vanish for r=0, since p(0) is finite. The function U(r)/r
must therefore be antisymmetrical in r, about the origin r=0. If it

becomes effectively zero at distances D/2 from 0, we may consider
the portion of the curve U(r)/r, as shown in fig. 144, as one repeat of a

periodic function having a period D, and can expand the wholefunction
as a Fourier series with a fundamental period D. Because the function
is antisymmetrical about r = 0, we must use a sine series, and so

(7.103)

The coefficient A(/i) is given in the usual way by

AW- *["" *(>-)*. ,,,04,
L>J_D/2 r \ JD /

Now/(/i), the scattering factor for the nth order spectrum from planes
of spacing D, is given by

D/2
x f

/("Hoo
and so A(w) = 87m/(>i)/D

2
, and the Fourier series (7.103) becomes

This series reduces to the Fourier integral (7.99) ifD becomes indefinitely

great.

This series has been used by Compton,
8
Havighurst,

18 and Bearden **

to determine the radial distribution in a number of atoms, from values

of the scattering factor derived from measurements of the intensity of
reflection of X-rays by crystals. Compton carried out the analysis for

sodium and chlorine, basing his calculations on the results obtained by
Bragg, James and Bosanquet ; Havighurst used his own measurements
on NaF, NaCl, and CaF2 to determine radial distributions for Na, Cl,
and Ca ; and Bearden again used his own measurements from NaCl
and aluminium. All the distributions so obtained show well-marked
maxima and minima. A typical example is Havighurst's

ia curve for

Ca++, which is reproduced in fig. 145.

It is very tempting to interpret the maxima as being due to the

different electron groups in the atom ; they are, however, almost

certainly diffraction effects, due to the termination of the Fourier series
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while its coefficients are still appreciable. It will be seen that the coeffi-

cients in the series (7.105) are not/(w), but nf(n\ so that the convergence
of the series is very slow. Measurements of /for values of (sin 0)/A
greater than about 1-2 A"1 were not available. Increasing the value of
the fictitious spacing D involves the extrapolation of the/-curve beyond

0.1 0.1 0.9 10 U 1.10.3 0.4 0.5 06 0.1 0.6
p (angstroms from confer of atom)

Fio. 145. Radial electron density in Ca++ as calculated by Havighurst from
the radial Fourier series. The maxima are due to diffraction effects and

not to rings of electrons (Havighurst)
(PAy. Rcv.

t 29, 1 (1927))

the range of measurement for both large and small values of (sin 0)/A,
and the method ceases to be one employing only experimental results.
The radial series, because of the nature of its coefficients, is peculiarly
liable to give false detail, having no counterpart in the atomic structure.
Here again, the application of an artificial temperature factor will
remove this false detail, by making the series converge more quickly,
and so lessening the importance of the higher harmonics of the series,
to the omission of which the false detail is due. This will make it

easier to estimate the total number of electrons in the atom from the
area beneath the U(r) curve, but it will not of course give any more
information about the details of the electron distribution, for these are
in effect smeared out by the assumed thermal motion.

It will be noticed that the curve of fig. 145 has the same form whether
the series is calculated using the spectra from the (100) planes or from
the (1 i 1) planes. This, however, is no proof that the peaks correspond
to anything real, since if the greatest value of (sin 0)/A is the same for
both sets of spectra the effective aperture of the equivalent optical
system is the same in both cases, and will produce similar diffraction
rings.
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CHAPTER VIII

LAUE'S DEVELOPMENT OF THE
DYNAMICAL THEORY KOSSEL LINES

1. THE DYNAMICAL THEORY IN TERMS OF A
CONTINUOUS CHARGE DISTRIBUTION

(a) Introductory : In Chapter VII, we thought of a crystal as a
continuous, three-dimensionally periodic distribution of scattering
matter, which could be represented by means of a suitable triple Fourier
series. We must now see how the dynamical theory of X-ray reflection,

developed by Ewald, of which a preliminary account was given in

Section 4 of Chapter II, can be made to fit into such a picture. In the

dynamical theory as originally given by Ewald, the crystal was assumed
to consist of electric dipoles, situated exactly at the lattice-points.
The wave-field within the crystal was considered as built up of the
waves scattered by the dipoles, and the conditions were sought that the
wave-field produced by the oscillations of all the dipoles should be just
that necessary to maintain those oscillations. Because the dipoles are
situated only at the lattice-points, only the fields at those points are
relevant ; but if the scattering is to be regarded as due to matter con-

tinuously distributed throughout the crystal, it is clear that dynamical
equilibrium must be set up between the wave-field and the scattering
matter at every point of the continuum.
A rigid treatment of the problem, based on the quantum theory,

would require a knowledge of the wave-functions corresponding to the
electrons in the crystal, and the perturbations of these wave-functions

by the incident electromagnetic field would then have to be calculated

by methods analogous to those outlined in Chapter III, 3(c), for the
case of scattering by a single atom. A start along these lines has been
made by Kohler,

1 who shows that the Schrttdinger current-density, from
which the wave-field due to the scattered radiation is to be calculated,
is at every point in the crystal proportional to the rate of change of
the electric field at that point. It appears that the continuous electron

density p in the crystal, now of course the Schrodinger charge-density,

may be taken into account by ascribing to the crystal at each point a
dielectric constant 77, given by

, (8.1)

v being the frequency of the electromagnetic waves concerned. The
result agrees with the classical dispersion theory, if it is assumed, as is

in fact done in deriving it, that v is far from any natural absorption
frequency of the system.
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A method of treating the problem, formally very similar to that

suggested by Kohler's analysis, was given by Laue 2 as early as 1931.

Laue's method is based on classical ideas, and is physically easy to

understand, and it is to a large extent justified formally by Kohler's

results. We shall therefore give some account of his theory here.

The crystal is thought of as a continuous distribution of negative

charge, with the positive charges concentrated at the atomic centres.

An electromagnetic wave passing through it is scattered by the negative

charges, but scarcely at all by the massive positive charges. In calculat-

ing the resultant wave-field, we may therefore suppose the positive

charges to be distributed in any way that is convenient, and Laue
assumes them to be so distributed that in the absence of any disturbing
field positive and negative charges exactly neutralise each other at

every point. An electric field applied to the system will cause a relative

displacement of the positive and negative distributions, and thus an
electric polarisation at every point proportional to the field strength
at that point, and so to be expressed in terms of an appropriate dielectric

constant. This dielectric constant is a three-dimensionally periodic
function of the co-ordinates of the crystal. It must not be confused

with the ordinary dielectric constant applicable to electrostatic pro-

blems, which of course depends on the distribution of the positive

charges. It is a purely fictitious dielectric constant, applicable only to

the calculation of the scattered wave-field, for radiation within the

frequency limits assumed in the problem, which do not include any
absorption frequencies of the system, so that dispersion effects need

not be considered.

(b) The fictitious dielectric constant and polarisation expressed as a
Fourier series : Let T?

be the fictitious dielectric constant, and let E and
D be the vectors representing the electric intensity and electric induction
in the wave-field, so that

D =
7?E. (8.2)

Then if P is the dielectric polarisation, or the electric moment per unit

volume, at any point,

47rP =
(rj
- 1)E = (1

-
1/77)0

= #>. (8.3)

The quantity </> might be called the polarisability of the medium. It

too is a three-dimensionally periodic function of the co-ordinates, and
so can be expressed as a triple Fourier series. The most convenient
form of the series for our purpose is that of equation (7.14) of Chapter
VII, 1 (g), in which the phases of the Fourier waves, in so far as they
are functions ofthe co-ordinates, are expressed in terms ofthe reciprocal-
lattice vectors r. We write

*-J(r 'r
*
m)

(8A)
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with the coefficients < m given by

,(r-r^ dVt
(85)

The index m denotes the triplet of numbers (/z, k, 1) specifying a recipro-
cal-lattice point. The vector r* is that from the origin to this point,
and the summation is to be taken over all reciprocal-lattice points, and
so is really a triple summation over h, k, and /. The integration in

(.5) is to be taken throughout the unit cell of the structure, the volume
of which is V.

In the absence of absorption in the medium, the dielectric constant rj

and the polarisation are real, and so
<f>m and <f>-m are either equal if

real, or conjugate quantities if complex, just as for the corresponding
quantities F(m) and F(m) in 1 (e) of Chapter VII.

Equations (8A) and (8.5) are closely related, not only formally, but
physically, to the corresponding equations (7.14) and (7.15) of Chapter
VII. To discuss the relationship, we consider the radiation scattered

by a unit cell of the structure. The electric moment of a volume dv of
the crystal is </>Ddv/4n. Let a plane wave of wave-length A and frequency
v pass through the crystal in the direction defined by the unit vector SQ.

Then, by the classical theory of scattering by dipoles, the scattered

amplitude at unit distance in a direction defined by the unit vector s,

due to a unit cell of the structure is

^(S '
r)

<fc, (8.6)

where S = s -s , and K = 2-7r/A in the usual notation. It is assumed that
the radiation is so polarised that the direction of the electric vector is

perpendicular to the plane containing s and s .

The corresponding expression for the scattering by a unit cell in

terms of the charge density, when the frequency of the radiation is

much greater than any natural frequency of the system, is

Thus, comparing (8.6) and (8.1), we see that

<f>/P
= -

since, in all cases to which the results are applied, >? differs from unity
by only a few parts in a million. When the scattering takes place
under such conditions as to produce the spectrum m, S/A = r* , and so

by (8.1) the structure factor F(m) is given by

F(w)
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by (.5), so that

V
We have thus expressed the fictitious dielectric constant in terms of the
structure factors of the unit cell for the various possible lattice spectra.

It will be convenient to have an expansion for 1/rj, which is also a

three-dimensionally periodic function of the co-ordinates. By (83)
and (5.4),

where & -
<f>Q

-
1 , and <& = < m if /w^ffl. (5. lOa)

In Ewald's theory, ij
-

1, and so < =0, everywhere except at the lattice

points themselves; but at these points ****>!, and so, by (8.5),

^m=^o for all indices. The formulae to be derived in terms of the
continuous distribution must therefore reduce to Ewald's formulae if

these substitutions are made, and if r corresponds always to a lattice-

point.

(c) The fundamental equations of the wave-field: The field vectors
must everywhere obey Maxwell's equations for an electromagnetic field

in an insulating medium :

ccurlH, dH/dt= -c curl E= -c curl (0/77). (5.11)

According to Ewald's theory, the wave-field consists of a large number
of plane waves, the wave-vectors of any two of which differ by a vector
in the reciprocal lattice (Chapter II, 4(c)), and we therefore try a
substitution of the following type,

which represents a field built up of a triply infinite series of plane waves
whose wave-vectors differ from each other in the required way. We
have to determine KO, and hence the other wave-vectors, in such a way
that (5.12) satisfies Maxwell's equations, and any other conditions that

may be imposed by the nature of the particular problem considered.
We shall deal first with the condition that Maxwell's equations must be
satisfied.

From the second equation of (5.12),

curl H -;**" (Hm x )*-'"">, (5.13)
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and from the first equation,

By (5.1 1), the right-hand sides of the last two equations must be equal
at all times at every point of the wave-field, a condition that can be
fulfilled only if corresponding terms in the sums are equal. Thus

*Dm =H rn xK Tn , (8.15)

where k = I/A
=

v\cy A being the wave-length in empty space correspond-
ing to frequency v. The physical meaning of this equation is that the
electric induction in each constituent wave is perpendicular to the cor-

responding wave-normal and magnetic field.

Again, from (.10) and (5.12),

>

(8.16)
p q

or, since Kq + r* -Kp+a , by (5.12a),

P

We now take p +q as an index of summation, instead of p, as we mayt
since the sums are to infinity, putting m=p+q. Then

f
- - e** D ^i-tDte-^-'). (5,17)

From (5. 17),

curl (DM -je*>< ^ |
K x 2 .-,!>,}

e-><
K-r

>, (5.18)
tn L ff J

and from (5.12),

-^7=-|2Hme- >. (5.19)

whence, using Maxwell's equations as before, and equating correspond-
ing terms on the right-hand sides of (5.18) and (5.19), we find

-f<K TO x DQ), (5.20)
q

and on substituting this in (5.15), obtain

fc*Dm =2 ^-,{Km x (Km x D.)}. (5.21)
9

By the rule for the double vector product,

A x (B x C) - B(A-C) - C(A*B),

where nro ^K^/jKJ, and is the unit vector in the direction of Kw .

ID
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The quantity between the curly brackets is therefore the vector

difference between DQ and the projection of D, on the direction of Km ;

that is to say, it is the component of Dc in a direction perpendicular to

K TO , and this component we denote by DQ[m] .

Equation (5,21) therefore becomes

(5.22)

Now Dmlfn] =D ro , and hence, using (S.lOa), we obtain finally from
>22)

2

(5.23)

which is the fundamental equation of the wave-field in the crystal, giving
the amplitude of the wave m. It is of course only one of an infinite

number of linear equations connecting the values of D for the different

waves, and they cannot be solved as a general problem. It will be

seen, however, from the form of (5.23), that those waves for which

|KJ is very nearly equal to k, that is to say, whose velocity of propaga-
tion within the crystal is very nearly equal to that of light, will be far

more intense than any other waves. This is the result obtained by
Ewald, which we have already discussed in Section 4 of Chapter II.

As we saw there, there will be in general only a few waves, in some of
the most important cases only two, that need be considered at all ; and
since the wave-vectors of the constituent waves of the wave-field bear

exactly the same relationship to one another as the dipole waves of
the Ewald theory, the practical method of deciding which waves are of

importance by means of the sphere of reflection in the reciprocal lattice

can again be used, and the argument from this point on runs almost

precisely as in the original theory, and need not be repeated in detail.

As in II, 4(6), we put |Km | =fc(l + m), m being always small for
waves that are of appreciable amplitude. If the square and higher
powers of em are neglected, equation (8.23) becomes

2cmDm = #m-.DaIwl . (8.24)
Q

By (#.12), (5.12a), and (5.24), the induction due to the whole wave-field
at any point is

D -***S jTS *b-..
m \*-*m q

-
\*> m q

Equation (5.25), as it stands, represents a plane wave of wave-vector
K travelling through the crystal. The amplitude of this wave is given
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by the summation, and varies in a three-dimensionally periodic manner
from point to point, but is constant at any given point. The amplitude
function is a triple Fourier series, and the different Fourier waves are

parallel to the lattice-planes, and have wave-lengths equal to the lattice

spacings, and to submultiples of them. The set of waves is in fact just
that used to represent the density function p(x, y t z) in Chapter VII,
but the coefficient and phase of the wave (m) are now given by the

quantity in the brackets in (8.25). The sums concerned are of course
vector sums. The electromagnetic field in thp crystal thus consists of a
series of nodes and loops of disturbance, having the periodicity of the
lattice.

To compare equation (5.25) with Ewald's result, we put <t>m,q ~<f>Q
for all terms, and remembering that we are now concerned only with
the lattice-points, at which the phase factors e~3(Krn'^ are all equal, we
may write (8.25) in the form

=
*tt^:j D[i. (8,26)

m Z w

where D
lrn]

is the component perpendicular to Km of D, the total
induction. This corresponds exactly to Ewald's equation

b=oSr b^' (*-27)** m

equation (2.104) of Chapter II, with
<f>
= 2/Q9 since b, the amplitude of

the dipole oscillation, is proportional to D; but while (8.21) is a
statement only about the dipole oscillators at the lattice-points, (8.25)
gives the electromagnetic field at any point in the crystal.

(d) The case in which two waves only are appreciable: The most
important case in practice is that in which only two waves make
appreciable contributions to the wave-field. We have already discussed
this in Chapter II, 4(g), but shall here obtain some additional results.
We denote the waves of appreciable amplitude by the indices (0) and
(m), and consider two cases, (a), that in which the induction vector in

both waves is perpendicular to the vectors KO and Km , and (b) t that in
which it lies in the plane containing them.

In case (a), by (5.24),

^mDo + (&>
- 2ew)Dm =0, (5.28)

and in case (b) 9

cos 20D +
(<

- 2em)Dm =0, (5.29)
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where 20 is the angle between the directions of the vectors KO and Km .

In every practical case, may be treated as constant and equal to the

Bragg angle . The conditions that these equations should have a

solution are, in case (a)

(to
-
2<o)tto

~ 2eJ =&f-m, (*.30)

and in case (b) t

(& - 2c )# - 2*J -+m+-m cos2 26,. (8.31)

We put

so that in case (a)

of,n
= i

and in case (6)

ofn.
= i*

2^-mcosa 20 . (5.34)

Since <f>Q
= 2/Qt f and m have the same significance as in equation

(2.110), which may be written

The real axis of the hyperbola forming the dispersion surface is thus

k sec ^m^-m instead of kfa sec , in case (a\ and

in case (*). For a crystal without absorption, <f>m and ^_m are conjugate

complex quantities, or are equal if real, so that the expressions for the

diameters can be written k\<f>m \
sec and k\<f>m \

sec |cos 20
|,
and by

(8.9) are therefore proportional to the structure factors of the spectra

concerned.

The width of the range of total reflection for a crystal without

absorption, when reflection is symmetrical, which is (2/&) sec cosec

according to the dipole theory ( 4(fc), Chapter II), now becomes

|^m |
sec cosec 0) in agreement with Darwin's theory.

Darwin's theory gives as the angular width of total reflection

25 sec cosec ,
where 1 - 8 is the refractive index of the crystal.

For rays passing through the crystal without interference, there is only
one wave, and the refractive index is then given by

by (5,29), since Dm is now zero.

** F(0)

N being the number of electrons per unit volume, so that

n - 1 - (Nea
/2Trmv

a
)
- 1 - 8, (5.38)
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in agreement with our previous result Comparing (5.37) and (5.38),
we find, using (5,9),

which gives for the range of total reflection in case (a)

28 sec cosec |F("OI/|F(0)|,

in agreement with the results of Darwin's theory. (Chapter II, 3 (e)).

Fig. 146 shows the trace of the dispersion surface for two waves (0)
and (m\ drawn for case (a). This may be compared with fig. 32, p. 77,
from which it differs in one respect only : the upper branch of the

hyperbola no longer passes through the Laue point L, the position of

m
Fio. 146. Trace of the dispersion surface for two waves

which is fixed by the condition LO Lm = k = I/A. The lines OQ, mQ
have length k(\ +W>o)> and the asymptotes of the hyperbolas are the

tangents at their point of intersection, Q, to the circles of this radius

having centres at the reciprocal-lattice points (0) and (m). It is to be
remembered that in a figure drawn to scale the lengths mQ and OQ
should be about 105 times as great as that of SS', the real axis of the

hyperbola, so that within the bounds of the figure the circles are

indistinguishable from their tangents. The dispersion surface is ob-
tained by supposing the whole figure to rotate through a small angle
about the line Om.
We may here recapitulate briefly the significance of the dispersion

surface. Consider any point A on it. Then AO and Aw are the wave-
vectors KO and Km of waves that satisfy the fundamental equations,
and which, by their superposition, produce a dynamically self-consis-
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tent wave-field in the crystal. In an unbounded crystal, any number of
such wave-fields, having any relative amplitudes, can co-exist, each

being associated with some point on the dispersion surface. Electric

inductions perpendicular to the plane AmO are associated with wave-
points on the hyperbola shown, those lying in this plane with wave-
points on a second hyperbola, having the same asymptotes, but a real

axis of length SS' cos 20 .

Even in the infinite crystal, there are certain relationships between
the amplitudes and phases of the wave-fields corresponding to different

wave-points. For case (a), by (5.28),

Dm

or

We note first that |m has the same sign so long as A remains on the
one branch of the hyperbola, and that < m and r>_w are constants. The
phase difference between D and Dm is thus constant for all wave-
points on the same branch of the hyperbola. If A and A' are points
at the opposite ends of the same diameter, it is plain from the figure
that the corresponding values of m are numerically equal but opposite
in sign ;

and the same is true for . The ratio D /Dm thus has the
same value but the opposite sign for wave-points at the opposite ends
of a diameter. In other words, the phase difference between D and D tn ,

which is constant for all wave-points*on the same branch of the hyper-
bola, differs by n for points on different branches, a result we shall

require later.

(e) Determination of the wave-points when the crystal is bounded by a
plane surface and a primary wave enters itfrom outside : This problem
has already been considered in 4(/), (/), and (A;) of Chapter II, and it

will be assumed that the reader is already familiar with the discussion

given there, although a certain amount of repetition is unavoidable.
Let a plane wave represented by the vector k fall on the surface of the

crystal, which we shall suppose to be a plane-parallel slab, and give
rise to the wave K inside it. The second wave Km set up within the

crystal as a result of the interaction with the lattice gives rise to a wave
k*. on leaving it. Two distinct cases arise : Case I, in which Km is

directed into the crystal and leaves it again at the lower surface; and
Case H, in which the wave km leaves the crystal again at the surface
at which the primary wave entered. We shall refer to Cases I and II
in what follows as those of transmission and reflection respectively.
The difference between them will be clear from fig. 147, in which mm
denotes in each case the direction of the crystal planes concerned in
the production of the spectrum, which are inclined at an angle <f>

to the
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surface. The vectors k and km have the same absolute value k( = I/A),
but |K |

and |Km |
differ slightly from it and have the values k(\ + e ) and

fc(l + m) respectively. In any particular case, the directions ofKm and
km , and of K and k will differ by angles of the order of seconds, and
Km will be very nearly the reflection ofK in the planes mm at the Bragg

(a) Case I (Transmission)

(b) Case E (Reflection)

FIG. 147

angle . If is the glancing angle of incidence of k on the crystal
face, /r

= + <k very nearly, while the glancing angle at which km will
leave the crystal face in Case II (reflection) will be very nearly indeed

9<>-<f>. The condition for Case I is therefore nearly enough, <f>>6Q ,

and for Case II, <<0 .

In fig. 148, which is drawn so as to correspond to the reflection

problem (fig. 147, II), let O be the origin of the reciprocal lattice, and

(m) the second reciprocal-lattice point concerned, so that Ow^r*.
Let PO be of length k, and parallel to ko, representing therefore the
wave-vector of the incident radiation. The line PZ is normal to the
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surface SS of the crystal. A necessary boundary condition is that the

components of K and k parallel to the surface should be equal, and
so the wave-point must lie somewhere on PZ. Its position is therefore

fixed, since it must also lie on the dispersion surface. Let A be a point
of intersection of PZ with the dispersion surface, and let it lie at a

distance PA from P, which we shall denote by gfcf. AO and Am

O

FIG. 148. The dispersion surface and wave-vectors for two waves
in the reflection problem

now represent ift magnitude and direction a pair of wave-vectors K
and Km (the figure of course is not even approximately to scale). PO
makes an angle $ with the surface. Let L be the Laue point, equi-
distant k from both O and (m). The angle OLm will then be 20 , and
the angle POL, which by the figure we see to be equal to +^ -^, is

the angle between the actual direction of incidence and that correspond-
ing to reflection strictly according to Bragg's law. We shall write

(5.40)

It will always be a small angle in the cases that interest us, at the most
of the order of minutes of arc.

Put Pm = k(l + m);

t* is the quantity called by Ewald the
'

accommodation *

(Anpassung), and is
denoted by 5 in his papers. We have not used 5 here, as there may be some risk of
confusion with the 8 used in the expression for the refractive index, here and else-
where in the book.



LAUE'S DEVELOPMENT OF DYNAMICAL THEORY KOSSEL LINES 425

then kam =Pm - k =Pm - Lm = PL sin 20 ,

A
so that kv.m - fc(POL) sin 20 ,

and - -
^tyo sin 20 . (5.41)

Since A is the wave-point,

and

Now Am =Pm + component of PA parallel to Am
A

=
fc(l + am)-gcosmPA

=
fc(l + am)

- g sin OA
- 20 ), very nearly.

Whence cm = a fn -gy tn , (5.42)

where ym = sin (^
- 20 )

= sin (^
-

) very nearly, (8A2a)

since, in the cases that concern us, ^ is always very nearly equal to

<f>
+ ; and in an exactly similar way,

where y = sin = sin (<^ + ^ ) very nearly. (#.43a)

We have thus expressed e and em in terms of the conditions of

incidence.

(/) The calculation of the ratio Dm/D :

Put Dm =xD . (5.44)

Then, using equations (5.28), (5.42), and (5.43), and eliminating g, we
obtain for the state of polarisation (a), in which D and Dm are both

perpendicular to the plane containing KO and Km ,

yo
#.-0, (5.45)

where 77
=

= -
2Jt^ sin 20,

by (5.41). Equation (5.45) is a quadratic in x, corresponding to the

fact that there will in general be two intersections of PZ with the hyper-
boloidal dispersion surface for a given state of polarisation. Its

solution is

/ y >

JL [ 1 ?m
~~

9*0 I
*

\ Vo>

-A>(i- ),
(SM)

(g) Total reflection at a crystal surface (Case II) : In this case,

since Q><f>, ym/yc is essentially negative. If we also assume the
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crystal to be non-absorbing, <f>m and <_m are either equal, or conjugate

complex quantities, and
<f>m<f>-m ~\<t>m \

2
> and is positive, so that x will

be complex if

(5.48)

Within this range, which corresponds to the range of total reflection

in the Darwin-Ewald theory, there is no intersection of the normal PZ
with the dispersion surface (cf. 4(fc), Chapter II). By (5.46),

(5.49)

'0, orand the middle of the range of total reflection occurs when
>?

when

2 sin y
(5.50)

which gives the correction to Bragg's law for the case of unsymmetrical
reflection. The quantity <f>Q is negative, and is equal to -28, where
1 - 8 is the refractive index of the crystal. The middle of the range of
total reflection therefore occurs at a greater glancing angle than .

For symmetrical reflection, \ymlyQ \

=
1, and the correction reduces to

2S/sin 20
, the value previously obtained.

We may write (5.49) in the form

2 sin 20 sin 20
1 + (5.51)

where Afa is the value of the angle of incidence measured from the

middle of the range of total reflection, which gives a physical interpreta-
tion to ij. The relationship of the various quantities concerned may be
seen from fig. 149.

-
Glancing angle
increasing

Fio. 149
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The range of total reflection, by (<S.48) and (#.51), is

Ym
cosec20

which agrees with Darwin's result for |ym/y |

-
1, the case of symmetri-

cal reflection.

If x is real and positive, the corresponding values ofD and Dm will
have the same phase ; if x is real and negative, they will differ in phase
by TT

; but if x is complex, as in the range of total reflection, they will
in general differ in phase by some amount between and n.

(h) The application of the boundary conditions in Case II (reflection) :

We now use the conditions that must hold good between the values of
the electric induction at two adjacent points on opposite sides of the

boundary between two media, which here, since the fictitious dielectric

constant with which we are concerned differs very little from unity,
can be applied in the form that the electric induction is continuous in

crossing the boundary. This method was first used by Kohler 3
.

Let the crystal consist of a parallel-sided slab of thickness d, and let

DJ and D, be the induction in the incident and emergent waves at
the upper surface of the crystal. At the lower surface, only the primary
wave will emerge in Case II, and we denote its electric vector by D.
We still consider the state of polarisation (a), in which the induction
vectors in all the waves are parallel. The boundary conditions then

give the following relations: at the upper surface,

*,DP=Di, (5.52)

and at the lower surface,

CiDP> +cM } -D i <ViDll) + c2*2D<>
2> -0, (8.53)

cl and c2 being phase factors. The indices (1) and (2) throughout refer

to the wave-fields corresponding to the two possible wave-points A!
and A 2 .

If D^ refers to a point just below the upper surface of the crystal,
the corresponding value at a point just above the lower surface is

Dj^e-M
1

^, with the condition that zr = </, z being a unit vector in the
direction of the normal to the surface. By fig. 148,

and so K -r = k^r + kgd,

whence D^e-**^") -D^e"^'r

We can therefore put

Cl
= e-#wif C2 e-j*M

(8 54)

The second equation of (5.53) now gives

>. (8.55)
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If the crystal has absorption, the scattering functions
<f>m and <j>_m

are complex, so that x, and consequently g, will be complex, even
outside the range of total reflection. Let us put

Then (#.55) becomes

DtfW - - (xjxde-**^-'^ *-*(''-*!') . (^.56)

The value of x2/xl does not depend on the thickness of the crystal,

and in general gJV^i'. so that, provided e
2irkd

\'*~i\^>l, a condition
that can always be satisfied if the crystal is thick enough, and the

absorption not actually zero, either Df> or D{>
2) will be negligibly

small, according to whether g* -g"^Q. There will consequently be

only one primary and one secondary wave inside the crystal in this

case. This result ws first obtained by Kohler,
3 and it greatly simplifies

the reflection problem (Case II) ; for there is in nature no such thing
as a perfectly non-absorbing crystal, and we may always assume the
existence of only one effective wave-point, even when we are dealing
with a crystal so transparent that the forms of the expression applicable
to a crystal without absorption may otherwise be used.

(i) The reflection coefficient in Case II: Applying the results of the
last paragraph to (#.52), with either D> or D{>

2>
zero, we obtain at once

or, by (#.47),

Vo

(#.57)

(#.58)

since in the reflection problem y^/yo is negative.
This expression gives the ratio of the intensities in the reflected and

incident wave-trains, and for symmetrical reflection, for which
|ym/y |

- 1 .

and for a non-absorbing crystal, for which
<f>m and ^_m are conjugate

quantities, it reduces at once to Darwin's formula. For unsymmetrical
reflection, (#.58) gives for the range in which V<4|yiJyoll^|

i

yjDiP-yJDSl 1
, (#.59)

which corresponds to total reflection of energy from the surface of the

crystal, since the energy falling on it per unit area is proportional to

yo|Dol
2 while that leaving it per unit area is proportional to yJD^I

1
.

The energy falling on a given area of the crystal surface is therefore

exactly balanced by the amount leaving it.

For symmetrical reflection, (#.58) can be written in the form

(#.60)

As in 3 (A) of Chapter II, we can represent absorption in the crystal
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by giving the scattering functions
<f>m and <_m complex values, and at

the same time making the refractive index, and so <
, complex. If we

put

(5.61)

relations which correspond to equations (2.89a) and (2.89b) of Chapter

II, and use (5.49), equation (8.60) reduces immediately to Prins's

(ormula for the reflection coefficient from an absorbing crystal, equation

f2.90) of p. 63. We have discussed the application of this equation
in some detail in Chapter II, 3(h) and 3(7), and also in Chapter VI,

3(y). An example of its application to the polar crystal, zinc sulphide,

is given by Kohler (loc. cit.).

(j) Detailed discussion of the values ofx for a non-absorbing crystal in

Case II : In our further discussion of the field inside the crystal we
follow closely the treatment given by Laue.* When the crystal is non-

absorbing, < m and <_m are conjugate, and can be expressed in the form

and since in Case II ym/y is essentially negative, equation (5.47) may
then be written

x =

where

To

7m

7m

70

(5.63)

(5.64)

Three distinct cases must be considered :

(i) Let the glancing angle be less than that corresponding to the

lower limit of the range of total reflection, so that p> 1 . We make the

substitution

p = cosh w, with u positive. (5.65)

Then

sinh w),

or

w*
(5.66)

(ii) Let the glancing angle belong to the range corresponding to total

reflection, so that -!</?<+ 1. The appropriate substitution is now

p - sin v (
-
7r/2<t/< + Tr/2), (5.67)
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giving

or
JXo

y

J* e-iv+i0m
(5.68)

(iii) Let the glancing angle be greater than that corresponding to the

upper limit of total reflection. Then p< -
1, and the substitution is

-p =cosh w, with u positive, (5.69)

which leads to

*1= -

vl
e-u+i9m

(8.10)

(k) Extinction within the range of total reflection : In ranges (i) and

(iii) of the angle of incidence, the value of g corresponding to the

complex values of x determined in the last paragraph are real. For,

by (5.43) and (5.39),

so that g is real in ranges (i) and (iii), but complex in range (ii) corre-

sponding to total reflection. For this case, by (5.68) and (5.71), we can

write for g2

1 I / Y(\ i i i f . -v 1 / Q *7T\^2
y

is D{,
2> e- ), and at a depth dThe field in the crystal due to

below the surface of the crystal

If then we substitute for 2 in (5.73) from (5.72), we see that the ex-

pression for the field at a depth d below the surface of the crystal

contains, as well as a complex phase factor, a real damping factor

e~*w, where
*

(5.74)

The other value of x would give a value of D increasing without

limit with increasing depth below the surface of the crystal, and so is

inadmissible.

Equation (5.74) gives the primary extinction in the range of total
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reflection, which we have already discussed in Chapter II, 3(g). For
the case of symmetrical reflection, y =

|yn| =sin ^
, quite nearly

enough, since the whole angular range of total reflection is of the order

of seconds of arc. In the middle of the range, cos v = 1, so that

2A e* F(m)
' { ' }

~
sin0 ~sin

by (5.9). This expression may be compared with the value of the

primary extinction given in equation (2.85) of Chapter II, which

represents the mean extinction coefficient per atomic plane. We must
therefore multiply (5.75) by a, the spacing of the atomic planes, before

comparing the two expressions. At either end of the range of total

reflection the extinction vanishes, and it is zero everywhere outside it.

We have already seen that in ranges (i) and (iii) also, only one value

of x is admissible, and we can easily see in each case which it is. For

example, in range (iii), u is zero at the limit ofthe range of total reflection,

and is positive and increasing as the angle of incidence increases beyond
this limit. By (5.70) therefore, only x2 is admissible, since xl9 and
therefore D^, will increase without limit as u increases, that is to say,

as the angle of incidence departs more and more from that correspond-

ing to reflection. A similar argument shows that in range (i) only jct

is admissible.

(/) The intensity of the wave-field in the crystal in the reflection problem

(Case 77), as a function of the angle of incidence : When only one wave-

point is effective, the total field in the crystal at a point at a vector

distance r from the origin can be written

by (5.12).

By (5.52), Dm =jcDJ and D = DJ,

so that D = D' erf*-*-*) { 1 + **-*"*>}, (5.76)

by (5.12a).

The ratio |D|
2
/|DJ[

2 of the intensity within the crystal at the point r

to that at the same point had only the primary wave been effective we
denote by R. Then

Since x is constant for any given angle of incidence, and r-rj is

constant in any plane parallel to the lattice-planes m, we see that the

intensity of the field within the crystal is constant in sheets parallel to

the reflecting planes, and that apart from effects due to extinction, it

will vary with a periodicity equal to that of the spacing of the planes
if the reflection takes place in a first order, and equal to a submultiple
of that spacing if the reflection takes place in a higher order.

For ranges (i) and (iii), with glancing angles smaller and larger
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respectively than those corresponding to the range of total reflection,

x is real, *i being the appropriate value in range (i), and x* in range
(iii). Using (5.66) and (5.70), we then find

r~

cos(27rr.r*-0m), (5.78)

the positive sign applying in range (i) and the negative in range (iii).

For the range of total reflection x2 applies, and is complex, but in

addition KQ itself is complex, as we saw when discussing the extinction

coefficient. By (5.72), (5.73) and (5.74), we see that the value of R
obtained by substituting the value of xa from (5.68) in (5.77) must be

multiplied by the extinction factor e~t*> d being the depth of the point
considered below the surface of the crystal. Thus

1+iJ e~

-[ Ym
. (5.79)

We consider now the case of a primitive point-lattice, and calculate

the field actually in the atomic planes. In this case, rr is always
integral. For such a lattice, < m and <_w are real, in the absence of

absorption, so that Om is either or TT ; and the fact that the refractive

indices of most materials for X-rays are less than unity indicates that

tr is the correct choice, since it corresponds to scattering with change of

phase of this amount (cf. Chapter IV, 1 (b) and 1 (c)). We therefore

put Om = TT, and obtain for the intensity of the field in the positions

occupied by the atoms the following values of R.
For ranges (i) and (iii),

JXo

Ym
r*V ym

(5.80)

the negative sign applying for range (i), and the positive for range (iii).

For range (ii), total reflection,

7m ym
sin v > (5.81)

In (5.80), u is positive, and equal to zero at each limit of the range of
total reflection, increasing as that range is left in either direction. In

(5.81), sin v = 1 for the lower limit and -
1 for the upper limit of the

range of total reflection. The solutions therefore fit at these limits, giving

R-1+ M-5 -2,
Vm
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for the lower limit, and

R-l f + 2,
Vo

Vn
for the upper limit.

We can now draw curves showing the way in which the intensity at

the position occupied by an atom varies as the angle of incidence of
the radiation varies. We take for discussion the special case of sym-
metrical reflection, in which |y VJ =

1 - Curves for this case are shown
in fig. 150. The abscissae are values of -/?, or -

-q '2\<l> tlt \

'm the case

R
4

-a

Total Reflection

46
sin20

8 -6 -4 -2 _0__ 2
Total Reflection

Abscissae /&/' each curve ore values of -
4

Fio. 150. Curves showing the variation of the electric intensity at a lattice-

point in dynamical reflection with the angle of incidence of the radiation,
(d) when the electric vector is perpendicular to the plane containing the

directions of incidence and reflection, (/>) when it lies in the plane

considered, by (5.64). By (.51) therefore, we must multiply the

abscissae by |< m|/sin20 to convert the units into angles in radians

measured from the middle of the range of total reflection. It is easy
to draw the curves if we remember that /?

= cosh u in range (i), and
2E
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- cosh M in range (iii), while p - sin v in range (ii), with v varying from
+ 7T/2 to -

7T/2 as p decreases and J^ increases.

Let us follow out in detail what happens as the glancing angle varies,

starting from values considerably less than those corresponding to total

reflection and increasing. The variation in the intensity of the field at
the positions occupied by the atoms is shown in fig. 150, in which the
ordinates give values of R. The corresponding variations in the

positions of the wave-point may be understood from fig. 148. To begin
with, p is positive and J^ negative. The relevant wave-point A lies

on the branch (1) of the hyperbola, and |KW |
differs considerably from

k. The wave Dm is hardly excited at all, and the field is very nearly
that given by DJ alone, so that R is nearly unity. As the glancing
angle $ increases, P in fig. 148 moves towards L, and the single effective

wave-point A moves along branch (1) of the hyperbola. The difference
of phase between ''D and Dw remains constant, and is such that the
two waves oppose each other. As the angle of incidence increases, and
Dm grows, the resultant field in the atomic planes decreases, and be-
comes zero in the particular case we are considering at the lower limit
of the range of total reflection. At this point, the planes of minimum
disturbance in the crystal coincide with the atomic planes that produce
the reflection, of order m. For a first-order reflection, the planes of
maximum field lie halfway between the atomic planes ; for a second
order there are two such maxima between successive atomic planes,
and so on.

As the angle of incidence increases still further, we enter the range of
total reflection. There is now no real position of the wave-point;D and Dm are both fully excited, and the phase difference between
them no longer remains constant, but alters progressively, until the two
fields agree in phase in the atomic planes at the upper limit of total
reflection.

If we neglect extinction for the moment, we see that the resultant
field intensity rises in a linear way with increasing glancing angle, and
R becomes 4 in the case of symmetrical reflection at the upper limit of
the range of total reflection . As the angle of incidence increases beyond
this point, the effective wave-point makes its appearance on the other
branch of the hyperbola. The phase difference between D and D ro

again remains constant, but Dm becomes less important as A^ increases,
rapidly at first, and then more slowly, so that the field once more
approaches that due to the wave DJ alone, and R tends to unity from
above. We must think of the whole set of nodes and loops of intensity
in the crystal as being displaced while the angle of incidence passes
through the range corresponding to total reflection. At the lower limit
of this range the planes of minimum intensity, and at the upper limit
the planes of maximum intensity, coincide with the atomic planes.
Outside the range of total reflection, on either side, the maxima and
minima occupy the same positions as at the corresponding limits, but
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the difference between the maximum and minimum intensity gets
smaller as the excitation of the waveDm diminishes, and the interference
effects die away.
The full-line curve in fig. 150(a) illustrates the variation of R at the

position occupied by an atom when extinction is neglected, and refers

therefore to atoms lying only a little way below the surface of the crystal
For atoms situated more deeply within the crystal extinction becomes
very important inside the range of total reflection, but is zero at its

limits, and beyond. The dotted line shows the course of the curve
within the range of total reflection, drawn for the case in which the

intensity of the field is reduced to 1/20 of its value by extinction at the
middle of the range.
The whole discussion has hitherto been confined to case (a), in which

D and Dm are perpendicular to the plane containing K and Km . If

they lie In this plane (Case (ft)), expressions (.80) and (.81) must be
modified by multiplying the last term in each by a factor jcos 20

|.
The

range of total reflection is now given by

(O2)
7o

and a parameter p' =/?/|cos 20
| replaces the parameter p used in the

discussion of case (a). The variation of R for the position of an atom
in case (b) is shown by curve (b) in fig. 150, which is drawn for

|cos 20
|
=0'75. The maxima and minima in the curve without extinc-

tion are less well marked than in case (a), because D and D^ are no
longer parallel, but inclined to one another at an angle 20

, so that

complete interference and reinforcement can no longer take place. The
dotted part of the curve again shows the effects of extinction.

Curves (a) and (b) of fig. 150 are drawn for symmetrical reflection.

If the reflection is unsymmetrical, R may still become zero in case (a).

Equation (.80) shows that the position of the zero value is given by

, orp
*

J 1 5
s

I)
.

I 1 \'

Provided that |y | 5|y

The zero value will in this case lie a little below the lower limit of
total reflection.

(m) The transmission coefficient in Case I: In this case, k leaves the
lower surface of the crystal slab, 6 <<f> 9 ym is positive, and y /ym is an

essentially positive quantity. For a non-absorbing crystal, by (5.47),
*<_m , and hence the accommodation g, is always real. Two wave-

points are always effective, and the field inside the crystal is made up
of the two wave-fields corresponding to them, superposed. If we con-
sider transmission through a plane-parallel slab of crystal, the boun-

dary conditions for the state of polarisation (a) are, at the upper surface,

jc,D?> =0, (5.83)
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and at the lower surface,

c D< x) + c D(2) =D r, v,D(1) 4- c*vD(2) = rnDw (8 84}cji^Q -r i. 2*^0 ' 110 2* 2 3 6 ' \IJ.\J-TJ

clt c 2 ,
c3 are phase factors, c1 and c2 having the same significance as in

(5.54), while the condition that the tangential component of km must

be the same as that of Km leads tb the result that |c3 |

=
1, if the glancing

angle made by Km with the surface is not too small. For a discussion

of this point, reference may be made to Kohler's paper. Equations

(5.83) and (5.84) lead to the following result for the ratio of the intensity

in the incident beam to that in the transmitted interference beam :

2^ 212 '-
c2 j

2
. (5.85)

|*l~*2l
2 I

The factor \cl -c2 \

2
is equal to 2{1 -cos 2-rrk(gl -g2)d}, and so depends

on the thickness of the crystal. It represents interference in a plane-

parallel plate, and in any actual case the cosine term would be averaged
out by unavoidable small variations in the thickness of the plate, and
would vanish. In this case, the transmission coefficient for the wave m
becomes

'

for a non-absorbing crystal, by (5.47). Tm has a maximum value of

ilroVml when ??=0, and is therefore equal to \ when |yo/yl ==
1, as it

is if the reflecting planes within the crystal are perpendicular to the

surface of the crystal plate, an arrangement that is frequently used in

practice, and which has been discussed for the case of the mosaic

crystal in Chapter II, 2(h). By (5.46), we see that the maximum
occurs when

which gives the deviation from Bragg's law. Since < is essentially

negative, and y^/yo positive, we may put

When the reflecting planes are normal to the surface of the plate,

J0 =0, that is to say, reflection occurs at the Bragg angle. The angular
width of the transmitted beam in this case is suitably expressed by the

width at half-maximum, which, by (5.86), is evidently ^_
terms of

T/,
or 2\/ym/y |< m |

cosec20 in angular measure, which is the

same as the width of the range of total reflection in Case II.

(n) The intensity of the wave-field in the crystal in Case I : Since the

total wave-field is now made up of two superimposed wave-fields,
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corresponding to the two wave-points, the state of vibration within the

crystal is much less easily expressed than it was in the reflection prob-
lem. For a full discussion, we must refer the reader to Laue's paper

4 (i)
.

The two wave-vectors of each of the pairs K^, K ( L>) and K%\ K}-?
differ slightly, both in magnitude and direction, and the effect of this

is to cause fluctuations in the intensity in the crystal, of the same nature
as beats. The intensity is still constant, or nearly so, in planes parallel
to the lattice-planes (m\ but for any given direction of incidence the
surfaces of maximum disturbance lie at different distances from the
atomic planes at different depths below the surface of the crystal, and
structurally equivalent atoms at different depths are not excited in the
same way. Upon a short-period fluctuation of intensity, similar to that
discussed in the reflection problem, are superimposed 'beat' fluctuations
of longer period, due to the interaction of two slightly differing wave-
fields. The existence of this effect was shown by Ewald in his original
treatment of the dynamical theory, and we have already referred to it

briefly in 4 (A:) of Chapter II.

One result deduced by v. Laue, which we shall use later, may be
stated here. We have considered an incident wave represented by the
vector k

, giving rise to waves K
and Km inside the crystal, which
in their turn correspond respec-

tively to waves k and kw outside

the crystal on the other side of

the plate. These conditions are

represented diagrammatically in

fig. 151, in which the dotted line

shows the direction of the atomic

planes m. Now let a wave be

incident on the upper surface of

the crystal in the direction k m .

Inside the crystal, the correspond-

ing wave-vector is Kw , and this

gives rise to an interference wave
K

, which we can picture as

reflected from the lower surface

of the planes m, and which cor-

responds to an emergent wave k below the crystal. Laue shows that

if the two waves k and km are incident together on the upper side

of the crystal, and if their intensities are so adjusted that the same
energy falls per unit area on the surface in both wave-trains, then the

total field intensity in the crystal is the sum of those due to the two
primary waves, and is independent of the depth below the surface.

The two wave-fields are complementary. If one gives rise at any point
to an intensity in excess of the primary field, the other gives rise to an

intensity as much below it, and this holds for every angle of incidence.

FIG. 151. Illustrating complementary
reflection
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For a detailed proof of this property of the field, reference must be
made to Laue's paper ( 3. and 4.).

2. DIFFRACTION PHENOMENA WHEN THE SOURCE OF RADIATION LIES

WITHIN THE CRYSTAL

(a) Introductory : Suppose now that the atoms of the crystal lattice

themselves become independent sources of monochromatic radiation.
The waves spreading out from any atom must be diffracted by the other
atoms of the lattice, and must ultimately give rise to disturbances

travelling out into the space surrounding the crystal. We wish to

investigate the nature of the external wave-field so produced. Because
the sources within, the crystal are independent, the total intensity
distribution outside the crystal will be the sum of those due to the
individual atoms. It is clear that a direct discussion of this type of

crystal interference would be difficult, for we should have to start with
a spherical wave spreading out from a point inside the crystal, and to
consider its interaction with all the atoms of the lattice. It is true that
we can make a plausible prediction of the type of disturbance to be
expected by applying the elementary theory of reflection of waves at
the lattice-planes; although we are not entitled to do this without
further justification when the sources of radiation are close to the planes
themselves. Neglecting this question for the moment, let us assume
that the waves emanating from any point within the lattice are reflected

at the lattice-planes to an appreciable degree only at angles that corre-

spond to Bragg's law. The directions of appreciable reflection from any
set of planes m(^hkl) will then lie on the surface of a cone, whose axis

is normal to the planes, and so in the direction of the reciprocal-lattice
vector r*, and whose semi-vertical angle a is given by the equation

2dm cos a = A

or cos-|A|r*|. (5.88)

If all the atoms in the crystal are emitting, we should expect reflections

from both sides of the planes, and so the cone corresponding to the

planes m is to be thought of as a complete double cone. To every
reciprocal-lattice vector there corresponds such a cone, and the whole
set of cones must be thought of as rigidly attached to the crystal. For
any position of a photographic plate relative to the crystal, we may
therefore expect an appropriate set of diffraction maxima, which will

be ellipses, parabolas, or hyperbolas the intersections of the cones with
the plane of the plate.

Interference effects due to monochromatic radiation excited within
the crystal were first announced by Clark and Duane 5 in 1922, and
further investigated by them in a series of papers. They reflected white
radiation from a tungsten anticathode from the faces of a number of





PLATE X

FIG. 152. Kossel lines from copper crystal used as anticathode.

Plate parallel to cube face (Voges)

(Ann (hr Miyttk, 27, 094 (1981)))

(P. 439)
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crystals, mostly alkaline halides or polyhalides, and examined the
reflected radiation by means of an ionisation spectrometer. When the

crystals contained elements such as iodine, or caesium, they observed
certain peaks in the reflection curve which they ascribed to the reflection

of the characteristic K radiations of the elements concerned at the

crystal planes. The conditions for producing interference of this type
were certainly present, but the effect would be extremely hard to

observe with the experimental arrangement used, and it is certain that

the main peaks observed were due to other causes, probably to the
effect of the K absorption edge of the heavy element on the form of
the reflection curve*; and although some small residuum of the

phenomena observed by Clark and Duane may have been due to

a true interference of the fluorescent radiation, the first to obtain
undoubted effects of this kind were Kossel, Loeck, and Voges,

6 in 1934.

They used a single crystal of copper as the anticathode in an X-ray tube.

The characteristic radiation was therefore excited by the electron beam
in the crystal itself, and interference effects, the general nature of which
was in accord with the elementary theory outlined above, were
observed on a

photographic plate placed near the crystal, in the first

experiments, actually within the tube. We shall refer to the inter-

ference lines so obtained as Kossel lines. In subsequent work,
7 ' 8 the

technique was developed, and reference should be made to the beautiful

photographs published by Voges,
8 one of which is shown in fig. 152

(PL X). Similar effects, when the emission of the radiation is stimulated

by X-rays, have been obtained by Borrmann.9
Although the simple

theory is able to predict the general geometry of the effect it cannot give
us much information about the actual distribution of intensity, and for

this, more powerful methods are needed.

(b) The reciprocity theorem in optics : A beautifully neat solution of

the problem of interference when the source lies inside the crystal has

been given by v. Laue,
4 who uses the reciprocity theorem in optics, an

old theorem, the general formulation of which in terms of the electro-

magnetic theory was given by H. A. Lorentz 10 in 1905. In the form in

which we shall need it, the theorem may be stated as follows. If a

source of radiation and a point of observation are interchanged, the

intensity, measured in terms of electric displacement, is the same at the

new place of observation as at the old.

Laue quotes an experiment performed by Selenyi
ll in 1913, which

serves as a good example of an application of the theorem to an

optical problem. Let a pencil of light radiating from a point Px (fig.

153) inside a block of glass, and limited by a screen S, fall on the

boundary between the glass block and the air beneath it, the angles of

*
It has been suggested by Mrs. Lonsdale that some of the effects observed by

Clark and Duane were diffuse maxima, due to thermal movement. See Chapter V
p. 239.
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incidence being so arranged that according to the geometrical theory all

the light -should be totally reflected. There will be no appreciable
disturbance below the glass block,

provided that the point of obser-

vation lies at a distance from the

surface greater than a few times

the wave-length of the radiation

used. If, however, we consider a

point P2 within a distance of the

surface comparable with the wave-

FIG. 153 length of light, we know that the

field in which it lies is not zero.

Inhomogeneous waves travel parallel to the surface of the glass in the

air, their amplitude' dying away very rapidly as the distance from the
surface increases. According to the reciprocity theorem, therefore, a
source of light of strength equal to P1 placed at P2 , very close to the

glass surface, should send light to the position occupied by P
x , a point

which no light should reach according to the geometrical theory ; and
the intensity at Pl should be equal to that at P2 with the original
arrangement of the source. That this actually occurs was demonstrated
by Selenyi.

(c) The application of the reciprocity theorem to the problem of the

diffraction of radiation excited within the crystal : Suppose a certain
atom A inside the crystal to be emitting radiation, and let the resultant

intensity be observed at a point P outside the crystal and at a consider-
able distance from it. We wish to calculate the intensity at this point.
Suppose the source A removed to P. Then it will produce a certain

intensity at its original position inside the crystal, which will be just
the same as the original intensity at P. Now when the source is removed
to P outside the crystal it will send out spherical waves, which by the
time they reach the crystal may be treated as plane, since we have
supposed P to lie at a considerable distance. The intensity of the
field at the position of the atom A within the crystal is just that of the
wave-field set up inside the crystal when a plane wave-train enters it

from without, a problem that we have already solved for the ideal

crystal in the first section of this chapter.
We have seen that the intensity of the field at a point occupied by

an atom reaches its maximum in the case of reflection, for example,
when the angle of incidence is such as to correspond to one limit of
the range of total reflection. Let the direction of incidence then be
that of the vector k . If the crystal is now stimulated so that the atom
A emits radiation, it will radiate a maximum amount outside the crystal
in the direction - k , and the variation with direction of the intensity
radiated will be exactly the same as the variation of intensity at the
position of the atom A as the direction of the radiation incident from
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without varies in a corresponding way. The curves in fig. 150 were
drawn to show the stimulation of a plane of atoms due to an external

source of radiation as the direction of the incident wave-vector k
varied, but they may equally well be taken as showing the variation ofthe
radiation in the direction - k outside the crystal when an atom belong-
ing to the plane becomes a source of radiation of the same frequency.

For interference of a given order m, the directions ofk corresponding
to maximum excitation of the atoms lie on a cone having the normal
to the lattice-planes (AW), or the reciprocal vector r*, as axis, and a

semi-vertical angle equal to within a few seconds to that given by
Bragg's law. Thus, when the atom itself becomes a source, the radiation

outside the crystal will show a maximum around the same cone. The
predictions of the elementary theory as to the geometry of the cones
are therefore closely confirmed, but the reciprocity theorem also allows
us to consider questions of intensity and fine structure in detail. Since
the emission of fluorescent radiation from atoms is essentially an
incoherent process, all the atomic sources are independent, and the

total intensity is the sum of the intensities due to the individual atoms.

(d) Detailed consideration of the diffraction cones corresponding to the

reflection problem (Case II) : The geometrical conditions are illustrated

by fig. 154. The planes
SS and mm are parallel

respectively to the crystal
surface and to the reflect-

ing lattice-planes, and the

angle between them is <f>.

OR is the direction of the

normal to these planes,
and so of the reciprocal-
lattice vector r. The $|
cone is drawn corre-

sponding to the Bragg
angle 6 . In the case con-

sidered, ><f>, and the

cone does not intersect

the plane SS. The in-

tensity scattered into the

cones is to be derived

from the wave-field in the

crystal in the reflection

problem, and figs. 150(a) and (b) apply. We consider first radiation
scattered along directions adjacent to OP, and polarised with the induc-
tion vector perpendicular to the plane ROP, to which fig. 1 50 (a) applies.

Beginning with a direction of scattering OQ, lying within the Bragg
cone, we suppose the angle ROQ to increase, which corresponds to a

M

m

FIG. 154. Diffraction cones for Case II

(Reflection): Q ><f>
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decrease in the glancing angle in fig. 150(0). When OQ lies well within
the Bragg cone, there will be a uniform scattering corresponding to
R = l in fig. 150. As the angle ROQ increases, -the intensity of the
scattered radiation rises to a maximum, some four or five times that of
the background, in a direction corresponding to the upper limit of the

range of total reflection in the dynamical problem. Thereafter, as the

angle of the cone increases still more, the intensity of the scattered
radiation falls off very rapidly, at a rate depending, however, on the

depth of the atomic source below the crystal surface. The fall observed
in any actual case must be an average effect, due to the radiation from
a very large number of atoms at different distances below the surface ;

but at the lower limit of the range of total reflection the intensity
scattered should fall to zero, and so be less than that of the general
background. For still greater angles of the cone, the intensity rises

once more, tending again to that of the background. The cones

corresponding to the diffraction maxima thus have a fine structure,

according to the dynamical theory. The angular widths involved are

small, a matter of a minute or so at the most, and a nearly perfect

crystal will be required if the effect is to be observed. If greater scattered

intensity corresponds to greater blackening, as on a photographic film,
each curved line corresponding to the intersection of a diffraction cone
with the film should show a border lighter than the general background
on its convex side.

If the electric field-vector lies in the plane ROP, curve (b) of fig. 150

applies, and the same general conclusions hold good, except that the
maxima and minima will be less well marked. It may be noted that if

the radiation from the atoms is unpolarised, as is to be expected in the
case of fluorescent radiation, there must be some degree of polarisation
in the radiation scattered into the diffraction cones, because of the
different intensities corresponding to cases (a) and (b).

Our theoretical discussion throughout this chapter has related only
to the case in which the intersection of the surfaces SS and mm is

perpendicular to the plane ROP, which of course is true for only two
directions on the cone. The more general case is discussed by Laue,
but we shall not consider it here, since it alters nothing in principle,

although it affects the variation of intensity around the cone.

(e) The total excess or defect of intensity in the Kossel lines : In the
last paragraph, we considered the fine structure of the Kossel lines in

Case II (Reflection). We may, however, wish to know whether the total

intensity in a line is greater or less at any part of it than that of the

general background. As a criterion of this, Laue calculates a quantity
S, defined by

If S is positive, a Kossel line produced under conditions of resolution
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not good enough to show up its fine structure will appear darker than
the background ; if S is negative, it will appear lighter. The quantity S

may be thought of as made up of contributions from the three ranges
(i), (ii), and (iii), which are denoted by S^ S2, and S3 respectively. For
the non-absorbing crystal, ranges (i) and (iii) give

+83 =
3 sin 20ft

Vo

Vm
(.90)

where C= 1 or |cos 20 |> according to the state of polarisation.
The contribution S2, corresponding to the range of total reflection

in the dynamical problem, can easily be calculated for two limiting

cases, (1) when the atom emitting radiation lies near the surface of the

crystal, so that extinction can be neglected, and (2) when it lies so
far below the surface that owing to the effects of extinction the field in

its neighbourhood would be zero if the radiation were incident from
outside. Case (1) gives,

3 sin 20 V3 sin

an expression that is essentially positive, and denotes an excess of

intensity in the Kossel line.

In a later paper, Laue ia shows that S may be negative in case (2),

when the atom lies deep in the crystal ; for then |D|*=0, and the

integrand in (5.89) becomes - 1, Taking into account the width of the

range of total reflection, we obtain at once

sin 20ft

giving

(5.92)

(5.93)

The quantity in brackets in (5.93) may become negative if the ratio

iym/yol is lafge enough, so that under suitable conditions of incidence

the Kossel line may appear as a lighter line on a dark background.
What will actually be observed in any case is of course an average

effect, due to atoms lying at a variety of depths in the crystal, but it

must be remembered that extinction is often much more important than

ordinary absorption, so that certainly when the atoms within the crystal

are excited by X-rays we may expect the majority of emitters to be in

situations in which (5.93) would be valid. We shall return to this

question in a later paragraph.

(/) The nature of the diffraction cones corresponding to Case I

(transmission) in the dynamical problem : The geometrical conditions
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are represented by fig. 155. Since <>0 , the planes SS now intersect
the cone. An incident wave travelling in the direction PO will give
rise to an interference wave travelling in the crystal in the direction
OM. To obtain the intensity of the radiation scattered in the direction
OP when the atoms of the lattice become sources of radiation we must
therefore use Case I of the dynamical problem. As we have already

FIG. 155. Composite diffraction cones ;

seen in 1 (m) of this chapter, the field in the region of a given atom
now depends on its depth below the surface, so that the conditions in

the interference cone cannot be calculated so easily as in Case II. It

can, however, be stated that the radiation in the directions OP and OP',
complementary directions on the two cones m and m, will be comple-
mentary, so that if there is an excess of intensity over that of the back-

ground in the direction OP, there will be a corresponding defect in
the direction of OP'. This follows at once from the result quoted in

1 (n) that the sum of the fields due to waves incident in the directions
PO and P'O, and carrying equal energies to the crystal per unit area,
is constant, and independent of the depth in the crystal. Therefore
the sum of the intensities emitted by the crystal in the two complemen-
tary directions, when an atom within it becomes a source of radiation,
must be constant, so that if the excess over the background is positive
in one direction, it must be negative in the complementary direction.
Not only the total radiation within the diffraction line, but also the fine

structure, should be complementary in the two directions. A photo-
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graphic plate, parallel for example to the crystal surface, should show
hyperbolic traces of the two halves of the cone. If the resolution is not
enough to show fine detail, one branch of the hyperbola should give a
trace darker than its surroundings, and the other a trace lighter ; and
if the fine detail is resolved, it should be complementary in the two
traces. In general, the two branches of the hyperbola, corresponding
to the diffraction cones hkland M/must be complementary in intensity.
The analysis in terms of the dynamical theory shows that in the simple
case considered the cone lying nearest to the normal to the crystal
surface should contain the excess of radiation, and so should give the
darker trace.

If the planes m lie normal to the surface, the excess radiation in both
cones must be zero, but the fine structure is not symmetrical, as a
consideration of the geometry of the reflection as illustrated by fig. 148
will show; so that if the resolution is good enough to show fine detail,
a complementary light and dark structure may still appear. Examples
of this are to be found in the paper by Voges (fig. 4), in which the

complementary fine structures of 002 and 002, and of 020 and 020 show
up very well; whereas, in the corresponding photograph taken by
Borrmann with X-rays (fig. 5), in which the resolution is not great
enough to show the fine structure, the corresponding traces do not
occur, although those for 111 and 111, and ITT and 111, when the

planes are no longer perpendicular to the crystal face, show up excellently
as light and dark pairs, the dark branch being in each case the nearer
of the pair to the normal to the surface.

(g) Composite cones : Referring again to fig. 155, we see that when
radiation falls on the crystal from outside, all rays directed towards O
from points in the arc QPV of the cone give rise to diffracted rays in
directions from O to points on the arc UMT, which are therefore
directed into the crystal. In calculating the intensity of the portion
QPV of the diffraction cone when the atoms of the crystal become the
sources of radiation, we must therefore use Case I of the dynamical
theory, and it is to this portion of the cone that the discussion of the
last paragraph applies. On the other hand, rays directed towards O
from points between Q and T give rise to reflections in directions from
O towards points on the arc U V. The intensities of the parts QT and
UV of the diffraction cone must therefore be calculated from the
formulae for the reflection problem (Case II) of the dynamical theory,
with appropriate modifications for the obliquity of the surface. Such
composite cones must always occur unless the planes m are normal to
the crystal surface, when the whole of the exposed cone corresponds to
Case I. The composite arc is always that one of a pair closest to the
normal to the crystal face.

It is interesting to consider whether we may expect a change of
intensity from light to dark in the Kossel lines corresponding to such
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composite cones. From fig. 155, we see that radiation incident along
QO in the corresponding problem of dynamical reflection would be
reflected along OU, and so would emerge very nearly indeed parallel
to the surface. This means that |ym |

would be very small, and so, by
(5.93), the total intensity excess in the Kossel line would be positive.
On the other hand, the point T on the arc would correspond to radiation
incident along TO at very nearly grazing incidence to the crystal surface,
and so to a very small value of |y |. The value of S given by (.93)
would in this case be negative, and the intensity of the Kossel line, in
so far as it depends on atoms lying not too close to the surface, will

be less than that of the background. We should therefore expect a not
very well resolved line to change from dark to light between those

points on it corresponding to Q and T, the light part of the line corre-

sponding to radiation leaving the surface at nearly grazing incidence.

Examples of such changes from dark to light lines are well shown in

fig. 5 of Borrmann's paper, for the lines 111 and 111, and the same
effect may be seen in some of the photographs obtained by Voges, for

example, in fig. 5.

(h) Experimental details : As we have already mentioned, undoubted
diffraction effects due to the excitation of atomic sources inside a

crystal were first obtained in 1934 by Kossel, Loeck, and Voges,
6 from

a single crystal of copper, used as the anticathode in an X-ray tube.
The beam of electrons impinging on the crystal caused the atoms form-
ing the lattice to emit the characteristic K radiation of copper. The
experimental difficulties are considerable, as the intensities to be ex-

pected are not large. The theory shows that there will be a strong
background of radiation scattered in all directions, and that the excess

scattering in the directions of the interference cones is not very large.
In the earlier experiments, the film was placed inside the vacuum tube,
at a distance of about 2-2 cm. from the crystal, but in later experiments
it was placed outside the tube, at a distance of 50 or 60 cm. In this

way it was possible to reduce the strength of the background relative
to that of the lines.

Although copper is an easily deformable crystal, which might be
expected to show little primary extinction, and to reflect as a mosaic,
it appears that in suitably prepared specimens portions at any rate are
fairly perfect.* In the experiments of Voges, the anticathode spot is

sharply focussed, and can be arranged to fall on some perfect region
of the crystal. Thus the angular width of the lines is very small, not
greatly in excess of that indicated by the dynamical theory, and up to
a considerable distance there is no appreciable spreading of the lines,
the breadth of which is determined almost entirely by that of the
anticathode spot. The falling off of intensity within the interference
cones is thus proportional to 1/r, and that in the background to 1/r

2
,

*
Compare the experiments of Renninger with rock salt. Chapter VI, 3 (j).
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r being the distance of the plate from the crystal ; so that the contrast

between lines and background increases as the distance increases, an

advantage that offsets the disadvantage of the longer exposure that is

necessary. Voges' photographs show up very beautifully the fine

structure of the lines, and it is clear from their width that the fragment
of crystal concerned was acting as if it were very nearly perfect, so that

Laue's theory should apply fairly closely, since a copper crystal, with

appropriate choice of axes, may be considered as based on a simple
lattice.

Fig. 156 shows a photometer curve obtained by Voges of a 200

reflection, with ^=0 (Case II, symmetrical reflection). This may be

Film

FIG. 156. Trace of a photometer curve by Voges of the 200 reflection from
copper showing light-dark effect in Case II (Reflection)

with #=0 (Symmetrical reflection)

compared with fig. 150. It must be remembered that the Cu K line

is a doublet, which accounts for the double peak. The 04 peak is also

reduced by the minimum to the right of the a2 peak, so that the peaks

appear more nearly equal in strength than they should. Qualitatively
at least, the predictions of the theory are borne out by these experiments,
which provide a remarkable con-

firmation of the essential correct-

ness of the dynamical theory. It is

of course not to be expected that

completely detailed agreement be-

tween theory and experiment will

be obtained, for the theory still

relates to a somewhat idealised

state of affairs. For example,
atoms have size, and in estimating
the effective field acting on them
we are not concerned solely with

the field strength exactly in the

atomic planes. Moreover, the

effects of extinction are very
difficult to estimate quantitatively
in any particular case.

Borrmann has used X-rays to excite the fluorescent radiation. The

Crystal

Film

FIG. 157. Illustrating the excitation of
Kossel lines with X-rays
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general arrangement is that shown in fig. 157, and one of his photo-
graphs, taken with the cube axis of the crystal perpendicular to the

plane of the film is shown in fig. 158 (PL XI). The spots are those of the

ordinary Laue pattern, obtained by reflection backwards from the

crystal. The fine light and dark curves are the traces of the diffraction
cones due to the interference of the fluorescent radiation from within
the crystal. They show no fine structure, for the crystals used had been

artificially roughened, and then afterwards etched until the contrast
between the lines and the background was as great as possible, a
condition that was reached when the crystal was still too imperfect to
show fine structure. So long as we are interested only in the total
excess or defect of the radiation above the background, the maximum
will be reached when primary extinction is not too large. Borrmann's
photographs record this integrated excess, and for the same reason, as
we have already mentioned, the traces corresponding to the planes that
are normal to the surface do not appear, although they do so in Voges*
photographs in virtue of their fine structure.

(0 The geometry of the cones : We are not primarily concerned here
with the detailed geometry of interference patterns of the Kossel type,
but only with the optical principles underlying their production, and
we must be content therefore with calling attention to a few of their
more salient features. If plane photographic plates or films are used,
all the curves must of course be conic sections. In principle, every
reciprocal-lattice vector of the crystal is the axis of a diffraction cone
of semi-vertical angle a given by cos a =iA|r*|. Bragg's law has been
assumed as an amply good enough approximation in discussing the

geometry of the cones, since departures from it are of the order of
seconds only.
An inspection of the photographs obtained shows that intersections

of three and sometimes of more curves at a single point are not uncom-
mon, and it is not difficult to see how these may come about. Let us

suppose we are dealing with radiation leaving the cube face of a face-
centred cubic crystal. The reciprocal-lattice points in the plane c* -0
are shown in fig. 159, together with the reciprocal-lattice vectors that
lie parallel to this plane. The circle drawn with the origin as centre has
radius 2/A, and is the trace in the plane c* -0 of a sphere of the same
radius. The plane (020) of the reciprocal lattice cuts this sphere in a
small circle, which defines the diffraction cone 020. In the same way,
a plane through the point (220) of the reciprocal lattice, perpendicular
to the lattice vector to this point, the trace of which in the plane of the

figure is indicated by the symbol 220, defines by its intersection with
the sphere the cone 220. The traces of a number of such planes are
shown in the figure, appropriately numbered. Each reciprocal-lattice
vector drawn corresponds to a double cone, and so to two traces.

Only such planes as intersect the circle can give interference cones. It



PLATE XI

FIG. 158. Kossel lines from copper crystal stimulated by X-rays.
Plate parallel to [100] (Bormann)

(Ann <fer rityttk, 27, (><>9 (1<M<>))

FIG. 162. Seemann wide-angle diagram from rock salt (Seemann)
(Phystk, Mitteilungen, (41))
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will be noticed that a number of intersections of three or more of these
traces occur. For example, 020, 420, and 400 intersect at A, and 200,
020, and 220 at B. Each point of intersection of three lines represents

020

O2O

FIG. 159

a line of intersection of three planes, and the radius to the point where
such a line of intersection meets the sphere must define a direction that
is common to three diffraction cones. Only such points as lie within
the circle can give rise to observable intersections of interference lines.

The traces of the cones defined by these sets of planes on a photographic
plate parallel to the cube face must of course be hyperbolas. Many
more cones are possible than those indicated in the figure, which shows
only those corresponding to the zone [001]. Those corresponding to
other zones can, however, be dealt with in the same way, by drawing the

appropriate reciprocal-lattice net. For further details, reference may be
made to a paper by Kossel. 13

In our discussion of the geometry of the cones we have so far assumed
the Bragg law to be valid, according to which the intersections just
considered should be exact. Kossel and Voges have, however, pointed

2F



450 THE OPTICAL PRINCIPLES OF THE DIFFRACTION OF X-RAYS

out that in some actual cases they are not quite exact. In particular,
when an intersection occurs involving three lines, two of which show
little fine structure, but the third of which shows a well-marked light

border, a careful examination reveals that the intersection of the two

simple dark lines takes place not at the darkest maximum of the third

line, but at the boundary between the light and dark region, or even
sometimes within the light region itself. This confirms in a very satis-

factory way the predictions of the dynamical theory. Fig. 150 shows
that the maximum of a line showing fine structure lies at a glancing

angle definitely above that corresponding even to the corrected Bragg
law, which would place it at the middle of the range of total reflection.

The diffraction cone of maximum intensity corresponding to such a line

would therefore have an angle smaller than that predicted by Bragg's
law. The study of such intersections should give interesting results in

connection with the fine structure of the cones.

In addition to intersections of the type we have so far discussed,
which depend only on the geometry of the lattice, and occur whatever

wave-length is used, provided that it lies within the range necessary to

give lattice spectra at all, there are other intersections and coincidences

that depend on the ratio A/0. Suppose the wave-length used to be

initially too large to give any lattice spectra, and let it gradually decrease.
The sphere of radius 2/A, the trace of which is shown in fig. 159, will

expand as A decreases. When its radius becomes greater than |r* (1 1 1)|

in the case we are here considering, that of the face-centred lattice, the
first diffraction cones will appear, and as the sphere grows with diminish-

ing A the angles of these cones get greater. At a certain value of A/a
contacts between pairs of these cones occur, and as A diminishes still

further, they will intersect. The relation of any pair of diffraction cones
to one another thus depends on A/a. We may take a simple example,
which may be followed easily from fig. 159.

Suppose the sphere to pass exactly through the point C in the figure,
the point (040) of the reciprocal net. The diffraction cones 220 and
220 then touch along their common generator OC, which is the zone

220 320 270

\
(0)

Fio. 160
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of the most interesting developments of the method should be its

application to the study of the fine structure of the lines.

(j) Seemann's wide-angle diagrams: Interference patterns of the

same geometrical form, but of different physical origin, have long been

known, the so-called wide-angle diagrams of Seemann. 15 A cone of

rays with an angle of 60 or more falls on a slice of crystal. Because

of the great variety of directions in the primary beam, a large number
of the lattice-planes in the crystal are in the correct positions to give

reflections, and the reflected maxima must lie on the surfaces of the

set of cones that we have discussed above. With this arrangement, it

is possible to screen the plate from the effects of the primary beam,
and to photograph only the radiation reflected from the planes. It is in

fact a case of ordinary reflection of radiation from an external primary

source, with angles of incidence continuously variable over a consider-

able range. Fig. 162 (PL XI) is a good example of such a pattern ob-

tained by Seemann from a rock-salt crystal, with a cube face as sur-

face. The correspondence between the hyperbolic traces of the cones of

radiation, and the network of lines in fig. 159 will at once be apparent.
When the sources of radiation lie inside the crystal, every direction

of incidence is possible, and if all the lines in principle possible actually

appeared there would be far more lines present on an interference

pattern due to fluorescent radiation from within the crystal than appear
even on the Seemann diagram, in which the range of possible angles

of incidence is still limited. That comparatively few lines do in fact

appear is due to the faintness of all but the strongest reflections. We
are here dealing essentially with an excess or defect of intensity relative

to a background that must always be present and must always be fairly

strong ; and the intensities concerned are altogether of a different order

of magnitude from those used in producing the Seemann patterns.

(k) Divergent-beam photography : An interesting method of photo-

graphy, in which very divergent beams are used, and which produces

diagrams geometrically closely similar to those of Kossel and Seemann,
has been developed by Mrs. Lonsdale. 16 In this method, a slice of

crystal one or two millimetres in thickness is placed close against the

anticathode of a tube of a type designed by Dr. A. Muller, which gives
a beam of X-rays diverging externally, with a spread of nearly 180,
from what is virtually a point source. For the purpose of this discussion,

we may assume a point source of monochromatic radiation to lie in one
face of the crystal. The photographic plate or film is placed at a distance

of about 10 cm. on the side of the crystal remote from the source.

There is of course a general blackening of the film produced by
radiation diverging at all angles from the source, but if the thickness

and nature of the crystal are suitable, a pattern of lines in the form of

a series of conic sections appears on the film, having the same geometri-
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of the most interesting developments of the method should be its

application to the study of the fine structure of the lines.

(j) Seemanrfs wide-angle diagrams: Interference patterns of the

same geometrical form, but of different physical origin, have long been

known, the so-called wide-angle diagrams of Seemann. 15 A cone of

rays with an angle of 60 or more falls on a slice of crystal. Because
of the great variety of directions in the primary beam, a large number
of the lattice-planes in the crystal are in the correct positions to give

reflections, and the reflected maxima must lie on the surfaces of the

set of cones that we have discussed above. With this arrangement, it

is possible to screen the plate from the effects of the primary beam,
and to photograph only the radiation reflected from the planes. It is in

fact a case of ordinary reflection of radiation from an external primary
source, with angles of incidence continuously variable over a consider-

able range. Fig. 162 (PL XI) is a good example of such a pattern ob-

tained by Seemann from a rock-salt crystal, with a cube face as sur-

face. The correspondence between the hyperbolic traces of the cones of

radiation, and the network of lines in fig. 159 will at once be apparent.
When the sources of radiation lie inside the crystal, every direction

of incidence is possible, and if all the lines in principle possible actually

appeared there would be far more lines present on an interference

pattern due to fluorescent radiation from within the crystal than appear
even on the Seemann diagram, in which the range of possible angles
of incidence is still limited. That comparatively few lines do in fact

appear is due to the faintness of all but the strongest reflections. We
are here dealing essentially with an excess or defect of intensity relative

to a background that must always be present and must always be fairly

strong ; and the intensities concerned are altogether of a different order
of magnitude from those used in producing the Seemann patterns.

(k) Divergent-beam photography : An interesting method of photo-
graphy, in which very divergent beams are used, and which produces
diagrams geometrically closely similar to those of Kossel and Seemann,
has been developed by Mrs. Lonsdale. 16 In this method, a slice of

crystal one or two millimetres in thickness is placed close against the
anticathode of a tube of a type designed by Dr. A. Miiller, which gives
a beam of X-rays diverging externally, with a spread of nearly 180,
from what is virtually a point source. For the purpose of this discussion,
we may assume a point source of monochromatic radiation to lie in one
face of thecrystal. The photographic plate or film is placed at a distance
of about 10 cm. on the side of the crystal remote from the source.
There is of course a general blackening of the film produced by

radiation diverging at all angles from the source, but if the thickness
and nature of the crystal are suitable, a pattern of lines in the form of
a series of conic sections appears on the film, having the same geometri-
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cal arrangement, apart from fine structure, as the Kossel lines already
discussed. The lines are of two kinds. Most of them are lighter than
the background on the original film, and are deficiency lines, due to the
reflection within the crystal of radiation that would otherwise have
travelled in the directions -

concerned. They are, how- -. Q_ T
ever, sometimes accompanied
by lines darker than the back-

ground, parallel to, but not
in general coincident with the

deficiency lines, which are due
to reflection of characteristic

radiation directly to the film.

The formation of the two

types of line can be under-
stood from fig. 163.

Let mm, m'm' be crystal

planes, and let S be the point
source of radiation. Consider
a reflection formed at a

glancing angle 8. A ray
such as SP is reflected from the plane mm at this angle, and of course
from any other planes of the same set that lie in its path, so that the
radiation in the direction SQ is deficient in intensity after it has left the

crystal. Considering the matter in three dimensions, we see that all

such directions as SQ lie on a cone with axis SN, normal to the reflecting
planes, and so in the direction of the reciprocal-lattice vector r*.
The vertex of the cone is at S, and its semi-vertical angle a is given by

cos a = sin 6 = iA|r*|
- l\'dm . (8.95)

The cone will be very sharply defined if the crystal is ordinarily perfect,
and its trace on the photographic plate is a conic section, which will

appear lighter than the background (darker, of course, on a print from
the original plate).

A ray such as SR will be reflected from the plane m'm', and all

possible directions of reflection from this plane will lie on a cone,
having the same angle and axis as the deficiency cone, but with its

vertex at A, The intersection of this cone with the plate gives a reflec-
tion line, darker than the background, which follows closely the corre-

sponding deficiency line but lies just on the convex side of it. Reflection
can take place from a large number of planes parallel to m'm', and to
each such plane corresponds a cone with the same angle but a slightly
different vertex, so that the reflection lines are not in general as sharp
as the deficiency lines. It will be seen from the diagram that a reflection
line cannot be formed at all if the angle made by the plane m'm' with
the lower crystal surface is less than 0, and that they will be most
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sharply defined when the angle is not very different from 90. The
deficiency lines will therefore be commoner than the reflection lines.

To give good deficiency lines, the crystal must be so thick that a

considerable amount of reflection takes place during the transmission

of the radiation through it, and yet not so thick that the characteristic

radiation is heavily absorbed. Reflection lines from thick crystals on
the other hand are weak, and tend to be diffuse. A thin crystal gives

stronger reflection lines but weak deficiency lines. The distance s

between a reflection line and the corresponding deficiency line depends
in a simple geometrical way on the distance of the point of reflection

from the source, and is independent of the distance of the plate from
the source. By measuring the distance between the two kinds of line

on actual films, it is found that the layer of crystal farthest from the

source is responsible for most of the reflection lines.

Divergent-beam photographs can be used to determine the ratio X/a
for a cubic crystal with great precision from coincidences between
intersections of the lines. The method used is exactly analogous to

that described by Kossel, and discussed in 2(0 of this chapter. Mrs.
Lonsdale has made a determination of this kind for diamond, and has
also pointed out that divergent-beam photographs, in principle, allow
the space-group and cell-dimensions of any crystal that will give such
a photograph to be determined. Since the exposure times are very
short (30 seconds, for example, was found to be enoughwith a diamond
1-5 mm. in thickness) the method has considerable possibilities in the

preliminary stages of a crystal analysis.
An interesting point is the relationship of the nature of the photograph

obtained to the state of perfection of the crystal. It appears that if the

crystal is highly perfect, showing a large amount of primary extinction,

good photographs are not obtained. The deficiency lines obtained from
such a crystal, although very sharp if they appear at all, are often absent
or exceedingly faint. It is clear from fig. 163 that if the crystal is very
perfect, so that the atomic planes are exactly parallel throughout its

whole volume, the deficiency cone will be very sharply defined, and

may be so narrow that its effect on the photograph is difficult to see.

Mrs. Lonsdale has found that although many organic crystals show the

effect very well, yet some do not. Dipping such crystals in liquid air

for a few seconds often caused a pattern to appear when a photograph
was again taken after the crystal had regained room temperature.

Presumably, the sudden fall of temperature on immersion in liquid air

had destroyed the perfection of the crystal, breaking it up into a mosaic.
Some organic crystals, so soft that one would naturally assume their

structure to be mosaic in character, show this effect, and so presumably,
in spite of their softness, show considerable primary extinction, a point
of importance in crystal analysis, when intensity measurements have to

be made. The method has been found useful in distinguishing between

Type I and Type II diamonds.
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The first divergent-beam photographs showing deficiency lines were
obtained as early as 1914 by Rutherford and Andrade,

17 who used the

method to determine the wave-lengths of y-rays from radium, by passing
them through slices of rock salt. It is noteworthy that they found the

photographs obtained with very perfect slices of crystal, especially
selected for the purpose, to be much inferior to those obtained with
material of a more usual degree of imperfection.

(/) Laue's explanation of Kikuchi lines : Laue * 19 has suggested that

the so-called Kikuchi lines in electron diffraction, the formation ofwhich
is not easily accounted for satisfactorily by elementary considerations,
owe their origin to processes analogous to those discussed in this

chapter. Electron diffraction patterns obtained from single crystals
often show, in addition to the characteristic cross-grating pattern, pairs
of parallel straight lines stretching across the plate. The lines occur in

pairs, of which one line is usually darker and the other lighter than the

background, and each pair is related to some set of atomic planes in

the crystal in such a way that an extension of a plane parallel to this

set and passing through the crystal would cut the photographic plate
in a line midway between them. The phenomenon was first observed

by Kikuchi.21
Examples of Kikuchi patterns are shown in fig. 160,

Plate XXIX, of Vol. I. In electron dif-

fraction patterns, the angle of deviation

is always small, and the pairs of apparently

straight lines on the Kikuchi patterns are

really small portions of the two branches

of a hyperbola in the neighbourhood of

the apses.

All the explanations that have been

given ofthese lines ascribe them to reflection

by atomic planes of radiation travelling

within the crystal. It has been supposed
that a general radiation of the same wave-

length as the incident radiation is set up
inside the crystal, which although travelling
in all directions is strongest in the direction

of the primary beam, In fig. 164, let A be

the direction of the incident electron beam,
and m the trace of a lattice-plane. The

general electron radiation in the direction

B is partially reflected towards C and

partly transmitted towards B' ; while that

in the direction Cis partly reflected towards B' and partly transmitted

towards C'. If now the radiation in the direction B is stronger than

that in the direction C, less intensity will be restored to the direction

B' by the reflection of C than will be taken from it by the reflection of

C
Fio. 164
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B to C ; while more radiation from the direction of B will be reflected
into the direction ofC than is taken away from it by the reflection of
C towards B'. Thus C' will be darker, and B' lighter than the back-

ground, if we think in terms of the blackening of a photographic plate.
This theory gives no satisfactory explanation of the origin of the general
radiation, and it also indicates that if the plane m contains the direction
of incidence everything should be symmetrical about the plane, and the
lines should disappear, which, however, is by no means so in practice.
The theory of diffraction of electrons in a crystal lattice, as dealt with

by Bethe,
18

is essentially a dynamical theory, although it is complicated
by the fact that the periodic variations of the potential energy of the
lattice relative to the energy in the incident beam, which correspond to
the distribution of the scattering function in the case of diffraction of
X-rays, are large, so that quantities that can safely be neglected in one
theory may be of importance in the other. We may, however, assume
with some confidence that the general nature of the wave-function
within the crystal when dynamical self-consistency is attained is similar
to that of the distribution of the wave-field in the corresponding X-ray
problem.
Laue shows that a reciprocity theorem holds good in the wave-

mechanical problem, in the form that if with a given set of conditions
a source of electrons at a point P

x causes a certain value of the wave-
function u at a point P 2 , then the same electron source displaced to P2
will cause the same value of the wave-function at PlB Thus, if an atom
in the crystal becomes in any way the source of electron waves, we may
calculate the corresponding wave-intensity in any direction outside the

crystal from that at the position of the atom in question when an electron
wave enters the crystal from the opposite direction, just as we did in the

X-ray problem.
We have now to consider the way in which the sources of electron

waves in the crystal may be produced. These must be essentially
incoherent, for the coherent radiation scattered from the atoms is the

origin of the ordinary diffraction pattern. Laue 19 considers the source
of the necessary electron waves to be the inelastic scattering of the
incident electrons by electrons bound in the atoms of the crystal, with
losses of energy amounting perhaps to a few electron-volts. Since, in
order to produce Kikuchi lines, electrons of 30,000 to 40,000 electron-
volts are generally used, these energy losses will correspond to a

negligibly small change in wave-length, and the inelastically-scattered
electrons could without error be treated as having the same wave-
length as the incident electrons. Bern's theory of collisions indicates
that electron waves scattered in this way with loss of energy from differ-
ent atoms will be incoherent, and Laue therefore supposes the Kikuchi
lines to owe their origin to this inelastic scattering, in virtue of which
the atoms become independent sources of radiation.

In applying the theory developed for X-rays to explain Kikuchi lines,
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we must not expect more than a very general qualitative agreement.
While any such theory will give complementary cones, accounting for
the dark and light pairs, the decision as to which line of the pair should
be dark and which light depends on questions of phase not easily
answered in the case of electrons

;
and indeed the arrangement of the

pairs does appear as a rule to be the opposite to that predicted by the

simple theory in the case of X-rays. There are also other features in

the detailed structure that are not accounted for by the simple theory.
For example, the general background between pairs of lines is often

quite different from that outside them. Such effects are plainly to be seen
in photographs obtained by Boersch 20 and Voges' photographs suggest
that a similar effect occurs with X-rays. Laue considers that the
inelastic scattering responsible for the Kikuchi lines must be that from
electrons bound in atoms, and not from the conductivity electrons.

Although the theory is still in a relatively incomplete state, it appears
to offer a very promising field for future investigation.
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CHAPTER IX

THE SCATTERING OF X-RAYS
BY GASES, LIQUIDS AND AMORPHOUS SOLIDS

1. INTRODUCTORY

(a) General survey of the subject : In this chapter, and in the succeed-

ing one, we shall consider the scattering of X-rays by amorphous
matter, such as gases, liquids, and vitreous and non-crystalline solids.

The distinction between the amorphous and crystalline states is by no
means clear-cut from the point ofview ofthe phenomena to be discussed.

There is in reality no such thing as a completely random assemblage of
atoms or molecules; for molecules have a finite size, andjhejmerejact
that a molecule A occupies a certain portion of space at a~gfven instant

means that that particular portion of space is for the time being forbidderv
to another moleculeJL_No arrangement of molecules of finite size can

therefore be a random one in ihe sense that all positions In space are

-equally probable at any instant for any molecule of the assemblage.
Tiverim a gas, the most nearly random assemblage of molecules that we
can think of, there must be a rudimentary degree of arrangement. No
two molecules can approach one another to within a distance smaller

than the sum of their molecular radii, and this, as we shall see below,
is in principle enough to give rise to diffraction phenomena when
radiation of appropriate wave-length passes through the gas, although
3t ordinary pressures the effects are too slight to be readily observed.

In a very important paper, published in 1915, Debye
l showed that

the collection of electrons into groups to form atoms must give rise to

diffraction phenomena, even in the case of a monatomic gas ; and he
calculated the distribution of scattered intensity about the primary
beam that would be produced by certain definite arrangements of
electrons in rings about the atomic nuclei. This aspect of the subject
we have already discussed in detail in Chapter III, under the heading of
the Atomic Scattering Factor. In this chapter, we shall discuss first

the effects that must be produced by the unavoidable degree of mole-
cular arrangement called into being by the mere fact that the molecules

occupy space. Such arrangement, as we have already said, exists in

principle even in a gas, but as a cause of diffraction effects becomes
important only for liquids and non-crystalline solids. There must be
every gradation between this irregular or amorphous arrangement and
the regular geometrical patterns characteristic of crystals ; and one of
our tasks will be to attempt to follow the effects on the diffraction

pattern of a transition from one to the other. Sfrgmlly, we shall havr
to

considcrjthe diffraction
effectsjthat

must be produced by the arrange-
ment of the~atoms within eachTftolecule into a7 regular configurfidh.
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The repetition of this configuration in each molecule, with random

position and random orientation, as in a gas, will give rise to well-

marked diffraction phenomena. Debye has called such effects 'Internal

Interference Effects', and those due to the mutual configuration of the

molecules, conditioned by their packing and dimensions, 'External

Interference Effects'. It is plain that we shall not in general be able

to separate them. In principle, both must always occur together,

although sometimes the one effect and sometimes the other will have

predominant importance. In the case of a gas ^t ordinary pressures,

jorjgxamplfif
the observed diffraction Affects^are almost entirely tKose^

djie to internal interference. We shall see too that we may sometimes

regard diffraction by crystals as a limiting case of the external effect,

and sometimes of the internal effect, according to whether we consider

the crystal in bulk, or in the form of a powder.
A third type of structure, to be considered in the next chapter, is that

of the fibre, or hair-like substance, in which there is an arrangement of

atoms that may at times verge on the crystalline, so that the internal

interference effects are similar to those produced by very elongated

crystals with a very small extension at right angles to the direction of
the fibres. The orientation of the different crystal-like individuals in

the collection may, however, be very nearly at random about the direc-

tion of their lengths, while their elongated shape causes them to lie

very nearly parallel to each other. This type of arrangement gives
diffraction effects showing affinity to those produced by assemblages
of particles having strong preferential orientation, and small dimensions
in certain directions, and for the discussion of such problems it is

necessary to consider the effect of crystal size on the diffraction patteiiL
It will be seen too that a gas may be regarded, at least formally, as

the limiting case of a random arrangement of crystalline particles, with

the number of crystal units in each particle reduced to one, or, in the

case of diatomic gases such as O2 and N2 , to two. It is interesting to

trace the passage from one type of aggregate to the other in the light

of the diffraction effects they produce, and it is clear that this again is

really a problem of crystal s
:
ze.

The first to show clearly that a regular crystalline arrangement is not

essential for the production of diffraction effects were Debye,
1
in the

paper already mentioned, and Ehrenfest,
2 both in 1915 ; and one

result of this work was the discovery by Debye and Scherrer 3 of the

diffraction haloes produced by powdered crystals. The same method
was developed independently a little later by Hull,

4 in the United States.

Diffraction haloes produced by paraffin wax had been observed as early
as 1913 by Friedrich.5

Debye and Scherrer,
3 in 1916, investigated the diffraction patterns

produced by benzene, in the hope of being able to determine from them
the structure of the benzene molecule. They found definite interference

rings, and showed that their angular radii depended on the wave-length
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of the radiation used in the manner to be expected if the rings were due
to diffraction ; but they were not able to interpret the diffraction

pattern in terms of the molecular structure. Their failure to do so, as

Debye himself points out, was due to the masking of the internal inter-

ference effects, due to the regular arrangement of the atoms in the

molecule, by the external effects, due to the fact that because of the
finite size of the molecules, intermolecular distances lying within a
certain range occur in the liquid with greater frequency than any other
distances. The existence of such effects was very definitely shown by
Keesom and de Smedt,

6 who obtained diffraction rings even with the
monatomic liquid argon.

In the years following, a very large amount of experimental work
was done on diffraction by liquids in various parts of the world, notably
in India, as a result of the theoretical work of Raman and Ramanathan,7

and in the United States, by Stewart and his fellow-workers. Stewart 8

in particular upheld the view that each molecule in a liquid, because
of its form and size, produced a certain order, or regularity of orienta-

tion, among the molecules in its neighbourhood. For this condition,
he introduced the name '

cybotaxis ', and he ascribed to its existence
the diffraction haloes given by liquids. It is probable that the earlier

tendency was to overestimate the importance of such regularities in

producing diffraction effects, which can often be accounted for by that

departure from completely random arrangement which is a consequence
of the finite size of the molecules, without its being necessary to assume
any further local regularity of structure. Nevertheless, effects due to

local arrangement are doubtless often of considerable importance in

determining the details of the diffraction patterns. Recent work on
liquid crystals has shown that a very high degree of order may some-
times exist in a liquid, and in this connection reference should be made
to the report of a discussion on liquid crystals published in the Trans-
actions of the Faraday Society, Vol. 29, 1933, p. 881.

The importance of the mere departure from random arrangement in

producing diffraction effects was very clearly brought out by Debye
9

in 1925, in a very important paper on the diffraction of X-rays by gases,
in which the idea of a probability function expressing the probability
of the occurrence of any given intermolecular distance was introduced.
Similar ideas were put forward by Zernicke and Prins 10 in a stimulating
paper, which has formed the starting-point of much of the recent work
on the interpretation of liquid diffraction patterns. They discussed the
form of the probability function in the case of a one-dimensional
arrangement of linear molecules having a finite length, and showed how
it was related to the diffraction pattern that such an arrangement would
produce; and they also showed how to apply Fourier's integral
theorem to the determination of the probability function from the
observed diffraction pattern. The first quantitative application of this

idea was made by Debye and Menke n to the case of liquid mercury;
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but more recently, Warren and his fellow-workers at the Massachusetts
Institute of Technology have used the Zernicke and Prins formula as the
basis of very important work on the structure of vitreous solids, some
of which we shall discuss in detail below.
No attempt will be made to deal exhaustively with the very large

amount of work that has been done on diffraction by amorphous
materials, the detailed discussion of which lies beyond the scope of this
volume. We shall deal with the optical principles according to which the
diffraction patterns must be interpreted, and with specific experimental
work onlywhere it appears to illustrate the application of these principles.
For a more detailed discussion of the experimental work, reference

may be made to Randall's book, The Diffraction ofX-Rays and Electrons

by Amorphous Solids, Liquids, and Gases. A general introduction to
the subject will also be found in Chapter VIII of Volume I of the

present work.
It has been found convenient to divide the treatment of the topics

referred to in this introduction into two chapters. In the present
chapter, we deal with diffraction by gases, and liquids, and by solids in
which questions of particle size do not arise. In the next chapter, we deal
with those problems involving the idea of particle size and orientation,
and, as a particular case of this, with diffraction by fibrous materials.

(b) Formulae for incoherent scattering : The formulae that we shall

develop in the following sections are those for the coherent scattered

radiation, which alone can produce interference effects; but in any
experimental measurement ofthe scattered radiation, the total scattering,
coherent or unmodified, and incoherent or modified, must be included.
In dealing with the radiation scattered by a crystal in the direction of a

spectrum it is not as a rule necessary to consider the incoherent radia-

tion, which forms a very small fraction of the scattered intensity, and
is moreover allowed for in practice in estimating the background. In
the case of amorphous bodies, however, the incoherent radiation may
form an important fraction of the total radiation scattered, particularly
for large values of (sin 0)/A, and it must therefore always be allowed for
in any comparison of theory with experiment.
The general method of correcting for incoherent radiation is to

calculate its amount theoretically, from one of the several formulae
that have been deduced for this purpose. We have discussed some of
these in Chapter III, 2(d\ 3(e) and 3(/i), and in Chapter V, 3(k),
but it will be convenient to recapitulate them briefly for reference.
The most accurate formula which is based on a non-relativistic wave-
equation, and on a total atomic wave-function expressed as the product
of the individual electronic wave-functions is probably the Hartree-
Waller equation (3.56) of Chapter III:
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The summations are here to be taken over all the electrons in the atom.

For the definition of the term |/j fc |

2
, which has its origin in electron

exchange, reference may be made to Chapter III, 3 (A). It can often

be neglected, and (9.1) then reduces to the Compton-Raman formula.

For some atoms, the values of/* for the individual electronic wave-

functions are available, or may be calculated from data such as those

given by James and Brindley ; but the assumption is often made that

the electronic scattering factor may be replaced by//Z,/ being the total

scattering factor, and Z the total number of electrons in the atom.

Equation (9.2) then becomes

Iinc
=Z-/2

/Z, (9.3)

a form which, although very approximate, is often accurate enough, and
has the advantage of being very easy to evaluate numerically. The
total intensity of the incoherent radiation is the sum of the individual

contributions from all the atoms in the assemblage.
A formula for Ilnc based on the Thomas-Fermi model of the atom

(Chapter III, 4(d)) has been given by Heisenberg,
18 who obtains the

following result,

where = rZ1 '3
/^, r being the distance measured from the centre of the

atom, and a a distance characteristic of an atom of atomic number

Z, equal to 0'47/Z 1/3A. The function <() is the potential at the radius

r, expressed in units Ze/a; and ^-/ia/(67rZ)
1/3

-0'176/n/Z
2/3

, where

/i
=

47r(sin 0)/A. The upper limit of integration, , is determined by
the equation

Bewilogua
19 has given figures, reproduced in Table IX. 1, which allow

the value of IInc to be calculated as a function of ft for any atomic

number.

TABLE IX. 1

Values of Iinc/Z as a function of v =0'176/i/Z
1
/
8
(Bewilogua).
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A further correction, not hitherto considered, is necessary in the
case of incoherent radiation. It was shown by Breit,

12 that when
radiation is scattered by a free electron, which recoils, and therefore

produces, according to the principles of the Compton effect, radiation

of a modified frequency, the ratio of the intensity of the radiation

scattered by the recoiling electron to that scattered by an electron at

rest is equal to (o//o>)
3

,
a/ and o> being respectively the frequencies of

the modified and unmodified radiation.

Now according to the theory of the Compton effect,

(//o>)
3 - 1 /{ 1 + (sin

2
0)/A

2
)

3

=
1/B*. (9.6)

/ I me J

The same formula has been derived by Dirac,
13
Gordon,14 and Schrod-

inger,
15

using the principles of quantum mechanics. If the relativistic

form of the wave-equation is used, the correcting factor, which has been
derived by Klein and Nishina,

16 and by Waller,
17

is more complicated,
but it reduces to the Breit-Dirac formula (9.6) for the wave-lengths

employed in experiments on scattering of X-rays. We may therefore

write

Itotal
=

Icoh + Ilnc/B
3

, (9.7)

where IInc is to be calculated from one of the formulae discussed in this

section. The discussion of I(coh) for the different cases that arise will

occupy us for the remainder of this chapter. It will be noticed that B,
and hence the total scattered radiation, is no longer a function of

(sin 0)/A only, but for a given value of (sin 0)/A depends on the wave-

length. The coherent scattering, on the other hand, is always a function

of(sin0)/A.
If Cu Ka radiation is used, (A =-1-54 A), the value of B may be

written 1 + 0-0744 (sin
2
0)/A

2
, in which (sin0)/A is to be expressed in

reciprocal Angstrom units. The correction is thus by no means

negligible for the larger angles of scattering.

(c) General formulae for the diffraction of coherent radiation by
assemblages of atoms : Let a parallel beam of X-rays, whose direction

is defined by the unit vector s fall on an assemblage of atoms, and
consider the radiation scattered in the direction defined by the unit

vector s. The conditions of scattering are conveniently defined in the

usual way by the vector S, where

S=s-So; |S|2sin, (9.8)

20 being the angle of scatttering.

Let the positions of the atoms relative to any convenient origin be
defined at some instant t by the vectors rlf r2, ... rp , TQ ... and let

their atomic scattering factors be/i,/2 , .../, /g ... respectively.
We consider the intensity, I, of the coherent radiation scattered by

this particular configuration of atoms, as observed at a point at a
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distance R, large in comparison with the linear dimensions of the

assemblage. Using the results of Chapter I, l(a) and 3(6), and

Chapter II, 1(6), we may write for the amplitude of the scattered

radiation at the point concerned

p2 p

where P is a factor depending on the state of polarisation of the incident

radiation. The corresponding intensity is given by the value of |A|
2

.

If the incident radiation is unpolarised, we may write the intensity

|A|
2 in the form

, ,
1 / e2

\ 2
1 -f cos2 20 *- ^ ^ ,

A 2 = I I N N f f* pi(rp-rQ)'S (Q }C\\
1 ' R2W2

/ 2 VV ' '

This is a general' expression for the intensity scattered under the

conditions defined by the vector S by any assemblage of atoms. Each
sum in the double summation is to be taken from 1 to N, N being the

total number of atoms in the scattering assemblage. There will be N
terms for which p^q and *P

= rg . For each of these the exponential
factor is unity. There remain N(N -

1) terms for which p^q. For
such a term, rp -TQ

= r
p<7 , the vector distance between the atoms p and

q. Equation (9.10) can thus be written

[p=N̂ i

j>=i

where

If, as will usually be the case, the atomic scattering factors are all real,

we need not distinguish between/and its conjugate/"*. The two terms
in the double sum involving the pair of atoms p and q then together
become 2/J)/fl cos(/<:ST P<7), and the expression for the intensity scattered

by the given configuration of atoms becomes

^^) (9.12)
p pg

where I-|A|
2
/C, (9.12a)

and is the intensity scattered by the assemblage expressed in terms of
that scattered by a single classical electron under the same conditions.
In what follows, intensities will always be expressed this way unless the

contrary is stated, and will be denoted by the letter I. In (9. 12) the first

summation contains N terms, and extends over every atom in the

assemblage; the second contains ^N(N -
1) terms, one for every pair

of different atoms in the assemblage.
Equations (9.11) and (9.12) are the fundamental expressions upon

which the treatment of all problems of scattering by assemblages of
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particles is based, and our remaining work consists in applying them
to the different cases that arise. In Chapter I, we have already in

effect applied (9.12) to the case of scattering by a lattice composed of
identical points. In (7.9) the summation is expressed in a form con-

venient for dealing with the rigid lattice, and leads to equation (/ . 1 3) ; but

equation (9.12), which for this particular problem would take the form

I^/2
1 N+2^cos(*STM)l (9.13)

P9
J

when summed for the distance between every pair of different atoms in

the lattice, is exactly equivalent to (7.13). We shall refer again to this

equivalence in a later section.

In gases and liquids, the atoms are constantly moving, and what is

observed is an average intensity, and not the intensity corresponding to

a given fixed configuration of atoms. If we could follow the movements
of any particular pair of atoms p and q, we should find the vector

distance r pq continually varying in magnitude and direction. The

problem of determining the scattered intensity observed in such a case

is one of averaging. It will be assumed in what follows that the move-
ments of the atoms are so slow that the electric field in the incident

radiation makes a very large number of complete vibrations before any

appreciable change in configuration occurs, an assumption fully justified

in the cases dealt with. On the other hand, during the time required to

make an observation, a system such as a gas or a liquid will assume an

enormous number of configurations if the positions of individual atoms
are considered. In averaging the intensity, we have to consider thai

scattered by each possible configuration, weight this with the probability
of the occurrence of that configuration, and average the intensity so

weighted over all possible configurations. The methods used will differ

for different types of assemblage, and the most important will be

considered in turn.

2. THE SCATTERING OF COHERENT RADIATION
BY ASSEMBLAGES OF MONATOMIC MOLECULES

(a) Scattering by a gas consisting ofpoint atoms : It will be instructive

to consider first of all an ideal case, that of a gas consisting of identical

atoms which are mathematical points, exercising no action on each

other, so that any atom is equally likely to occupy any position in the

volume occupied by the assemblage. Suppose the volume of the gas
irradiated to be a sphere of radius R, which contains N atoms. The
most convenient form of the expression for the scattered intensity

corresponding to a given instantaneous configuration of the atoms is

here (9.10), which, since the atoms are all identical, now becomes

4-V
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This expression has to be averaged over all possible configurations.

We consider first a given pair of atoms p and q, and determine the

average value of the term in the double summation referring to these.

The probability that p shall lie in an element of volume dv9 at a vector

distance rp from the origin, while at the same time q shall lie in an

element of volume dvq at a vector distance ra is dv, dvq/V*, V being the

volume of the sphere ofradius R. The average value of the contribution

of the atoms p and q to the scattered intensity is obtained by multiplying

the term in (9.14) referring top and q by this probability and integrating

the result over all possible elements of volume, that is to say, over the

whole sphere, for both dv9 and dvq . The double sum has N(N -
1)

terms, and the average value will be the same for each, so that the

average value of (9.14) is given by

N +N(N - l)*<">-'> > (9. 1 5)

each integration being extended over the whole volume of the sphere.

In the case we are considering, the positions of the atoms p and q are

entirely independent of each other, so that the double integral may be

written as the product of two independent integrals. If X^ is the value

of the integral referring to p,

X,-k**r
<fc/V. (9.16)

We have here omitted the suffix p9 r being the vector distance of dv

from the origin. It is convenient to take the origin at the centre of the

sphere of gas considered. As a direction of reference we take the

direction of the vector S. Let r make an angle a with S. Then

fcS-r =47rr cos a (sin 0)/A =/*r cos a

where

/z=47r(sin0)/A. (9.17)

As the element of volume dv, we take the volume lying between the

spheres of radii r and r + dr and the cones having S as axis and semi-

vertical angles a and a + Ja. Then

Integrating first with respect to <x, we obtain

fR

Further integration, with respect to r, gives

kn R3

where
*(*) - 3 (sin x - x cos *)/*. (9.21)
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The integral XQ in (9.15), referring to atom q, has the same value as

Xj,, so that finally

I /1
2
[N +N(N -

1){0(MR)}
2
]. (9.22)

The function 0(x) is of some importance in the theory of diffraction.

<J>(ftR) is the amplitude scattered in the direction defined by ft (scattering

anglef20) of a quantity of diffracting matter of umf strength uniformly
distributed throughout a sphere of radius R, just as (sin jAR)//nR is the

ampfoutk scattered UnaSPlfie same conditions by~uSH ""diffracting

matter uniformly spreadver the surface of^spheTelSr raSius R. The
general properties of Htt"TW8T functions are similar; both are unity
when x=0, but #(x) has zero values when x = tanx, which are the

values of jc corresponding to the subsidiary maxima and minima
of (sin*)/*. They occur when x**l*43Qir> 2-45977, 3-47l7r, 447777,
4-48277... approaching (71+^)77 for large n. Graphs of the two
functions are shown in fig. 165. It will be seen that while <P(x)

FIG. 165. Curves of 0(*) = 3(sin x - x cos *)/**, A, and (sin *)/*, B

(curve A) falls to zero less rapidly with increasing x than (sin x)jx

(curve B), its subsequent oscillations are less well marked, and die out
more rapidly, the value of the function becoming unimportant if

X> 1-43077.

In equation (9.22), the second term is thus of very little importance
if fAR>l-4307r, that is to say if sin 0>0-37A/R, R being the radius of

the scattering volume of gas. If, for example, copper K radiation is

used (A = 1-54 A), and the radius of the specimen of gas is 1 mm., the

second term in (9.22) becomes zero for the first time when 6 is about
0-02 seconds ofarc, and at all angles at which scattering can be observed,
we should have simply

(9.23)
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The average scattered intensity would thus be just the sum of the

intensities scattered by the individual atoms, a result of course to be

expected for a random assemblage of scatterers, at all angles at which
the phase differences between the contributions scattered by the
different members of the assemblage are appreciable. At zero angle of

scattering, #(/uR) = 1, whatever the value of R. The scattered intensity
in the direction of the primary beam is thus, by (9.22), N2

|/|
2

. Physi-
cally, this means that in the direction of the primary beam there is no
path difference between the contributions to the scattered beam from
the different atoms. The total amplitude is thus the sum of the individual

amplitudes, and therefore proportional to N/, so that the resultant

intensity is proportional to N 2
|/|

2
. If, however, the scattering atoms

are distributed over a region whose linear dimensions are very much
greater than the wave-length of the scattered radiation, even a very
small angle of scattering will introduce large phase differences, which
cause destructive interference of the radiation scattered by atoms in

different parts of the assemblage.
This strong maximum value of the scattered intensity at zero angle

of scattering must occur for every assemblage of scattering particles.
It corresponds to the zero-order spectrum from a crystal lattice. In
this case, however, the regular periodic arrangement of the atoms allows

agreement of phase to take place, under suitable conditions, in directions

other than that of the primary beam. With amorphous matter such

agreement can occur only at zero angle of scattering, but then it is

always present. The angular breadth of this zero-order maximum is

excessively small in any practical case, and the term corresponding to

it is omitted in the ordinary formulae for scattering by liquids and
gases, which do not therefore apply for /LI=O, or in the immediate

neighbourhood of/z
= 0.

Equation (9.22) may be written

(9.24)

which is identical in form with the Compton-Raman expression for the
total scattering by an atom, discussed in 2(c) of Chapter III; and
indeed, mathematically, the derivation of each expression follows the

same lines. N/0(/zR) is in effect the scattering factor of a sphere of
radius R, and uniform scattering density /N/V per unit volume, but
because R is very large in comparison with A, its value is appreciable
only in the immediate neighbourhood of p = 0. The exact form of the

zero-angle maximum depends, of course, on the shape of the volume
scattering the radiation. It will have the form discussed above only
if this is spherical, but similar principles apply whatever the shape.
The zero-angle scattering is appreciable only over a range of angles
comparable with the ratio of A to the linear dimensions of the scattering

assemblage. It should be remembered too that a primary beam having
one definite direction is in any case an abstraction, and is not in practice
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attainable. Any observable zero-order scattering would be the result

of integration over a small range of directions of the primary beam.

(b) Scattering by a gas consisting of monatomic molecules of finite
size : Suppose now that the atoms of the gas discussed in the last

paragraph are no longer points, but spheres with an effective diameter,
or distance of closest approach, s. The distance between two given
atoms p and q can no longer assume all values with equal probability;
for values smaller than s are clearly impossible, and all other values

may not be equally probable. The treatment given in the last paragraph
must therefore be modified. We must now write for the probability
that atom p lies in the element of volume dvp , while at the same time

the atom q lies in dvg , W(r p(J)^ P^/V 2
. The probability function

W
(1*1x7)

wiM be a spherically symmetrical function of the distance

between the two atoms, and will De the same for any pair of atoms in the

assemblage. In what follows we shall denote it simply by W. The

integral in equation (9.15) is now to be replaced by Y, where

For a completely random distribution of atoms, W is unity. It will

also approach unity for large distances between the atoms. It is there-

fore convenient to write instead of W, 1
-

(1
- W). The integral Y

may then be written as Y^Yj. Y a is obtained by putting W-l in

(9.25). It is the double integral X PX Q discussed in the last paragraph
where its value was found to be exceedingly small except in the im-
mediate neighbourhood of p, -0. In what follows we shall neglect it.

The second integral, Y 2 , is given by

Y,= (l-Wy*'"^^. (9.26)
JJ V V ^

To evaluate it, we first suppose p to lie anywhere within the volume V
with equal probability. Integration with respect to dvv then yields the

factor unity. If now r is the radial distance of q from /?, the position
of p now being taken as origin, and if a is the angle between r and S,
then

as in (9.18). The limits of integration for a are from to TT. For r,

we may take limits to infinity, since W approaches unity, and the

integrand therefore zero, for large values of r. This method of dealing
with the integration avoids difficulties connected with convergence.
Integrating with respect to , we obtain
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and for the average scattered intensity, neglecting Y,. as inappreciable,

Equation (9.29) applies generally to any assemblage of similar atoms for

which the average probability function W(r) is spherically symmetrical.
ILwould, for example, apply to a liquid composed of monajpmic
molecules. We shall, however, defer the detailed consideration of

scattering by liquids until a later paragraph, and shall apply (9.29) to

the case of a gas.

If the gas molecules are treated as spheres with a definite radius $,

and if the pressure is not too high, W(r) =0 if r<s, and has a uniform

value, very nearly indeed unity, if r>s. By (9.19), (9.20), and (9.29),

therefore,

(9 .30)

Now 47rNs3
/3 is the total volume occupied by the spheres of action of

all the molecules in the volume V, which we shall denote by Q. Since
N is a very large number, we may also replace N - 1 by N without

appreciable error, so that (9.30) becomes

fl *'

(9.31)

an expression first obtained by Debye.
9 The ratio Q/V is a very small

fraction for a gas at ordinary pressures, so that the second term in

(9.31) may be neglected, and, as for the gas with point atoms, jve find_

tfasjyerage scattered intensity to be the sum of the intensities scattered

&y the individual atoms. . . .. _

At very high pressures the importance of the second term increases,
and although at pressures at which fl/V is any appreciable fraction of

unity the assumptions made above as to the nature of the probability
function W(r) are certainly too simple, it is instructive to consider this

case, since we can follow from it very easily the general effect of

increasing the closeness of the packing of the atoms.
The value of the function #(ftf), which is unity for /*=0, becomes

zero for the first time when (sin 0)/A =0-37/5. If s = 2A, which corre-

sponds approximately to the case of argon, &(IJLS) becomes zero when
(sin 0)/A=0-179A-1

, or, with Cu Ka radiation, when 28, the angle of

scattering, is about 32. If at the same time fl/V is appreciable,
there will be a marked maximum of scattering at about that angle,
the scattering at smaller angles being reduced because of the increasing
importance of the second term. A diffraction halo will thus be pro-
duced, whose angular width is determined mainly by the distance of
closest approach of the atoms in the assemblage.

In fig. 166, the values of f*{l -Q^(ps)fV} are shown, plotted as a
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function of (sin 0)/A. In drawing the curve, the values of/
2 for argon

have been used, with ,y = 2A. Curves are drawn for fl/V =0, 0-1, 0-5,

and 0-8. The curve for fl/V = is simply the/
2 curve for argon.

When fl/V0*l this curve is reduced at small angles, but only refined

300

200-

100

O-J 0-2 O-3 O-4 O-S

(SlnQ)IK in A~
0-6 O'7 O-S O-9

Fio. 166. Curves of /* 1 1
-
^ #0*0 j

for argon, (/i =47r(sin 0)/A)

quantitative measurements could detect the existence of any diffraction

effect. At standard temperature and pressure, for a gas having 5 = 2A,

fl/V is rather less than 10-\ so that pressures of some hundreds of

atmospheres would be necessary to produce any appreciable effect;

and no large effect could be produced until the average interatomic

distance was so small that the simple assumption of a constant proba-

bility function for r>s was no longer justifiable. The curves in fig. 166

are thus a little artificial, but they do indicate the important general

principle, that while the scattering from a gas under ordinary conditions

tends to a maximum at the smallest angles of scattering, as the com-

pression gets greater the scattering at small angles falls off ; so that at

very high pressures, or in the liquid state, a maximum of scattering
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develops at a moderate angle, determined mainly by the distance of
closest approach of the atoms. The development of the halo character-

istic of liquid scattering is thus in principle accounted for.

(c) Experimental tests of the scatteringformula for rnonatomic gases :

Measurements of the scattering of X-rays by monatomic gases have
now been made by a number of workers

; by Scherrer and Stager,
20

for mercury vapour ; by Barrett,
21 for helium and argon ; by Herzog,

2 *

for argon; and by Wollan,23 for helium, neon, and argon. Herzog's
most recent determination is a careful absolute measurement of the
total scattering, coherent and incoherent, from argon, for one particular

angle of scattering, The other determinations are not absolute, and
give the relative scattering at different angles ; but the results obtained

by various workers agree well among themselves, and Herzog's work
allows them to be expressed in absolute measure.
The experimental conditions were in all cases such that the coherent

radiation should be given by the first term of (9.31), but the measured

intensity includes that of the incoherent radiation. Equations (9.31),

(9.1), and (9.6) then lead to the following expression for the total

scattered intensity per atom, expressed in terms of the scattering from a

single classical electron, and corrected for polarisation :

I tot

where /* is the scattering factor for the electron k of the atom, and/
is the total atomic scattering factor, which is equal to Zfk .

A comparison of Wollan's experimental results for helium with

theory, made by Herzog,
24

is illustrated in fig, 167. The full curves
show the values of the coherent, incoherent, and total scattering
calculated on the basis of the Waller-Hartree theory, and including the
Breit-Dirac correction factor 1/B

3 for A = 0-71 A, the wave-length for
which Wollan's results are given. Hartree's values for/fc for the electron

groups of helium, determined by the method of the self-consistent field

were used. The exchange term in the incoherent scattering here makes
n^?^?b

.

u
^,

n
' since the two electrons in normal helium have opposite

spins, Tfie circles sfiow~ WbHan's experimental values. The dotted
curve shows the theoretical total scattering when the Breit-Dirac
correction is neglected. It will be seen that the agreement of theory
with experiment is materially improved by the correction, which is

quite considerable for the larger angles of scattering. The curves for
helium illustrate the importance of the incoherent radiation in scattering
by gases and amorphous bodies. The incoherent scattering for helium
is, of course, relatively large; for heavier atoms it will form a smaller
fraction of the total scattering at any given value of (sin 0)/A.
Herzog shows also that in the case of neon the Waller-Hartree

formula for the total scattering gives appreciably better agreement
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with experiment than Compton's approximation (9.3), which, however,
gives fairly good agreement for heavier atoms, such as argon. In

general, moreover, data will not be available for the evaluation of the

Waller-Hartree formula, and it will be necessary to use either Compton's

FIG. 167. Coherent, incoherent and total scattering from helium. Theoreti-
cal curves according to Herzog.

24 The circles indicate experimental values
obtained by Wollan 23

approximation or the Heisenberg formula (P.4), which is based on the
Thomas-Fermi atomic model.

In his absolute test of the scattering formula, mentioned above7
Herzog used argon, with Cu K radiation (A = 1-54A) as the primary
radiation, and measured the intensities with an ionisation chamber and
valve electrometer. He found the ratio of the intensity scattered through
an angle of 40 to the intensity of the primary beam to be 2-88 x 10~7

for argon at 1575 mm. pressure and at a temperature of 291-3 abs.
The calculated value was 2-87 x 10~7 for the same conditions, the
probable error in both experimental and theoretical determinations

being estimated as of the order of 6 per cent. With Cu K radiation,
the incoherent scattering from argon at 40 forms only about 1-5 per
cent, of the total scattering, and the determination must therefore be
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regarded as confirming the formula for the coherent radiation, and as

giving little beyond the order of magnitude of the incoherent radiation4
This work on scattering from monatomic gases furnishes one of the

most direct proofs of the essential correctness of the theory of the
atomic scattering factor. Tests made by using crystals are all subject
to the limitation that measurements of the scattering can only be made
in those directions in which a spectrum occurs. The atoms moreovei
are not free, and disturbance of the outer electron shells must result
from this, whereas in the case of the monatomic gas the atoms are for
all experimental purposes entirely free. On the other hand, the figures
quoted above for argon show that gases scatter only a very small
fraction of the primary radiation, so that the actual measurements are

exceedingly difficult if absolute values are required. Reference has

already been made "in 3(fr) of Chapter VII to attempts to determine
the electronic distribution in the atoms of monatomic gases from their

scattering curves for coherent radiation.

(d) The probability function W(r\ and the density function p(r) : In

considering the problem of scattering by a gas, we have used a function

W(r) to express the probability that the centres of two specified atoms
p and q should lie at a vector distance r apart. We might imagine the
two atoms to be marked in some way, so that their positions in the

assemblage could be identified. If we could then make a very large
number of independent determinations of the distance between them
at a series of instants chosen at random, the frequency with which
distances whose magnitudes, independently of their directions, lay
between r and r + dr would occur would be proportional to 47rr2W(r)rfr.
It is here assumed that the function W(r) is spherically symmetrical,
depending only on the magnitude of r and not on its direction, an
assumption justified in all the cases we shall consider. The numerical
value ofW(r) is so chosen as to be unity when all distances of separation
are equally probable, that is to say, for a truly random assemblage.

This is the significance of W(r) as we have already used it; but for

many purposes it is convenient to consider another function p(r), so
defined that 47rr2p(r)dr is the average number of atoms lying at any
instant at distances between r and r + dr from the centre of a specified
atom p. We consider for a moment an infinitely extended assemblage
of atoms whose average properties are the same throughout. Then
p(r) will be the same function of r whichever atom is chosen as origin.
It is a kind of average atomic density at a given radius from any one
atom, which is not of course the same as the average density of the

assemblage. We shall refer to it in what follows as the atomic density
function.

The two functions p(r) and W(r) have the same dependence on r,
and differ only by a constant factor; for the probability that any
atom q will lie at a distance r from p must be proportional to the
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average number of atoms to be found at any instant at a distance r

from p. The relation between the two functions may be found as
follows. Suppose the distribution to be a completely random one.
Then p(r) is plainly the average number of atoms per unit volume,
which is uniform, and equal say to /> . It is also equal to N/V, where
N is the number of atoms in volume V. For a completely random
distribution, however, W(r) = 1, and so

(9.32)

(e) Formulae for scattering by monatotnic liquids : As we have seen

already, there is no sharply defined boundary separating the problems
of diffraction by matter in the gaseous and liquid states. Equation

w
/

o

/2r
(A)'

3S

(b)
2S 3S

Fio. 168. Distribution functions: (a) gas consisting of monatomic mole-
cules at low pressures, (b) close-packed spheres, (c) irregular close packing

of spheres
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(9,29) applies directly to the monatomic liquid, if the appropriate
probability function W(r), or the related atomic density function />(r),

defined by (9.32), is used. W (r) will, however, be a function of a much
more complicated type than that applicable to the case of a gas at

moderate pressures, for which we assumed W(r) =0 if r<s, W(r) = 1 if

r>s. This simple probability function is illustrated in fig. 168 (a). In
the monatomic liquid, the atoms will be in a condition which might be
called irregular close packing, and all interatomic distances are by no
means equally probable for r>s.

Consider for a moment a strictly close-packed assemblage of hard
spheres ofdiameter s. Here only certain interatomic distances can occur
at all, the smallest of which is 5, which also occurs most frequently.
The

nex^possible interatomic distance is s/ly, the next >/3j, the next

2s (or >/4y); and so on. For all these distances W(r), or p(r\ has a
value different from zero : its value for any other distance is zero. If
we imagine the close-packed assemblage to be rotated about one of
the atoms as centre into all possible positions, the centres of all the

other atoms lie on a set of spheres of radii s, s/2i, s/3s, ...
, and none

will lie between these spheres. The radial distribution of the atomic
centres is discontinuous, and is illustrated in fig. 168 (b). The ordinates
in this curve are proportional to the number of atomic centres per
unit area lying on spheres of definite radii, measured from the centre
of any one atom. If n is the number of atomic centres at distance ms
from any given atom, the ordinates show the values of n/m

2
, which is

zero except at those radii for which m=J^(p*~+^+^) t p, q , r
, being

any integers, positive, negative or zero, the sum of which is even.
If now the rigid close-packed structure is somewhat loosened, and a

certain degree of randomness is introduced into the arrangement, the
concentration of the possible atomic positions onto spheres of definite
radii will be somewhat smeared out, and p(r) will become a continuous
function of r

; but maxima will persist for radii corresponding to those
of the spheres, or rather to radii a little greater, since the whole assem-
blage is somewhat loosened, and there will be minima with values well
below the average density between the maxima. We shall expect the
first of the maxima to be particularly well marked, and the second and
third appreciable, but p(r) will approximate to the uniform average
density p very rapidly as r increases. Even in the relatively loose
association of atoms characteristic of the liquid state, the demands on
space made by the atoms necessarily introduces a certain degree of order,
and if only small regions of the liquid are considered, the state of affairs
in any one of them approaches geometrically to that in a crystalline
array; but there will be no regular relationship between the atomic
arrangement in two such regions that are widely separated, as there
would be in a true crystal, and the value of p(r) will approximate to
that for a random array at distances that are quite small multiples of
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the atomic diameter. Fig. 168(r) shows schematically the nature of
the probability function, or the density function in this case.

This way of considering the matter was first clearly put forward by
Zernicke and Prins,

10 who explained thus the occurrence of the well-
known diffraction haloes characteristic of scattering by liquids. They
discussed the distribution function for a number of rods of equal
length, arranged along a line of length rather greater than the sum of
the lengths of the rods themselves, and found it to show the general
characteristics indicated above for the three-dimensional case. They
then discussed diffraction of radiation by an irregular linear grating,
the positions of whose openings were governed by the distribution
function determined for the rods, and found it to exhibit the general
characteristics of diffraction by liquids.

Zernicke and Prins 10 also pointed out that by using a formula of the

type of (9.29) it is possible from observations of the scattering of X-rays
by a liquid to determine experimentally the distribution functions W(r),
or p(r). At the time no suitable experimental material was available
for testing the formula, but Debye and Menke ll later made careful

measurements of the scattering of X-rays by mercury, a monatomic
liquid, and by applying the theory of Zernicke and Prins obtained a
distribution function exactly of the predicted form.
We shall first consider the theory of the method. To do this, we

start from equation (9.29), in which it is convenient to replace W(r) by
the density function p(r). Using (9.32), and writing N instead of
N -

1, as we may, since N is a very la r
ge number, we obtain

-, (9.33)
A 7

*
^ J() p-f }

or

fj> ( -,

y,y
-

1 1 =47r I {/>(/*)
-
p }

r sin jur Jr, (^-34)

where I a (jLt) is the average scattering per atom, corrected for the

polarisation factor and expressed in terms of the intensity scattered by
a classical electron at unit distance.

Equation (9.34) is of the form

<(r) sin/Ltr dr. (9.35)

By Fourier's integral theorem (Appendix IV ; and Chapter VII,

therefore,

(9.36)
77 J

Following Zernicke and Prins, we put

(9-37)
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and, comparing (9.34) and (P.35) and using (9.36), obtain

2r f
4rrr2 {p(r)

-
p }

= pi(p) sin pr dp. (9.38)
7T Jo

If i(p) can be determined as the result of experiment, the integral in

(9,38) can be evaluated numerically for each of a series of values of r,

and so p(r)
-
p , the difference between the actual radial atomic density

and that corresponding to a uniform distribution, or, alternatively,

W(r) -
1, may be determined as a function of r.

(/) Examples of scattering by monatomic liquids : The first real

experimental test of the theory of Zernicke and Prins was made by
Debye and Menke,11 who measured the intensity distribution of copper
and molybdenum Ka radiation scattered from liquid mercury. Refer-

ence may be made to the original papers for experimental details. The

results, corrected for absorption, and for various geometrical factors

characteristic of the apparatus used, and divided by the polarisation

factor (1 +cos
2
20)/2, give the sum of the coherent scattering !(/*),

and the incoherent scattering Iinc , although not in absolute measure.

To express the intensity in absolute measure, and to correct for the

incoherent radiation, use is made of the fact that, for large values of

M> ^oG*) approaches /2
, the scattering per atom characteristic of an

entirely random assemblage of atoms ; for the integrand in (9,33) is

the product of two factors, the first of which approaches zero for very
small r, and the second of which approaches zero for large p unless r is

very small, so that, for large values of ft, the integral has always very
small values. We must therefore draw the curve for the total observed

intensity, corrected for polarisation, on such a scale that at large values

ofp it coincides as nearly as possible with the sum of the curves for/
2

and Ilnc . The values of/
2 can be taken from one of the existing tables

of scattering factors, and Iinc can be calculated from one of the formulae

given in 1 (b) of this chapter. Debye and Menke used Heisenberg's
formula (9.4) for the incoherent scattering, which is based on the

Thomas-Fermi model of the atom, and values of/
2 calculated according

to the same model. When the curve for the total intensity has been
standardised in this way, the curve for the coherent scattering per atom,

la, may be drawn by subtracting from the values of the total scattering
at a series of values of p 9 those of the incoherent scattering at the

corresponding values.*

The curve for W(r) obtained by Debye and Menke for mercury is

reproduced in fig. 1 17, p. 195 of Vol. I of The Crystalline State. It will

be seen that it shows exactly the type of distribution predicted above
from general considerations, a distance of approach of a little over 3A
being much more probable than any other.

* Another method of standardising the observed intensity curve has been suggested
and used by Hultgren, Gingrich, and Warren. Cf. Jour. Chem. Phys. 3 , 35 1 , ( 1 935).
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Tarasov and Warren 25 have made similar observations using liquid

sodium, also a monatomic liquid, and one better suited to scattering
observations than mercury, owing to the much smaller correction for

absorption of X-rays in the specimen. Fig. 169 (i) curve (a) shows the

01 02
_iiQfi.

03 04 05
x

FIG. 169

(ii) The curve ft/0*) for liquid sodium.
The abscissae 2-55/i were convenient
for the harmonic analyser used

(i) (a) Corrected experimental inten-

sity curve for liquid sodium in electron
units per atom, (b) Total independent
scattering per atom, (c) Independent
coherent scattering per atom, (d) In-

coherent scattering per atom

(Tarasov and Warren, Jour. Chem. Phys , 4, 236 (1930))

experimental intensity curve as a function of (sin 0)/A. The total

independent scattering, assuming a completely random arrangement
of atoms, is shown by curve (b), and curve (a) is drawn to such a scale

as to approximate to the independent scattering at large angles. Curves

(c) and (d) show the correction for incoherent radiation. Fig. 169 (ii)

shows the curve for /i/Ox), the scale of the abscissae being chosen to

suit the harmonic analyser used in determining the value of the integral

(9.38),

Fig. 170 curve (a) shows the values of 47rr2p(r) in electrons per A,

plotted against rt the distance from any given atom in A units. The

average radial density curve 4rrr2p (curve fe), and the distribution of

neighbours in crystalline sodium are also shown. There is a well-

marked maximum in p(r) at about 4A, a distance a little greater than

he first possible interatomic distance in crystalline sodium, while

distances appreciably less than this do not occur at all.
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A sufficient explanation of the type of distribution obtained appears
to be the space occupied by the atoms themselves, and it does not seem

to be necessary to assume any physical connection between the pairs

of atoms. In support of this view, Debye
u

quotes an experiment

4 f|nA 6

FIG. 1 70. (a) Radial distribution curve for liquid sodium, (b) average density curve,

(c) distribution of neighbours in crystalline sodium (Tarasov and Warren)
(Jour Chem Phys , 4, 23C (1930))

made with a number of similar steel balls, two of which were marked,

loosely packed in a flat box with a glass lid. The box was shaken, and
the distance between the marked pair was recorded. Records were

kept over a period of weeks, the box being left in a convenient place
in the laboratory, so that anyone entering the room could shake it and
record the result. A distribution curve showing the frequency of occur-

rence of distances lying within certain ranges was plotted, which showed
the general characteristics of the distribution curve for mercury. The

type of distribution must here have been determined purely by spatial

considerations.

Equation (9.38) has been applied by Warren and his fellow-workers

to scattering by crystalline and vitreous solids with very interesting

results. We shall consider this work in Section 4 of this chapter.

3. THE SCATTERING OF COHERENT RADIATION BY ASSEMBLAGES OF

POLYATOMIC MOLECULES

(a) Introductory : In Section 2 of this chapter we have followed

through from the gaseous state to the liquid state the problem of the

scattering of X-rays by assemblages of molecules consisting of single
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atoms. In the present section, we shall suppose the individual members
of the assemblage to be complex molecules, all alike, but each made up
of a number of atoms, which preserve fixed relative positions. Leaving
out of account the zero-order scattering, we found the average intensity
scattered from an assemblage of monatomic molecules in the gaseous
state at moderate pressure to be the sum of the intensities scattered by
the individual atoms. The only interference effects that are appreciable
are those due to the distribution of scattering matter in the individual

atoms, which are taken into account by ascribing to each atom a

characteristic scattering factor, or /-factor. It is not until the packing
of the atoms becomes so close as to approximate to that in the liquid
state that interference effects due to their relative positions in the

assemblage become important. Following Debye, we may thus

distinguish between (a) internal interference effects, depending upon
the distribution of scattering matter within the individual members of

the assemblage, and (b) external interference effects, depending upon
the relative positions of these individual members. In the case of the

monatomic liquid, the characteristic diffraction haloes are due entirely
to the external effects.

In the case of assemblages of polyatomic molecules, the internal

effects depend not only on the scattering factors of the component
atoms, but also on the relative positions of the atoms in the molecules.

Again, the external interference effects are entirely negligible if the

molecules form a gas at ordinary pressures. At very high pressures,
and in the liquid state, a diffraction halo due to the necessary prepon-
derence of certain intermolecular distances develops. Conditions are,

however, more complicated than in the monatomic liquid ; for if the

individual molecules are not spherically symmetrical, if, for example,

they are elongated, or electrically polar, then there may well be a

preferential relative orientation of neighbouring molecules, or a local

structure more highly organised than that due merely to considerations

of geometrical packing. This type of effect has been called by Stewart 8

'cybotaxis'. It is probable that its importance in producing diffraction

effects has often been overestimated, and that even in polyatomic

liquids, if the temperature is not too low, the diffraction effects are

largely governed by simple packing effects which we have seen to be

quite adequate to produce diffraction haloes ; but local structure in

the liquid, dependent on the molecular structure, is undoubtedly

important in many cases, and we shall consider some examples below.

It should be noted that even if local structure does occur, the probability
function W(r) and the density function />(/) will still be spherically

symmetrical ; for they are average effects, and in the true liquid we
must suppose all possible orientations of any local structures to occur

in any volume of the liquid large enough to scatter a measurable

intensity of X-rays.

ZH
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(b) Scattering by gases consisting of polyatomic molecules : The
fundamental expression for the scattered intensity is again (9.12).

Unless the pressure of the gas is very high, external interferences may
be neglected, and the total scattered intensity is the sum of the intensities

due to the individual molecules. In terms of equation (9.12), this

means that in summing up over all the pairs of atoms in the assemblage,
we need not take into account those terms in which the atoms p and q
lie in different molecules. Vectors such as r P7 will always refer to the

distance between two atoms in the same molecule.

In a gas under the assumed conditions, all orientations of the mole-
cules will be equally likely, and in any finite time all orientations will

be equally represented by molecules in the assemblage. Let N now be
the number of molecules in the assemblage, and let each contain n

atoms, all of which may be different. The instantaneous intensity \ m
scattered by a molecule may now be written, according to (9.12),

where the summation is to extend only over the n atoms in the molecule,
and will therefore have n2 terms in all. To get the total observed

intensity scattered by the gas, we now suppose the molecule to assume
all orientations in space with equal probability, determine the average
value of lm for all these orientations, and multiply by N, the total

number of scattering molecules.

To determine the average, consider the pair of atoms p and q in the

molecule. We have to find the average value of cos(*Sr p<r) when TTQ
can take any orientation with equal probability. Let 1PQ be the magni-
tude of the vector rpa . Then KSrpa =/Jt/PO cos a, where a is the angle
between the directions of S and rPQ . The probability that TPQ lies in a
direction making an angle between a and a + rfx with S is ^ sin arfa

and therefore

cos (tfS-r^) = 1 i cos OX/P<I
cos a) sin a d* -

Sm
*
A PQ

. (9.40)
Jo M/p<,

The observed intensity from the assemblage of N molecules is therefore

* + 2
pq v

where the first summation extends over all the atoms in a single molecule
and the second over every pair of different atoms in the molecule, 1VQ

being the distance between the atoms p and q.
It must again be remarked that this formula does not apply to angles

of scattering in the immediate neighbourhood of zero. Its value as it

stands, for/* =0, is N(/p)
2
, whereas the true value should be N2

(27/p)
2

.

But in deriving (9.41) from (9.12), all terms referring to atoms in

different molecules have been neglected. If, in (9. 1 2), we consider for the

moment only terms in which atom p lies in a molecule A, and atom q in
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a second molecule B we obtain a contribution 2E Sfvfq cos (dS-r^),

where p is any atom in A and q any atom in B. When S =0, this sum
is equal to 2(f,)*. There are N(N ~

1) distinct pairs of molecules,
so that for zero angle of scattering an extra term N(N -

l)(r/p)
2 has to

be added to the value given by (9.41), giving a total N 2(/P)
2

. The extra
term due to the external interferences rapidly becomes negligible as p
assumes appreciable values, and the formula applicable to the scattering
at finite angles as usually observed is (9.41).

(c) Scattering by gases consisting of diatomic molecules : If each
molecule has two atoms p and q at a distance / apart, the scattered

intensity is given by

ICO =N / 4/ + 2/,/9 -
(9.42)

which reduces to the simple form

(9.43)

if the two atoms are identical. The first term of (9.43), or the first

two of (9.42), represent simply the sum of the intensities scattered by
the two atoms independently. The last term is the interference term
and is due to the arrangement of the atoms in each molecule in groups
of two, at a definite distance apart. The expression (9.41) for the

scattering by a gas composed of more complicated molecules is built

up in the same way of the sum of the intensities due to the individual

molecules, and a series of interference terms of the same type as that
for the diatomic molecule, one for each pair of different atoms in the
molecule.

We shall consider the case of the diatomic molecule in a little more
detail. It is best to consider the quantity I (/x)/N, which is the average
scattered intensity per molecule, corrected for polarisation and expressed
in terms of the scattering by a classical electron as unity. We shall

denote this quantity by 1^. Then, for a diatomic molecule,

. (9.44)

The value of I m approaches 4/2 for small values of /*, leaving out of
account zero-angle scattering, and 2/2 for large p.. For intermediate
values it exhibits maxima and minima, which in the actual diffraction

pattern correspond to diffuse haloes surrounding the direction of the

primary beam. In contrast with what is found in the case of liquids,
the intensity of scattering at small angles increases instead of falling**

The right-hand side of (9.44) is the product of two factors, each of
which is a function of /u. We shall consider for the moment only the
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second, which contains the effect of the internal interference due to

the molecular configuration. The value of the interference term

(sin fL/)/m/ is unity for /*
= 0, and becomes zero for fil

= rnr (n^ 1 , 2, 3, . . .).

The subsidiary maxima occur when /x/
= 2'4597r, 4'47?7r, .... The first

maximum of the factor 1 + (sin /x/)/^/, apart from that at /i=0, will

occur for /x/
= 2'4597r, or sin = (H>1 5A//, the second will occur for

sin0 = H19A/7, and the third for sin = 1-621 A//, the position of the

rnth maximum approaching more and more closely to

as m becomes large. The maxima beyond the third are however weak
and ill-defined.

If the atoms of the gas scattered as points, the factor /2 would be

independent of the angle of scattering, and the factor 1 + (sin /X/)/M/

would give the variation of the scattering with angle. Curve (a) in

fig. 171 shows the scattered intensity Im as a function of (sin 0)/A for

0-8 0-9

Fio. 171. The effect of the atomic scattering factor on the scattering curve
for diatomic molecules, (a) Theoretical curve for/=8, / = 1-25A, when
the atoms scatter as points, (b) Theoretical curve when the value of /

appropriate to oxygen is used

two point atoms with/- 8, at a distance of 1-25A apart. This corre-

sponds approximately to the interatomic distance in the oxygen mole-
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cule. In an actual gas such as oxygen, the atoms do not scatter as

points, and the factor /2 decreases very rapidly as p increases. This
has the effect of making the maxima and minima in the scattering
curve much less well defined, a conclusion first reached by Debye.

26

In drawing curve (b) in fig. 171, the angular variation of/for oxygen,
as given in the tables of James and Brindley, has been used. It will be
seen that hardly a vestige remains of the diffraction maxima that are so

prominent in curve (a). It would appear that it is difficult if not

impossible to determine optically from the positions of the maxima in

the scattering curve the distances between the two atoms in molecules
such as oxygen or nitrogen. This theoretical prediction is entirely
confirmed by experiment. The results of Gajewski

2? for nitrogen (Ng)
and oxygen (Og) show that in the case of nitrogen the scattering curve
falls away quite smoothly with increasing angle of scattering with no
trace of a diffraction maximum. In the case of oxygen, a vestige of the

first maximum is observable, but it is not possible to determine its

position with any accuracy. By assuming likely distances between the

pairs of atoms, and using theoretical values of the scattering factors,

Gajewski finds that the observed results are entirely consistent with
interatomic distances of MSA and 1-20A for nitrogen and oxygen
respectively.

With chlorine, also a

diatomic molecule, we

might expect the diffrac-

tion maxima to be more

clearly marked, since in

the heavier atoms there

will be a greater con-

centration of electrons

near the atomic centre,

and consequently a less

rapid drop of the factor

/2 with increasing /*.

Some observations by
Richter 28 confirm this

expectation. His curve

for chlorine is shown in

fig. 172. Theuppercurve
is that which would
have been obtained had
the chlorine atoms
scattered as points : the

lower curve is that cal-

culated on the assump-
tion that the distance

between the chlorine

2.

I tot

(B)

FIG. 172. Total scattering from chlorine. Curve
(a) calculated assuming atoms to scatter as points.
Curve (b) calculated assuming Hartree distribution

(Richter),

experimental points with Cu Ka radiation
x= MoKa

l. Ztit., 33, 587 (t!>32))
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atoms is 2-8A, and that the atomic scattering factor of each is given
by the Hartree distribution. The circles and crosses show the
observed values obtained with Cu Ka and Mo Ka radiation respec-
tively. It will be seen that even here there are no real maxima in the

scattering curve; they are represented merely by roughly horizontal

portions
of the curve, and any direct determination of their positions

is impossible.

(d) Scattering by molecules with more than two atoms : Equation
(9.41) shows that there is one interference term for each pair of atoms
in the molecule, and that the contribution, of a given pair does not
depend on the direction of the line joining them, but only on its-length.
For a more complicated molecule, the contribution of the interference
terms to the scattering is the sum of a series of terms of the same type
as that for the diatomic molecule, one for each interatomic distance in
the molecule. If the molecule is of irregular structure, with many
different interatomic distances, the result of this superposition is to

produce confusion, since the maxima corresponding to the different
interatomic distances are diffuse; but if the molecule is regular, so
that the same interatomic distance occurs in it a number of times, the

corresponding interference terms will all give identical distributions,
and well-marked maxima and minima may be produced.
Good examples of this are molecules such as carbon tetrachloride,

29

and silicon tetrachloride (CC14 and SiCl4), in which a central carbon
or silicon atom is surrounded symmetrically by four chlorine atoms
arranged at the corners of a regular tetrahedron. The C1-C1 distance,
the edge of the tetrahedron, occurs six times, and the C-C1 distance
the radius of the tetrahedron, four times. The formula for the mole-
cular scattering is thus

I m =/S + 4/? 1
+
12/f/^

+ 8/c /cl
!^:, (9.45)

where / is the edge of the tetrahedron and r its radius. Observations
of the scattering from CC14 by Bewilogua,

30 and by van der Grinten,
31

and of that from SiCl4 by James,
32 are fully in accord with this formula.

A curve obtained by van der Grinten, who used monochromatised
Cu Ka radiation, is shown in fig. 173, together with the calculated curve
based on the tetrahedral molecule and the Hartree atomic model. The
measurements of scattering are not absolute, and the scale of the two
curves is made to fit artificially, but the general agreement in the positions
and relative magnitudes of the observed and calculated maxima is

excellent. A C1-C1 distance of 2-99A was assumed in calculating
the theoretical curve. James obtained similar agreement in general
features between the observed and calculated curves for SiCl4 , assuming
a tetrahedral molecule with an edge of 3-35A. It can in general be said
that the characteristic features of the scattering of X-rays by gases are
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fully accounted for by the theory given above. Such discrepancies as
do occur between theory and experiment may easily be explained by
errors of observation,
and by an imperfect

knowledgeofthe atomic

scattering factors.

The nature of the

scattering formula is

such that it is not

possible to determine

molecular structures

directly and uniquely
from the diffraction

patterns they produce.
The only practicable
method is to assume a

structure, and then to

see whether the scatter-

ing deduced from it by
means of the formula

Observed

Calculated

(Sinff)/\inA-

O.i

FIG. 173. Comparison between observed and calcu-
lated scattering curves for CC14 (van der Grmten)

(Phynkal. Zeit , 34, 609 (1933))

agrees with that ob-

served. In simple cases,

such as that of CC14 ,

this process amounts in

effect to a unique determination, and suffices to show quite definitely
that the four chlorine atoms do not, for example, lie at the corners of
a square ; but when the molecule is less symmetrical, the determination
must be less certain. Nevertheless, the method has proved to be very
valuable in investigating molecular structure. As an interesting
example of the way in which the scattering varies in a series of

chemically closely related compounds we may mention Bewilogua's
w

determination of the four chlorine derivatives of methane, CC14 ,

CHC13 , CH2C1 2> and CH3C1, and Ehrhardt's 33
investigation of the

various forms of dichiorethylene and dichlorethane, C2H 2C1 2 and
C2H4C12 .

(e) Experimental methods : Only a very brief space can be devoted
to experimental methods, the discussion of which really lies outside
the scope of this volume. Only such points as will help in the theoretical

consideration of the results will be dealt with. The methods in general
use for studying the scattering of X-rays by gases were largely developed
by Debye and his school at Leipzig. A good account of the methods
of making the observations and of applying the necessary corrections
will be found in the paper by Bewilogua

*>
already quoted.

The methods used are photographic, and the principles of the

apparatus are illustrated in fig. 174. A narrow and nearly parallel
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beam of X-rays, XX, passes through the gas or vapour, contained in a

suitable cell, which can, if necessary, be heated electrically. The cell

has a thin flat window,

W, made usually of alu-

minium foil, parallel to

which the primary beam

passes, as close as possible

to it without touching it.

The window is limited

by a slit, SS, of two or

three millimetres width,

bounded by parallel

knife-edges. The film is

FIG. 174. Diagrammatic representation of the
held in a semi-cylindrical

method of observing scattering ofX-rays by gases camera, the axis or which

is parallel to the slit, and

lies in the plane of the window. The scattered radiation reaching any

given point of the film comes from an approximately equal volume,

whatever the angle of scattering. Corrections have to be made
for the absorption of the scattered radiation by the window, which

depends considerably on the angle of scattering, and it is therefore

important to have the primary beam as monochromatic as possible.

Usually, the direct beam from a copper target, filtered through nickel

foil to remove most of the ft radiation, has been used, and this is ade-

quate for most purposes. The exposure times even with this method

may be several hours, and to make the primary beam monochromatic

by reflecting it from a suitable crystal would lengthen them unduly for

most work, although van der Grinten 31 has successfully used this

method in his work on CC14 .

In all discussions of the experimental results given here it is assumed
that the necessary corrections have been made to the observed intensi-

ties, and that the scattering formulae apply to a definite volume of gas,

uniformly irradiated, scattering without absorption in all directions.

(/") The effect of temperature on scattering by gases : In deducing
the formulae for the internal interference effects when radiation is

scattered from an assemblage of gas molecules, it has been assumed
that the atoms in the individual molecules occupy fixed relative positions.
This is not quite true, since intra-molecular oscillations due to thermal
movement must occur; this must have the effect of reducing the

importance of the interference effects for the larger values of (sin 0)/A.

Since this effect must be present in principle, it is now necessary to

enquire whether it is appreciable in practice. The binding of atom to

atom within the molecule is in general much stronger than the binding
of molecule to molecule in the crystalline state. We are dealing in

fact with the 'optical frequencies' discussed in 1 (/>) of Chapter V,
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rather than with the 'acoustic frequencies' which are mainly respon-
sible for the temperature effect in the case of X-ray reflection from
a crystal ; so that we must be prepared to find the temperature effect
in the case of scattering by a gas correspondingly smaller.
The question has been examined theoretically and practically by

James,
32 who has applied his results to the case of silicon tetrachloride,

for which it is possible to calculate the magnitude of the effect to be
expected, from the known optical and Raman frequencies of the
molecule. It will be enough here to give an outline of the theory, for
details of which the original papers may be consulted.
The position of the atom p is assumed to be given at any instant by

the vector r^ + iip, where up represents the vector displacement of the
atom p from its equilibrium position at the instant considered, because
of the thermal movement. The instantaneous intensity of equation
(9.39) may then be written, using (9.10), in the form

*\ (9.46)
P P V

and in averaging the terms referring to pairs of different atoms it is

now necessary to consider not only all the possible orientations of the

molecule, but all the possible displacements u p and UQ .

The oscillations of the n atoms composing the molecule are not
all independent: they form a coupled system having In degrees of
freedom. Now any small oscillation of such a system can be expressed
as the sum of 3n normal co-ordinates corresponding to 3;? normal modes
of vibration. If the molecule is free, six of these are in general needed
to define its motions of translation and rotation, leaving 3 - 6 for the
intra-molecular vibrations. The SiCl4 molecule, for example, contains
5 atoms, and there are 9 independent normal modes, not all of which,
however, have different frequencies. We have dealt with the represen-
tation of the thermal vibrations of a lattice in terms of a set of normal
co-ordinates in Chapter V, and the line of thought here is similar ; but
because of the different nature ofthe problem, a rather different notation
is convenient.

Let p l ...pk ...p3n be the 3n normal co-ordinates of the system.
These are so defined that if T and V are respectively the kinetic and
potential energies of the system,

*^3n Jfc-3n

By Lagrange's equations, the normal co-ordinates so defined satisfy 3n

independent equations of the type

the solution of which is

Pk***kJ"*> (9.48)
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A
fc being in general a complex quantity giving both amplitude and phase.

The full treatment of the problem shows that it is only the displace-
ments of the atoms parallel to the line joining p and q that appreciably

modify the interference term associated with this pair of atoms. Let
us call these displacements (p and gq . By the theory of normal co-

ordinates, each of these can be expressed as a linear combination of the

normal co-ordinates, in the form

. (9.49)

The coefficients a^, <xqk ,
... determine the relative amplitudes of the

vibrations of the different atoms as a result of the normal mode k,

and their values depend on the nature of the vibrating system. The
relative amplitudes, and the phases, of the different normal modes are

determined by the coefficients A fc, and are initially arbitrary ; but in a

problem such as the present one, where we are concerned with a very

large number of molecules in thermal equilibrium, the mean relative

values of the coefficients A
fc
are determined by statistical principles.

There are thus two processes, a geometrical averaging of (9.46), and
the application of statistical principles to obtain the dependence of the

average result on temperature.
The geometrical averaging, for the details of which reference may

be made to the original paper, leads to the result

,
A

, (9.50)
P<1 P-1 PQ

where

. (9.51)

By (9.49), __
(,* ~ *)'/!-(,-& = (S/^J (9.52)

that is to say, it is the mean square of the variation in the distance
between the atoms p and q due to the normal mode k. Moreover,
since the phases of the different normal co-ordinates are all independent,
if ^lpq is the mean-square variation cf the same distance under the
influence of all the normal modes of vibration,

:/2

"**
=

Zft v'j*7M (9.53)

so that (9.51) may be written in the form

A-iM28^ = 87r
2^r-8/|7 , (9.54)

a result analogous to equation (/.33), or (5.1), for the vibrations of the

crystal lattice.

Equation (9.50) is an approximation. There are further terms,
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which we have not considered here, since they are always very small

numerically, and correspond to changes of the scattered intensity well
beyond the limits of observation.
As a simple example of the application of the formulae, we shall

consider the case of a gas whose molecules consist of two atoms of
mass mt and m% at a distance / apart. The vibrations along the line

joining the two atoms can be expressed in terms of one normal co-
ordinate p. Let the displacements of the atoms in this line be l and
2 . Because of the conservation of centre of mass of the system

i +"*2 2=0, and by (9.47) and (9.49)

These equations lead at once to

ai a2~^> <9 - 55)

where = + ,M H?! w2

By (9.51) and (9.55) therefore, _
A2 ]^\

Block u has shown that for a simple harmonic oscillator

h being Planck's constant, k, Boltzmann's constant, v the frequency
of the oscillator, and T the absolute temperature. Thus

For chlorine, for example, the Raman effect shows v to be

1-665 x 1013 sec~l
.

At 17 C. (290 abs.), /iv/2A;T
=

l*37, and coth (/iv/2fcT)
= H4. The

mass of the chlorine atom is 58-6 x 10~24 gm. These figures give
A -0-046 for Cu Ka radiation at a scattering angle of 120. The
temperature correction thus amounts to about 5 per cent of the inter-

ference term alone. The most important part of the scattered intensity,

Zf%, is not affected by the temperature at all. At the larger angles of

scattering, at which alone A will be appreciable, the interference term

produces only slight oscillations of the total intensity. The temperature
effect produces only relatively small variations of these oscillations,
too small to be observed.

James 32 has made detailed calculations of the magnitude of the

temperature correction for CC14 and SiCl4 , using Trumpy's identifica-
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tion of the normal vibrations of the molecule with those responsible
for the Raman and infra-red optical frequencies, and calculating the

mean-square change in length of the edge and radius of the tetrahedron.

In Table IX. 2, the total value of ^8l%q
in A units for the edges and

radii of the molecules at 0, and 373, and 573 absolute are shown.

TABLE IX. 2

Values of <J$J*~ in A units

In fig. 175, the curve X represents the theoretical value of the scattering
from SiCl4 when the atoms are assumed to be without vibration, the

T* M A3 7f /J ti V

(Sin9)/\ in A"
FIG. 175. Theoretical scattering curves for SiCl 4 (James)

x Coherent scattering when the atoms are assumed to be without
vibration

y Curve with temperature correction applied
z Incoherent scattering

(Phytikal. Ztit., 33, 737 (1932))
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dotted curve Y shows the scattering at 573 abs. (300 C), calculated
on the basis of the figures in Table IX. 2. It will be seen that the
differences between the two curves are within the errors of experiment,
and that such discrepancies as still exist between theory and observation
are not to be ascribed to neglect of the thermal movement.

Table IX. 2 shows that at absolute zero the values of ^/I? due to
the zero-point vibrations are quite large fractions of their values at

300 C. The change in the scattering curve between 100 C. and
300 C. should be quite inappreciable, a result confirmed by James,
who measured the scattered intensity from SiCl4 at these two tempera-
tures. Except at quite small angles of scattering, where the difference

observed can hardly be ascribed to a temperature effect, the scattering
curves obtained at the two temperatures were identical within the
errors of experiment. Similar results were obtained by van der
Grinten 31 who used CC14 vapour, and monochromatised Cu Ka
radiation.

(g) Scattering of electrons by gas molecules : Formula (9.41), with

appropriate interpretation of the scattering factor, and the factor C,
also applies to the scattering of electrons by gases, and much work on
the investigation of molecular structure has been done in this way, of
which the pioneer work of Mark and Wierl 36

may be mentioned here.

Some account of this work has been given in Vol. I, but its detailed

consideration does not lie within the scope of this volume, and space
allows no more than a brief reference for purposes of comparison.
Electrons have certain advantages over X-rays in scattering experiments
of this kind. Very small quantities of the gas or vapour can be used,
and the necessary exposure times are to be measured in seconds rather

than in hours. The wave-lengths of the electrons easily obtainable

with voltages such as 30 or 40 kilovolts, are considerably shorter than
those of the X-rays suitable for scattering experiments. Consequently,
greater values of (sin 0)/A can be used, and correspondingly more
maxima are obtained. On the other hand, there are certain difficulties*

in interpreting quantitatively the diffraction haloes produced by the

electrons. For one thing, the atomic scattering factors for electrons

are less well understood, and less controlled by experiment than those

for X-rays, and they fall off even more rapidly with increasing (sin 0)/A.

Diffraction haloes obtained with electrons appear visually to show well-

marked maxima, but when a photometer curve is made it is often found
that there are no real maxima in the photographic blackening, but

merely a series of steps, the apparent maximum being a subjective effect ;

and the relation between the position of this subjective maximum and
that of the true maximum is by no means clear. A comparison of

observed and calculated scattering curves, taking into account the

atomic scattering factors, is as necessary in the case of electrons as
* See for example: L. Bewilogua, Physikal Zeit., 32, 114 (1931); 33, 688 (1932).
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in that of X-rays. If due allowance is made for the difficulties, the

method is one of great elegance and power, and is capable of great

development.

(h) Scattering by liquids with complex molecules : If the distances

between the molecules in the assemblage are reduced until they become
comparable with those in the liquid state, the external interference

effects become important. Debye
9 has extended the treatment given

in IX, 2(b) to assemblages of diatomic molecules, and Menke 37 has
considered the general case of molecules of any form. Suppose, as

before, that there are N scattering molecules, each containing n atoms,
We shall denote the different molecules by the Greek letters/*, v, ... . and
the different atoms in the individual molecules by p, q, ... as before.
Let corresponding points C in each molecule be chosen as convenient
molecular centres. The vector distance from the main origin O for

the assemblage to CM , the centre of molecule ft, is denoted by rM ,
and

the distance from CM to atom p in molecule p by VMP , and the vector
from O to this atom by !,. Then, for the atom p in molecule /x,

r^ p
=
r^4-v p. (9.59)

This notation is illustrated by fig. 176.

FIG. 176

The amplitude scattered by molecule
//,

is proportional to
el"B'r

n for the given configuration, where Z denotes summation
V

over the n atoms in the individual molecule. The total amplitude
scattered by the assemblage is proportional to

where S denotes summation over the different molecules. The total
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scattered intensity for the given configuration is proportional to the

square of the modulus of this expression, so that, as in IX, l(c),

S S 27 Ef9fq ewS
'r
**-**,. (9.60)

p q

To get the observed intensity, we have to average (9.60) over all possible
orientations of the individual molecules, and all possible intermolecular

distances. Using (9.59), we may write (9.60) in the form

S S f9fg *fc*V-
r
r^WV (9.61)

v p q

There are now two types of term to consider, (a) those for which /*
=

v,

corresponding to the internal interference effects, and (b) those for

which /x^y, corresponding to the external effects. There are N terms

of type (a), and for each of these the first exponential factor in (9.61)

is unity. The vector v^ - vyq occurring in the second factor is /pa ,
the

vector distance between the atoms p and q in the same molecule; and
when the molecules are allowed to take all possible orientations in

space, the terms of type (a) lead simply to the expression

(9.62)I.
- N

jV/l + 2 Xf,f, ^f^'l =NIm ,

I p pq M'pcr J

for the intensity contribution of the internal terms, which is, of course,

simply equation (9.41), the intensity scattered by the molecules in the

gaseous state.

The terms of type (b) refer to atoms lying in different molecules.

They contribute an average intensity I e , which we must now calculate.

The vector difference r^-rv in (9.61) is now the vector R^ between the

centres of the two atoms p and v. Just as in IX, 2(i), we now write

for the probability that the centre of the atom ^ should lie in the

volume element dV^ at a vector distance rM from O, while at the same
time the centre of molecule v lies in dVv at a vector distance rv ,

W(RM,) </</V/V2
,

V being the total volume of the scattering gas. We may suppose

W(R) to be radially symmetrical on the average, and to be the same for

any pair of different molecules. There are N(N -
1) such pairs alto-

gether, and by an argument exactly analogous to that used in deriving

equation (9.29), we obtain for the contribution of the external terms

to (9.61), the zero-order maximum being neglected,

^,-Hf (i
-

JQ

(9.63)

The exponential term in (9.63) may be written as the product of two

factors, and since p and q lie in different molecules, VMP and v^ are

entirely independent of one another. The two factors may therefore
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be averaged over all directions in space independently, and the average

value for any atom of type p will be the same for each molecule, and

equal to (sin /i/t )>/,, lcr> being the distance of the atom of type p
from the molecular centre. Thus

t
.m^> r

(I -WJR'R, (P.64)V J /xK

,

( '

where rr^^cp sin/x/C7~

The total scattered intensity I(ju) is the sum of the expressions (9.62)

for the internal terms and (9.64) for the external terms. Finally then

<IR. (9.66)

a result first given by Menke.
The above argument assumes a spherically symmetrical probability

function W(R), and random molecular orientation. We must inquire

a little more closely into what this means physically. It must be

remembered that the smallest portion of liquid from which it is possible

to obtain a measurable intensity of scattered radiation contains a vast

number of molecules. Random orientation of the molecules implies

that in the whole irradiated region no one direction of a molecule shall

be more likely than any other. It says nothing about the local orienta-

tions in the immediate neighbourhood of a given molecule which may
indeed be non-random. But so long as such regions of local arrange-

ment in different parts of the assemblage occur with all possible

orientations, and this will always be so in a true liquid, the average
molecular orientation over the whole assemblage may be considered

as a random one for the purpose of calculating the intensity ; and from

similar considerations we also see that the probability function W(R),
or the radial atomic density function with respect to any particular

type of atom, will be spherically symmetrical.
Another point to be noted is that (9.66), as it stands, appears to

depend on the quite arbitrarily chosen position of the molecular centre

C, and the scattered intensity must clearly be independent of any such

choice. It must, however, be remembered that the form of the function

W(R) will depend on the position of C in the molecule, so that the

product of F with the integral in (9.66) may still be independent of

the choice of C.

Equation (9.66) may be transformed by Fourier's integral theorem.

As in (9.33), we introduce the density function />(R)=NW(R)/V, and

replace N -
1 by N. Then (9.66) becomes

i
-
-~

r
^ 4?r

j {p
- p(R)}R sin /*R dR, (9.67)

r e





PLATE XII

13"

30

62'

83
J

FIG. 177. X-ray diffraction patterns from water at temperatures of

1-5, 13, 30, 62 and 83" C. (Morgan and Warren)

(Jour.Chem. Phy*., 6,

(P. 497)
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and applying Fourier's theorem, we obtain, as in IX, 2(c),

2R f
30

477R*{ P (R) ->} = - ,#(,*) sin ,<R <//*, (9.68)
IT J,,

where

(9.69)

Evaluation of this integral would lead to a determination of the radial

density function p(R). In determining the function ((/*), it would be

necessary to determine I^/ as a function of /i by observation. l m could

be determined either by observation of the molecular scattering in the

gaseous state, or by calculation if the molecular structure were known.
Fe could also be determined as a function of /z, given the structure of

the molecule. In normalising the observed values of 1^, it would

again have to be assumed that the ratio Ij//i m approaches unity for

large values of /*, or in other words, that the large-angle scattering

approaches the independent scattering. Menke applied his theory to

the case of liquid CC14 , a molecule of a very symmetrical type. He did

not actually obtain the expression for the distribution function in the

form (9.68), which appears to have first been given by Zachariasen,38

although it is in fact a perfectly obvious extension of (9.66), and he

employed a more indirect method of comparing theory with experi-

ment. The results obtained are of the type to be expected, but no direct

determination of the probability function was made. As an example
of the application of the formula to a liquid in which local parallel

orientation probably occurs, we may mention the work of Warren 3B

on long-chain liquid paraffins.

(/) The structure of \\aler : As an example of the methods outlined

in the last section, we shall consider in more detail the case of water.

The diffraction of X-rays by water has been studied by Stewart,
40

Meyer,
41 Amaldi,

42
Katzoff,

43 and more recently by Morgan and

Warren. 44 All these workers agree as to the general features of the

diffraction curve. Katzoff was the first to apply the Fourier integral

formula to determine the radial distribution, but the most complete

experimental study is that of Morgan and Warren, who worked at a

number of different temperatures ranging from 1*5 C. to 83 C. The

X-ray diffraction patterns they obtained are illustrated in fig. 177

(PI. XII), and the intensity curves, corrected for absorption and

polarisation, in fig. 178. So far as molecular dimensions are con-

cerned, water can be regarded as a monatomic liquid, the molecular

diameter being that of the oxygen atom, about 2-8A. It is, however,

clear from the diffraction curves that the arrangement in the liquid state

is not that of irregular close packing such as is shown, for example,

by liquid sodium. There is a second maximum, not quite clearly

21
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resolved from the main maximum, at an angle smaller than that

characteristic of the close-packed arrangement. It will be noticed

that this peak becomes much less marked as the temperature rises.

MOAT orrftAcnoM INTENSITY cuftvcs. FOR
GOftftCCTD FOR A9ORFTO4 AK> POLARIZAT

FIG. 178. Scattering curves for water (Morgan and Warren)
(Jour. Ckem. Phvs., 6, 666 (1938))

The corresponding radial distribution curves are shown in fig. 179.

The main maximum occurs at a radius of about 2*8A, and a second
and broader maximum at about 4-5A, which is only very faintly
marked at the higher temperatures. The number of nearest neigh-



RADIAL DISTRIBUTION CURVES

FOR WATER

O I 2 34567 e g
FIG. 179. Radial distribution curves for water (Morgan and Warren, he. cit.)
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bours appears to lie between 3 and 4 on the average, and to diminish

slightly for higher temperatures.
The earlier diffraction curves obtained for water were discussed by

Bernal and Fowler 45 in a very important paper on the theory of water.

According to optical evidence, the H 2O molecule is V-shaped, with the

O-H distance about 1*OA, and the HOH angle not far from the

tetrahedral angle, 109. The scattering of X-rays is due almost ex-

clusively to the electrons, so that, effectively, the water molecules will

scatter as oxygen atoms, except perhaps at very small angles, when the

distortion of the outer electron shells by the hydrogen nuclei will affect

the scattering factor. Geometrically, we may, as we have seen, consider

the water molecule to be a sphere of 2'8A diameter; but electrically,

it is strongly polar, ai>d we may expect association to occur more

readily in certain relative positions of the molecules than in others.

According to Bernal and Fowler, a close-packed assemblage of such

spheres would have a density 1-84 times as great as that of water, so

that the arrangement in water cannot be an irregular close packing, and
this view, as we have seen above, is supported by the diffraction curves.

The structure and polar properties of the water molecule suggest that

there will be a tendency to a fourfold co-ordination, with each molecule

surrounded tetrahedrally by four others, a type of arrangement actually
found in the ice crystal. A similar type of co-ordination is found in the

crystalline forms of silica, in which the links from Si to Si are made

through oxygen atoms tetrahedrally arranged about silicon atoms.46

Three main types of crystalline silica are known, quartz, cristobalite,

and tridymite, all of which are variants of this type of co-ordination,
and ordinary ice corresponds to the tridymite structure.

Bernal and Fowler considered that it was not possible to explain
water as an irregular structure of the tridymite type, because of the very

great diminution in volume when ice melts, and suggested that it corre-

sponds rather to an irregular quartz structure, which is 17 per cent,

denser than the tridymite structure. They considered also that the diffra-

tion pattern given by water was better explained on the basis of an

irregular quartz-like structure than on that of a tridymite-like structure.

They suggested the existence of three chief types of arrangement of

the H2O molecules in water : Water I, tridymite ice-like, and present to a

certain degree at low temperatures below 4C; Water II, quartz-like,

predominating at ordinary temperatures ; and Water III, close packed
an ideal liquid, predominating at high temperatures for some distance

below the critical temperature. These forms they suppose to pass con-

tinuously into each other with change of temperature, the liquid at any
particular temperature being homogeneous, but the average arrange-
ment of the molecules resembling, I, II, or III, in greater or less degree.

Morgan and Warren, however, as a result of their radial analysis
consider that the quartz-like arrangement of the hypothetical Water II

probably does not occur, since in it the next nearest neighbours should
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lie at 4-2A instead of at 4-5A, as they find experimentally. They
conclude that water is best described as a broken-down ice structure,
in which each molecule is striving to bind itself to four neighbours, just
as in ice, but in which bonds are continually breaking and reforming,
so that at any instant a molecule will be bonded on the average to
fewer than four neighbours, and will have other neighbours at a
continuous variety of distances.

It will be clear from this discussion ofwhat is after all a comparatively
simple case, that the interpretation of the diffraction patterns given by
liquids composed of complex molecules is a matter of considerable

difficulty, and is likely to yield little direct information about unknown
structures. Even an ideally accurate determination of W(R) leads only
to a spherical average of the distribution of diffracting matter about
any given molecule. This distribution will be determined mainly by
the fact that the molecules themselves occupy space, and relatively little

by their internal structure; and in general the most that it will be
possible to say will be that a certain assumed structure and arrangement
is not inconsistent with the observed diffraction effects. It will rarely if

ever be possible to make a direct determination of a molecular structure.

4. ANALYSIS OF DIFFRACTION PATTERNS DUE TO POWDERED CRYSTALS
AND VITREOUS SOLIDS

(a) Introductory : Formulae of the type developed in 1 (c) and 2(e)
of this chapter may be used to give the average distribution of diffracting
matter around any one atom in a solid structure, and have been applied
both to powdered crystals and to vitreous and amorphous solids. It

might at first sight appear that a method giving only an average radial
distribution of density about the average atom in a crystal structure
could have little to offer in comparison with the usual methods of
crystal analysis, but this is not necessarily so. The ordinary methods
are methods of trial and error, in which likely structures are first

assumed, and then tested by comparison with observation. The
methods discussed in the previous section for finding the average radial
distribution about a member of an assemblage of atoms are, on the
other hand, direct, and assume nothing about the structure; and
although the information given by them is necessarily limited, it is

definite. The knowledge that certain interatomic distances occur in

the crystal may provide just the clue needed, and may lead to a correct

guess at the structure. It may be compared with the type of information
given by the Patterson Fourier series, discussed in Chapter VI I, to
which indeed the radial distribution formula is analogous, that certain
interatomic distances occur in certain directions; and as we saw in

Chapter VII, such information may be of great value in structure

analysis.

In dealing with scattering by solids we have to distinguish in principle
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between two cases : (a) The volume of solid producing the scattering

may form a continuous structure, analogous, for example, to a liquid,

in which there are no holes of more than atomic dimensions, (b) The

scattering specimen may be made up of discrete particles, like a specimen
of powder. Formulae of the type we have discussed above apply only
to scattering by assemblages of atoms in which the average radial

distribution is spherically symmetrical, and will therefore apply to

solids of type (a) only if these are amorphous or vitreous. To apply
them to crystalline solids, it is necessary to use powdered specimens,
so that all orientations occur with equal probability in the irradiated

sample; and here, of course, the question of crystal size is important.
Each particle must be so large that effects due to its limited size do not

come into consideration. We shall then in effect again be dealing with

the average scattering from a single piece of crystal of appreciable

size, which is allowed to assume all possible orientations in space.

This condition may be assumed to apply in practice if the dimensions

of the powder particle exceed about 10~4 cm. in all directions. We shall

discuss the effect of very small particles in a later section.

(b) Powdered crystals containing only one kind of atom : Let a crystal

powder containing a very large number of particles, having every possible

orientation, scatter monochromatic X-rays, The diffraction pattern

produced is the ordinary Debye-Scherrer ring system. It may also be

considered as th.averagc distribution of scattered radiation that woukT

BTobtained^from a sntgle crystal "partible if that jpafridrwe^alfowed
tcrtak^alTpossible orie^tattmtrlirgpSceV WrsTTaTTTiere assume that

atHlic paitkles are alikertS^ttert-each -contains a very large number
of crystal units, and shall consider the average intensity scattered per

crystal particle.

In such an assemblage, the distance between corresponding points of

neighbouring particles will be large compared with the wave-length of

the radiation, and the different particles will have random distribution.

External interferences depending on the distances from particle to

particle may therefore be neglected. Formally, the interference

pattern we are interested in may be regarded as the internal interference

pattern, or molecular scattering Im , from a gas whose molecules are

the crystal particles. Each of these 'molecules' has a very large
number of identical interatomic distances, regularly and periodically

arranged, and so particularly well-defined maxima occur in the scat-

tered radiation the Debye-Scherrer rings.

Suppose for simplicity that the crystal lattice is simple, and that each

particle contains N atoms of one kind only, of scattering factor /.

Any two given atoms, p and q, remain at a fixed distance apart in the

crystal. The process of averaging is therefore in principle rather

different from that used in the case of the gas or liquid, where any pair
of atoms was supposed to take all possible relative positions, although
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the result is formally the same. We consider any atom p y and suppose
the crystal to assume all possible orientations about it. We may then
define a spherically symmetrical distribution function p(r\ such that
4nr2

p(r)dr atoms lie at distances between r and r+dr from the centre
of the atom p. If each crystal particle contains a very large number of
atoms, we may suppose p(r) to be the same for all the atoms, since those
at the edges of the particles form a very small fraction of the whole
assemblage; and the summation over all the atoms may thus be re-

placed by multiplication by N. Treating the crystal particles as large
molecules, we may use equation (9.41), and replacing the summation
over q by an integration over r

y
we obtain

S

--^- <//]
, (9.70)

where the integration is to extend over the whole volume of the average
crystal particle,

Equation (9.70) may be written in the form

(9.71)p(r^^

Po being the average atomic density in the crystal. As in the case of the

liquid, p(r)
-
p will approach zero as r becomes large, and we may sup-

pose the crystal fragment to be so large that this condition is satisfied.

The limits of integration of the first integral may then be taken from
to infinity. The second integral, as we have already seen, may be

neglected except for angles of scattering in the immediate neighbourhood
of the primary beam, so long as the dimensions of the crystal particles
are large in comparison with A, a condition that is always fulfilled in

ordinary powder-photograph work. The expression for the scattered

intensity then becomes

+ 47T r*{ P (r)
-
P,} </r

, (9.72)
Jo p-r

J

which is identical with (9.33), and gives, as before, on applying Fourier's

integral theorem,
2r f

4nr2
P (r) =4irrVo + ~ f"'0*) sin (ftr)4t, (9.73)

7T J

where /(^^-i. (9.74)

Equation (9.72) gives the intensity distribution in the Debye-Scherrer
ring system, as a function of the angle of scattering and the average
density distribution relative to any one atom. It does not include the

intensity of the zero order, since, considering a single particle, this

must be proportional to N2
. Equation (9.70) includes the zero order.

When M^O, the value of the integral is simply the total number of
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atoms surrounding any one atom, which is of course N -
1 ; so that

I(/LI) becomes N 2/2
. The absence of the zero order must be remembered

in using (9.73).

By determining I
(/LI),

and thence /(/x), experimentally, and evaluating
the Fourier integral of (9.73) for a series of values of r, we may deter-

mine p(r). Formula (9.72) was first applied in this way by Warren and

Gingrich.
47

(c) The crystal powder or solid containing more than one kind ofatom :

Before considering the application of this method to practical cases we
must modify (9.72) and (9.73) so that they can be used when the crystal

is not a simple lattice composed of one kind of atom. We shall find

that a simple Fourier inversion, of the type used to transform (9.72) to

(9.73), is no longer possible, and that approximations have to be used.

The following method is used by Warren, Krutter and Morningstar.
48

Let a certain group containing atoms of types m, n, ... be chosen as

a unit of the structure, and let there be N such groups in each crystal

particle. The average scattering per particle can now be written in

the form

=N ^flt
+Vx/p /,

--*
, (9.75)

the first sum being taken over all the atoms in a group, and the others

over every pair of different atoms in the crystal particle, irrespective of

which group they may belong to.

We now introduce a weighted density function pm (r), defined in the

following way. Let spheres of radii r and r + dr be described about the

centre of an atom of type m, and suppose the average number of atoms
of types m, n, ... lying between these spheres to be am , an ,

... . Then

4i*pm (r)dr = ^am fm . (9.76)
m

the sum being taken over all the atoms in the group chosen as unit.

Then, since there are N unit groups, (9.75) may be written in the form

dr
]

, (9.77)J

the summations again extending over all the atoms of the unit group.
In (9.77), both/m and />, (r) are functions of ju, so that it is not possible

to carry out a direct inversion by Fourier's integral theorem. There is

thus no direct way of determining p m (r) from the observed scattering,

as there is in the case of the monatomic assemblage. The following

approximation, however, allows useful results to be obtained. Let us

assume that the scattering factor of an atom of type m can be written

/m-K w /,, (9.78)

Km being a constant for a given atom, and/, a kind of average scattering



SCATTERING BY GASES, LIQUIDS & AMORPHOUS SOLIDS 505

factor per electron for the group of atoms under consideration, defined

by the equation

; (9.19)

that is to say, it is the sum of the scattering factors for the atoms of the

group divided by the total number of electrons in the group, and is, of

course, a function of ji. This assumes that the factor giving the angular

dependence of/is the same for all atoms, an assumption which, while

certainly not true, nevertheless gives an approximation good enough fo

yield useful results with suitably chosen values of K m . The value of

fm defined by (9.78) and (9.79) is also used in the equation for the

density function, (9,76). We may then express p m (r) in terms of the

scattering factor per electron, / writing

PW/,*(r), (9.80)

and (9.77) becomes

I<W ~N [vj/1
+ 4tr/? f {

V Km gm (r)\ r*^ dr] , (9.81)u m J *
in

'
P"r

K m and gm (r) being now no longer functions of \L. We now write

8m(r) ~o f r the deviation of the electron density function from the

mean electron density , and, by the same argument as that used in

deriving (9.72), obtain from (9.81)

^/i -47T/J Kw { D
- m (r)}f

2 -<fr. (9.82)
m Jo m Mr

Fourier's theorem may now be applied, and gives

47rr2V K w gm (r)
-
4nr*g<>

V Km + ~
f

*

,i/<ji) sin Mr <fc, (9.83)
m m * Jo

It should be noted once more that equations of the type (9.83) and

(9.73) are valid only if the crystals are so large that the region over

which the integration extends is great enough for the integrand to

become sensibly zero. Only then can the integration be extended to

infinity without the form and size of the particles being taken into

account. We can get a general idea of the effect of very small particles

by considering equations (9.71) and (9.81), which still apply. The

density function g m (r) will fluctuate with increasing r in the usual way,
but instead of converging to a steady value, equal to the average

density for large r, it will fall to quite small values. Now the low value

of scattered intensity at small angles, apart from the zero-angle scatter-

ing, in the case of liquids is due to the destructive interference of the

scattered components from the larger values of r. If the radii of the
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particles are too small, these contributions are absent, and the intensity

tends to rise at the smaller angles of scattering. We get in fact the

molecular type of scattering, since these very small crystals are in effect

large molecules, which, if the packing of the particles is of the looseness

of ordinary powder, will be far enough apart to be optically independent.

(d) Some examples : Warren and Gingrich
47

applied the method
outlined in the last paragraph to the determination of the number of

near neighbours to any sulphur atom in rhombic sulphur, and this will

serve as a good example of a crystal containing only one kind of atom.

The experimental scattering curve is shown in fig. 180(a), corrected for

FIG. 180. (a) Experimental scattering curve for rhombic sulphur, corrected
for absorption; (b) Incoherent scattering; (c) Independent coherent

scattering (Warren and Gingrich)
(Phys. Rev., 46, 368 (1934))

polarisation and absorption in the specimen. The curve N/2
, drawn on

the assumption that all the atoms scatter independently, is shown in

fig. 180(c), and curve 180(6) shows the incoherent scattering. The

assumption made in standardising the curves is that the observed

scattering for large values of (sin 0)/A is the sum of the independent and
incoherent scattering, and this fixes the absolute scale of the scattering
curve. The peaks in the scattering curve are, of course, the interference

maxima in the Debye-Scherrer ring system. Fig. 181 shows the cor-

responding ft/On) curve, and fig. 182 the radial density 4nr*p(r) as a

function of r, the distance from any atom. A well-marked peak, having
an area of 2-3 atoms, occurs for r = 2-35A. The figures are absolute, or

at all events approximately so, and the result may be interpreted by



SCATTERING BY GAShS, LIQUIDS & AMORPHOUS SOLIDS 507

supposing each sulphur atom to have two close neighbours at this

distance. This suggests either closed rings or long chains of sulphur

atoms, and since on chemical grounds a ring molecule S8 has been

suggested for rhombic sulphur, this provided a basis for attacking the

structure, which was in fact determined completely, shortly afterwards,

by Warren and Burwell.49

FIG. 181. Curve for rhombic sulphur, as a function of /x (Warren
and Gingrich, he. at.)

The distribution curve in fig. 182 may be compared with that for

liquid sodium (fig. 170). It will be noticed that the first peak is almost

completely isolated in the case of the crystalline solid sulphur, but not

in the case of the liquid sodium. In the crystal, the distance between

closest neighbours is much more definite than in a liquid, and distances

a little greater than the least distance of approach of two atoms do not
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FIG. 182. Radial density distribution in rhombic sulphur, giving the number
of atoms per A unit at any radial distance from a given atom (Warren and

Gingrich, he. at.)

occur at all, but there is no such absolute prohibition in the case of a

liquid.

Similar methods have been used to determine the structure of the

different crystalline forms of phosphorus,
50 and of carbon black.51

(e) The analysis of vitreous solids : Some of the most interesting

applications of the method of radial Fourier analysis have been made
in studying the vitreous state by Warren and his fellow-workers.52

Space does not allow more than a relatively brief reference t o this work,
and we shall take as a typical example the case of vitreous silica,

investigated by Warren, Krutter, and Morningstar.
48 In Plate XV,

p. 195, of Vol. I of The Crystalline State, the diffraction pattern of

vitreous silica is shown, together with that of cristobalite, one of the crys-
talline forms of silica. In fig. 183 (PL XIII), microphotometer records of

the diffraction patterns of vitreous silica, cristobalite, and silica gel, are

shown for comparison. It will be noticed that the main maxima of all

three patterns occur very nearly at the same value of (sin 0)/A, but that

vitreous silica shows only the one very broad maximum (within the

range of angles shown), the intensity decreasing to small values at

small angles of scattering, while the crystalline form, cristobalite, shows
a number of sharp maxima. Silica gel, on the other hand, shows a

broad maximum similar to that for vitreous silica, but shows also the

increasing intensity towards small angles of scattering that is character-

istic of scattering by assemblages of independent molecules.

The result of applying the radial analysis to the scattering curves for

vitreous silica is shown in fig. 184. The ordinates here are the values

of 47jr2 gm (r)Km , and the curve is really two curves superposed, one
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for the distribution about a silicon atom, and one for that about an

oxygen atom. The first peak occurs at r = l'62A, and the average

silicon-oxygen distance in the crystalline silicates is 160A. This

suggests that the .type of local co-ordination characteristic of the

crystalline forms persists in vitreous silica. If there are n oxygen atoms
around each silicon atom as nearest neighbours, there must be n/2

'JO \
rw\

Cv.
Ktr,,

r mA'

so TO

FIG. 184. Radial distribution curve for vitreous silica (Warren, Knitter and
Mornmgstar)

(Jour. Anter Ceramic Soc ,19, 202 (1936))

silicon atoms around each oxygen atom. By (9.76) and (9.78), the area

under the first peak will be K s i
K + 2K (f//2) KSI, and this may be

equated to the observed area, 970 elec.
2

. On inserting the values of

K si and K chosen as most suitable to give an approximation to the

/-curves over the range of the experiment, it was found that n was

approximately 4, as in crystalline silica. The position of the second

peak in fig. 184 at 2*65A supports the view that the arrangement is

still tetrahedral in the vitreous state. The local scheme of co-ordination

about any one silicon atom appears thus to be the same in the crystalline

and vitreous states. To quote Warren The X-ray results are com-

pletely explained by picturing glassy silica as a random network in

which each silicon is surrounded tetrahedrally by four oxygens, and
each oxygen bonded to two silicons, the two bonds to an oxygen being

roughly diametrically opposite. The orientation of one tetrahedral

group with respect to a neighbouring group can be practically at

random. This is the simplest picture of silica glass, free from all

specialised assumptions, which will completely explain the X-ray
diffraction pattern. There is a definite scheme of structure involved,

each atom has a definite number of nearest neighbours at a definite
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distance, but no unit of structure repeats itself identically at regular

intervals in three dimensions, and hence the material is not crystalline.'

Fig. 185, taken from a paper by Zachariasen,
53

represents in a schematic

way in two dimensions the difference between a crystal and a glass.

FIG. 185. Diagrammatic representation in two dimensions of the difference

between a crystal (a) and a glass (b) (Zachariasen)

(Jour. Amer. Cfom. Soc , 54, 3841 (1932))

The diffraction pattern of vitreous silica has been interpreted by
some workers as due to extremely small crystals of cristobalite. The
effect of decreasing the size of the crystals is, of course, to broaden the

lines in the diffraction pattern, and it is argued that the difference

between figs. 183 (a) and (b) is simply that (a) may be considered as

produced by progressive broadening of the lines in (b) as the individual

crystals get smaller and smaller. Formally perhaps, this is a permissible

interpretation; but if we investigate, as Warren has done, what
reduction in size of the crystallites is necessary, we see that each would
contain only about a single unit of the cristobalite structure. Such

particles can hardly be called crystals, and the question also arises of

their connection with one another, whether there are breaks at the

boundaries, or whether there is a continuous scheme of bonding

analogous to that shown in fig. 185. The type of diffraction pattern

given by vitreous silica, with its small intensity at small angles of scatter-

ing, is similar to that given by a liquid, and indicates that the structure

is essentially continuous, or at all events that there are no large-scale

inhomogeneities comparable in size with the particles themselves. Such
discontinuities would give rise to small-angle scattering, as we have seen

in 4(c). Small-angle scattering does occur in the case of silica gel

(fig. 183 (c)), which presumably consists of very small discrete particles

(10 to 100A) with voids between them. It is the particular nature of the

silicon-oxygen link, which is strong yet flexible, that allows glass-like

structures of the kind discussed above to be formed. The molten



SCATTERING BY GASES, LIQUIDS & AMORPHOUS SOLIDS 511

substance on solidification rapidly forms a number of such bonds, and

thereby becomes so stiff and viscous as to prevent any reorganisation
and crystallisation from taking place. The random network is nearly
as stable as the crystal, and though not, in principle, in the most stable

state, can continue to exist almost indefinitely.
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CHAPTER X

DIFFRACTION BY SMALL CRYSTALS,
AND ITS RELATIONSHIP TO DIFFRACTION BY

AMORPHOUS MATERIAL

1. A COMPARISON BETWEEN DIFFRACTION BY CRYSTAL POWDERS AND
BY POLYATOMIC MOLECULES

(a) Introductory : In this chapter, an attempt will first be made to

trace the relationship between the formulae for scattering by individual

molecules, which were developed in the last chapter, and those for

scattering by crystals. We have already seen, in 4(6) of the last

chapter, that there is no essential difference, from the point of view of

the optical principles involved, between scattering by a polyatomic gas

and scattering by a powder composed of identical crystallites with com-

pletely random orientation, provided that the average distance between

the crystallites is so great in comparison with the wave-length of the

radiation used that external interference effects can be neglected. Each

crystallite may be considered as a large molecule, and equation (9.41)

must apply to the scattered intensity, which is now expressed in terms

of the distances between each pair of ato.Tis in an individual particle.

In Chapter I, we developed equations for the intensity scattered by a

crystal lattice composed of identical points forming a parallelcpipedal

block. Taking as a starting-point scattering by a powder composed of

such small blocks with a random orientation, it ought to be possible

to derive, for example, the formula for scattering by a diatomic gas,

by supposing the number of particles in each crystallite reduced to two.

We shall find that it is indeed possible to deduce in this way equation

(9.43) of Chapter IX, as a special case of the intensity distribution in the

Debye-Scherrer ring system for a crystal powder.
The discussion of such problems leads naturally to the consideration

of the effect of crystal size on the distribution of intensity in the dif-

fracted radiation, of scattering by lattices with imperfections, and by
such substances as fibres and hairs. The second, third, and fourth

sections of this chapter will be devoted to these topics.

(h) The interference function ami the structure factor in terms of the

reciprocal lattice : The problems to be discussed in this chapter are

most easily handled by the methods introduced in Chapter I, 1 (b)

and 1 (c), and employed in Chapter V, which involve the use of the

reciprocal lattice. Let the triplet of numbers (, 17, f ) define a point in

the reciprocal-lattice space at a vector distance a* + *?b* f c* from the

origin. Then the scattering function I (, 17, ) gives the intensity of the
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radiation scattered in the direction defined by the unit vector s when

the direction of the incident radiation is defined by the unit vector s
,
if

(s-s )/A
= S/A = fa*+t?b* + c*. (/O.I)

I(f, 1
?, ) can thus be thought of as a distribution in the reciprocal-

lattice space, and its value at any point gives the scattered intensity

when the conditions of incidence and scattering are such that the

extremity of the vector S/A, as defined by (10. 1), lies at that point.

As before, I(f, 17, ) gives the intensity as a multiple of that scattered

by a single classical electron under the same conditions, and it is

expressible as the product of two factors, one ofwhich is the interference

function In (f , r?, ), as defined in Chapter I, 1 (c), which is the intensity

function when each lattice-unit is a point of unit scattering power.
The other factor, which we shall denote by |F(f, *?, ?)I

2
>
is the square of

the modulus of the structure factor of unit cell of the lattice, and this

depends on the details of the distribution of the scattering matter in

the unit cell.

The significance of these two factors may be understood by consider-

ing the simple case of the optical diffraction grating. The formula for

the intensity of the light diffracted by such a grating, expressed as a

function of the angle of scattering, consists of two factors, one of

which, depending only on the spacing and number of lines in the

grating, determines the positions and sharpness of the spectra, but

indicates the same intensity for all of them, independent of order.

This factor is the interference function. It is obtained by supposing the

grating openings to be infinitely narrow in comparison with the wave-

length of the light used. The second factor, corresponding to the

structure factor, depends on the form and structure of the individual

grating lines, and determines the way in which the intensities of the

spectra vary with their order.

The total intensity function I(f, rj, ) for any point in the reciprocal-

lattice space may thus be written

I(^,OHF(^,0| 2 Io(^,0. (10.2)

By equation (2.13) of Chapter II, the structure factor may be written

P-SfJ"*', (70.3)

where p is the vector distance of any atom in the unit cell from the

origin of that cell. If we write

as in (2.6), and use (/O.I), and the properties of reciprocal vectors, the

expression for the structure factor becomes

F(, 77, )
= Ef&*<**w**\ (10A)

the summation being over all the atoms in one unit cell. In using the

structure factor hitherto, we have always been concerned with scattering

in the direction of one of the lattice spectra, for which f , 17, and have
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the integral values of h, k, and /, Equation (10A) is more general,

and applies to scattering in any direction, f, 77, and being treated as

continuously variable. So long as the lattice contains a large number
of units, the interference function, I , has appreciable values only if

f J 77, and { are very nearly indeed integral, so that in such a case we

may simply assign to each reciprocal-lattice point a weight \(hkl)\
2

in order to represent in the reciprocal-lattice space the intensities of

the spectra that can be given by the crystal ;
and this is, in fact, the

procedure adopted in structure analysis. It must be remembered,

however, that if we are considering exceedingly minute crystals, I may
have values different from zero throughout a volume of appreciable

magnitude about each reciprocal-lattice point. The values of |F|
2 for

other than integral values of , 77, and then become significant, and

may appreciably modify the intensity function.

We may consider as a simple example a face-centred cubic lattice,

with cube edge a. This we may regard as based on a simple cubic

lattice of edge a, each unit cell of which contains four points with

values of (w, v, vv) equal to (0, 0, 0), (J, J, 0), (0, J, J), and (J, 0, J). If

each atom has a scattering factor/, we find for this case, from (10A),

|F(, 77, )|

2
=4|/|

2
{1 -f COS TT COS TIT;

-f COS TTT] COS TT -f COS nt, COS rr}.

(70.5)

If we confine our attention to integral values of the parameters, that is

to say, to the reciprocal-lattice points (/;, k, /), we find that |F|
2 vanishes

unless h y k, I are either all even or all odd ; so that the effective

reciprocal-lattice points form a body-centred cubic lattice with edge
20*. A section of the distribution |F(, T?, )|

2
by the (HO) plane of

this lattice passing through the origin is shown in fig. 186, which is

(002) (112} (222}
16

14

12

10
8
6
4
2

(001}

(000) (110)

(221)

2 4631012/4(220)

Fio. 186. Distribution of |F|
8 in the reciprocal-lattice space for a face-centred

lattice, and section by plane (1 10)
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drawn on the assumption that / 1, that is to say, that the atoms
scatter as points with unit scattering power. The values of |F|

2
at the

reciprocal-lattice points are either 16, as at the points (000), (1 1 1), (222),

(002), (220), or zero, as at the points (001), (1 10), (1 12), (221). Contours
are drawn at intervals of two units in the values of |F|

2
.

It is clear from this diagram that there is an appropriate value of

|F|
2 for every point in the reciprocal-lattice space, and so for every

direction of scattering, since to every point (, TJ, f) there corresponds a

value of S/A. It is also plain that the maxima in |F|
2 are relatively

flat, while, as we have seen, those in I are exceedingly sharp if the

crystal contains more than very few unit cells ; so that only if the crystal
is very minute will it be necessary to consider the values of |F|

2 at points
other than the reciprocal-lattice points themselves. To obtain the true

value of |F|
2

, we musf multiply each value shown in the figure by the

appropriate value of |/|
2

, itself a function of , T?,
and .

The atomic scattering factor is spherically symmetrical in the reci-

procal-lattice space, since it is a function of |S|/A, and it diminishes

rapidly with increasing distance from the origin.

We have considered a very special case, which gives a distribution of

|F|
2

itself periodic in a simple way in the reciprocal -lattice space, a

result not to be expected unless the atoms occupy special positions in

the unit cell ; and even in the case we have considered the periodicity is

destroyed if we take the factor |/|
2 into account. The interference factor

I , on the other hand, is always periodic, the distribution corresponding
to it repeating itself exactly about each reciprocal-lattice point.*
One more point should be considered in connection with the particular

case we have discussed. The face-centred cubic lattice is a true space-

lattice, and can be based on a rhombohedral primitive unit cell whose
translations are the three vectors from the origin to the points (, 0, 0),

(0, J, i), and (, 0, ). The lattice reciprocal to this can easily be shown
to be the body-centred cubic lattice, itself a particular case of a rhombo-
hedral lattice, formed by the whole-number points for which

| F(,?7, )|

2
,

as given in (70.5), has values different from zero. This, of course,
must be so. To any given lattice there corresponds only one reciprocal

*
It is sometimes advantageous to plot as a distribution in the reciprocal space the

structure factor F itself, either of the unit cell, or of some well-defined group of
atoms, such for example as the benzene ring. Such a plot may be called the Fourier
transform of the group of atoms. By plotting the reciprocal net of a crystal of which
the group is a constituent, in the correct orientation relative to the transform, it is

possible to estimate rapidly the contribution of the group to the structure factors of
the spectra represented by the points of the net, and to obtain an idea of the way in

which these contributions are changed by changes in orientation of the group.
Space does not permit of a detailed discussion of this method, which belongs properly
to a volume on technique, although it is also of considerable theoretical importance.
For a discussion of Fourier transforms reference may be made to a paper by Ewald
(Proc. Phys. Soc., 52, 167 (1940)); and for accounts of the application of the
method to the scattering by anthracene of X-rays and electrons respectively to

papers by Knott (Proc. Phys. Soc., 52, 229 (1940)), and Charlesby, Wilman, and
Finch (ibid., 51, 479 (1939)).
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lattice, the nature of which cannot depend on the way in which we
choose to regard it as a geometrical convenience. An apparent difficulty

arises, however, since |F|
2 will be constant throughout the reciprocal-

lattice space for a primitive lattice, assuming the atoms to scatter as

points. Thus, in determining the intensity distribution, we have now
to consider only the variation of the interference function I

, instead of

that of the product of |F|
2 and I . It must be remembered, however,

that the distribution of the interference function about the reciprocal-
lattice points will differ according to whether we consider the crystal as

based on a cubic lattice, and bounded by cube faces, or as based on a

rhombohedral lattice and bounded by rhombohedral faces. If we con-

sidered one case, say that of the rectangular block of crystal, from both

points of view, we should get the same result, although the summations
involved in terms of the rhombohedra) lattice would be of considerable

complexity. This question has been raised in order to emphasise that

the choice of axes, and so the splitting of the intensity function into the

factors I and |F|
2
,

is to some extent arbitrary, although a definite

choice will often be dictated by the mathematical possibilities of the

problem under consideration. We shall consider the manner in which
the distribution of the interference function about each reciprocal-
lattice point depends on the external form of the crystal fragment in

2(/0 et scq. below.

(c) Scattering by Irregular assemblages of crystallites : Consider now
a powder composed of crystal fragments, all of uniform size, but with

entirely random orientation. Each particle is in effect optically inde-

pendent of all the others, and so the total intensity is the sum of the

intensities scattered by the individual crystal fragments. We suppose,
as before, that the lattice is primitive, and that the atoms scatter as

points. An average intensity distribution I (|S|/A) may then be obtained

by supposing the distribution corresponding to the interference function

Io( *?' ) t assume all possible orientations about the origin with equal

probability, and finding the average density at each point. In this

average distribution, each reciprocal-lattice point gives rise to a sphere
about the origin as centre, whose radius is the corresponding value of

|S|/A. The regions of finite density about the lattice points give rise to

spherically symmetrical shells of finite density, with maxima on the

spheres described by the lattice-points themselves; and these shells

will be sharply defined or diffuse according to whether the number of

scattering points in the individual crystallites is large or small. The
intersections of these spheres of maximum density with the sphere of

reflection drawn for any particular direction of incidence determines the

angular distribution of the Debye-Scherrer rings given by the powder,
and the sharpness or diffuseness of the maxima determines the sharp-
ness or diffuseness of the corresponding haloes.

For a truly random orientation of the crystal particles, the haloes
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will show an intensity and breadth symmetrical about the direction of

incidence of the radiation ; but if there is a tendency for a particular

crystal axis to He parallel to a certain direction, the average distribution

I (S/A) will not be spherically symmetrical, but will have values greater
in certain regions of the spherical shells than in others. To take an
extreme case, suppose the a axes of all the crystallites to lie parallel to

the same direction, any orientation of a fragment about this direction

being, however, equally probable. Each reciprocal-lattice point then

describes a ring, a circle of latitude on the sphere corresponding to

random orientation, having the a direction as axis. The intersection

of these rings with the sphere of reflection now gives not a continuous

halo but a series of points. All these points lie in those planes of the

reciprocal lattice that are parallel to the axes b* and c*, and if the

direction of the incident beam is parallel to those planes the diffraction

pattern is just that produced by a complete rotation of a single crystal
about the a axis. Diffraction occurs only in the directions defined by
the intersection of the Debye-Scherrer rings with the layer lines.

Between the layer lines the ring no longer develops. The sharpness

radially of the directions so defined depends on the number of particles
in the individual crystallites. Small deviations of the crystal axes from
the one definite direction will cause a broadening of the spots along
the circumferences of the rings. It is plain that we may have every

possible gradation between the case discussed and that of a completely
random orientation, and that the method we have just considered is

suitable for dealing with problems of preferential orientation as well as

with that of the effect of crystal size.

(d) The linear crystallite : If each crystal fragment is a parallelepiped

having Nlt N2 , N3 points in rows parallel to the edges a, b, c, respec-

tively, the interference function is given by
2sn l7r sn N27rrj sn N37r

lolbj T?> (J
=

r-^
--- --_.__ ,

( /(y.o)
sin2

TT sm2
TTTJ sin 2

TT
v '

as in 1 (c) of Chapter I.

Suppose now that the fragments become smaller and smaller in the

directions of b and c, while the number of points parallel to a remains

large. The regions of finite density in the distribution I (, ??, ) for

any one crystallite now become wider in the b*c* planes, while remain-

ing narrow parallel to a*. If, finally, each crystallite becomes simply a
row of N equally spaced points along the a axis, the flat density
distributions about each reciprocal-lattice point unite, forming a series

of flat sheets coincident with the i*c* planes of the reciprocal lattice,

and perpendicular to the a axis. Since now N2
=N3

=
1, equation

(70.6) becomes

sin

2 '
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the interference function being a function of only. The larger Nlf

the narrower the density maxima in the neighbourhood of the planes
= /i (h integral). This density distribution is represented graphically

in fig. 187, and is that corresponding to the case of the linear point-

diffraction-grating. The parallel lines are the traces of the planes of

FIG. 187

maximum density, which are perpendicular to the plane of the paper,
and the graph at the bottom of the figure illustrates the variation of I

as a function of f/a when there are only ten points in the row.

If the radiation is incident in a direction perpendicular to a, the

centre of the sphere of reflection lies at L, at a distance I/A from O,
OL being perpendicular to OA. The spacing of the sheets of maximum
density is I/a. The loci of maximum scattering for the first, second, and
third order spectra are the cones formed by joining L to the circles of in-

tersection ofthe planes ofmaximum density with the sphere of reflection ;

and LP, LQ, and LR, lying in the plane containing LO and OA, are

generators of these cones. Corresponding cones lie to the left of OL.
The linear grating must be supposed to lie at L, and to be parallel to OA.
From the diagram, it is clear that 20t , the angle of diffraction for the

first order spectrum, is given by
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which is the ordinary formula for the linear diffraction grating at

perpendicular incidence. If distances measured from O parallel to

OA are denoted by .Y, then .v = f'tf, and the interference function may
be written

(70,8)

(e) The transition from the case of the linear crystallite to that of the

diatomic molecule : Let the number of grating elements now be reduced

to two. Then

I (jc)
= sin2

(277.v^)/sin
2
(77xa) -4 cos2

(7TA-)
= 2 + 2 cos(27rw). (70.9)

The maxima in I (.v) are broad and diffuse, and zero is reached only

midway between the reciprocal-lattice planes. The diffraction maxima
now correspond to ordinary interference fringes from two point sources,

observed at a distance large compared with the distance between them.

Let us now suppose the scattering sample to consist of a very large

number of such diatomic scatterers, with every possible orientation

equally likely. We have then, formally, the case of the diatomic gas,

The appropriate average intensity distribution is obtained by allowing
the distribution I O (.Y) of equation (10.9) to rotate about O into all

possible orientations, and then finding the average value at any point.

FIG. 188

Let OA, fig. 188, be the a axis of the distribution I (.v) corresponding
to one of the molecules, and let it make an angle a with some line OP,
chosen as a direction of reference. If there are a very large number of

molecules, /?, and if all orientations are equally likely, the number
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whose x axes lie within a solid angle dQ in the neighbourhood of OA
is n dQ/4fT, and the contribution of these to the density at the point Q
in OP, distant r from O, is nI (x)dQ/4iT 9 where x =r cos a. For a given
value of r, lQ (x) depends only on a, so that in integrating over all solid

angles to get the average density at Q we may put dQ -= 2rr sin a rfa, and

integrate with respect to a from to IT. Thus, by (10.9),

f
J

cos a)} sin a <fo = 2n 1 + -. (/0. 10)
L 2,-nar }

The average intensity function I (r) is thus spherically symmetrical
about O, and the angular distribution of the scattering is axially sym-
metrical about the direction of the primary beam, and for a given angle
of scattering is independent of that direction.

To get the scattered intensity for any value of (sin 0)/A, all that is

necessary is to put r - |S|/A -2 (sin 0)/A in (70.10). This gives

I (sin 0/A)
= 2/2 1 1 + ^-^I (10A 1)

where /i=47r(sin 0)/A, which is the ordinary formula for scattering by
a diatomic molecule consisting of point atoms with unit scattering

power at a distance a apart.

In fig. 189, the plain and
'

shaded rings represent dia-

grammatically a section through
the centre of the spherically

symmetrical distribution \ Q (r).

The circle ROR' is the trace

of the sphere of reflection drawn
for the direction of incidence

LO. The value of I (/) at Q
gives the intensity scattered in

the direction LQ.
If the atoms do not scatter

as points, (70.11) must be

multiplied by |/|
2

, where / is

the scattering power of each

atom, which is itself a function
FlG> 189

of (sin 0)/A, and so of |S|/A. The factor
|
/ 1

2 can thus also be represented

by a spherically symmetrical density distribution in the reciprocal-

lattice space, and the actual value of the scattered intensity may
therefore be obtained by multiplying together the values of the two
distributions at the corresponding point, or, since each distribution

is spherically symmetrical, at the corresponding radius. If
| /|

2 had not

been spherically symmetrical, it would have been necessary first to

multiply it by I for each point of the distribution, and then to average
the product.
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We have here considered the diatomic molecule as the limiting case
of the crystal lattice. If we carry the process one step further, the
distribution I for a single atom becomes simply a uniform distribution
in the reciprocal-lattice space, and the controlling distribution is that
for

| /|
2 alone.

(/) The interference function /( ??, ) expressed as a Fourier series :

The interference function I (f , T?, ) for a parallelepipedal lattice of

scattering points is represented by a certain density distribution in the

reciprocal-lattice space, which repeats itself identically about each

reciprocal-lattice point. This distribution, like the reciprocal lattice

itself, must be supposed to extend to infinity, whatever the number of
elements in the crystal lattice, and must therefore be expressible in

terms of a suitable triple Fourier series, periodic in f, 77, and
, with

period unity. The number of elements in the crystal lattice determines
the form of the density distribution about each reciprocal-lattice point,
and determines, therefore, the coefficients of the terms in the Fourier
series and, as we shall see, their number.

Let us consider first of all the case of the linear grating consisting of
a single row of N scattering points, discussed in \(d) above. The
interference function is a function of only, and the corresponding
distribution has constant density over any plane f = const. By (70.7)
and (9.13), it can be expressed in the equivalent forms

sin 2 NTT n=N-i
Io(0 =-^-f = N + 2 (N-)cos27r/if, (70.12)sin TT n=1

which were derived from the same starting-point by different methods,
and which are trigonometrically identical, as it is not difficult to show.
In the second form of the expression, there is one term in the summation
for each possible interatomic distance in the row of points, the corre-

sponding coefficient being the number of times that distance occurs.
The expression is thus a Fourier series for I (f), with a limited number
of terms.

As a simple example, we may consider a row of three points, for
which (10. 12) becomes

Io(f) = 3 + 4 cos 27r + 2 cos 4?rf, (JO. 1 3)

a series with three terms only, a constant term, the fundamental, and
the first harmonic. Fig. 190 shows graphically the three terms plotted
as functions of f, together with their sum. The sharpening of the main
maxima by the addition of the first harmonic to the fundamental is

clearly shown, arid also the origin of the subsidiary maxima. Addition
of further harmonics, corresponding to an increase in the number of

points in the row, will still further sharpen the main maxima, and will

increase the number of the subsidiary maxima, and diminish their

relative importance, until, when the row contains a very large number
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of points, appreciable intensity is confined to the immediate neighbour-
hood of the integral values of .

The intensity distribution corresponding to a row of points may
therefore be considered as the sum of a set of plane sinusoidal distri-

butions with wave-lengths equal to the reciprocal of the spacing of the

10
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FIG. 190. Harmonics of (he interference function I () for linear grating
with three elements

points, and to submultiples of this, plus a certain constant positive
distribution. The number of waves, including the fundamental, is one
less than the number of points in the row. The coefficient of the

fundamental is 2(N-1), and those of the succeeding harmonics

2(N-2), 2(N-3)..., the series terminating when the coefficients

become zero.

This line of thought may readily be extended to three dimensions.

For a lattice having N! points parallel to a, N2 parallel to b y and N3

parallel to r, I (, 77, ) is the product of three factors of the type of

(70.12) and can be written

t
-

\p\) (N2
-

\q\) (N3
-

|j|) cos 2rr p cos 2* q^ cos 2n si,
-<N-1)

(70.14)

q, and s being integers over which the summations are to be taken,

with

tively.

Nj, N2 , and N3 for the summations over p> q> and s respec-
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Making use of the relation 2 cos A cos B =cos(A + B) 4- cos (A -
B),

we can easily express (70.14) in the form

,,
=2*2 (Nt

-
|p|)(Nf

-
|<7|)(N3

-
|s|) cos

(70.15)

From the definition of , >?,
and

,
in 1 (b) above, we may write

fpx* qy* sz*\
COS 2Tr(pi; + qri + jf) -COS 2?r ( + + .-

] , (70.16)

where A-*, y* 9 and z* are now the co-ordinates of any point in the

reciprocal-lattice space referred to the reciprocal-lattice axes. The

expression (70.16) represents a plane sinusoidal distribution, the planes
of constant phase being parallel to the planes (p, q, s) of the reciprocal

lattice, and the wave-length of the distribution being the spacing of

these planes, the term spacing being used in the general sense. Because

of the reciprocal relation of the two lattices, the planes (p, q, s) of the

reciprocal lattice are perpendicular to the zone axis [p 9 q, s] of the

crystal lattice, which is parallel to the line joining the origin to the point

(p, q, s) of that lattice.

The lattice may be thought of as consisting of a series of rows of

points, all parallel to this zone axis. The spacing of the points in any
row is the distance of the point (/>, q, s) from the origin, when /?, q, and
s have no common factor. Successive points in the same row are those

obtained by multiplying /?, q, and s by 1, 2, 3, ... , and so on. All the

points in the lattice lie on such rows, and the distance between any two

points is equal to the distance between two points in some such row.

To every such distance there corresponds one wave of the type (70.16).

Suppose, for example, p = q^s=*l. The term corresponding to this

in the summation is

(N!
- 1)(N2

-
1)(N3

-
1) cos 27^+77 + Q.

The polht (1, 1, 1) of the crystal lattice lies in the zone [1, 1, 1], and the

distance between two points in this or any parallel row is the length of

the diagonal of one of the elementary lattice-cells. There are

such cells, and so this particular distance is represented this number of

times in the lattice. This number is the coefficient of the wave form
cos 27r(| +i) + f), whose planes of constant phase are perpendicular
to the diagonals [1, 1, 1] of the cells. The wave-length is the reciprocal
of the cell diagonal, that is to say, of the distance between successive

points in the diagonal rows. The values p=q = s= -
1 give the same

coefficient, and the same wave form. We may ascribe them to the

distances between the same points measured in the opposite direction.

Thus the shortest distances parallel to the cell diagonal [1,1,1] contri-

bute in all ^ /vr 1WKT f
v /xr 1X -

,., y .

2(Nj - l)(N2
- I)(N3

-
I) cos 2ir(f +TJ + {)
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to the sum. To p^q s - -t 2 there corresponds a wave distribution

parallel to that for p q - 5 - * 1
,
but having half the wave-length, and

a coefficient 2(N l -2)(N 2 -2)(N 3 -2) f which is the number of times
the double spacing occurs in rows parallel to [1, 1, 1] in the lattice,
when each occurrence of the spacing is counted once in each direction.
The Fourier waves corresponding to the interatomic distances

belonging to any one zone [p, q, s] give rise to an intensity distribution
in parallel sheets, whose successive and identical planes of maximum
density coincide with the planes (/?, q, s) of the reciprocal lattice, and
the maxima are the sharper the greater the number of possible inter-

atomic distances parallel to this zone axis. The density in any such
distribution is of the type characteristic of the linear grating, although
the coefficients decrease according to a different rule. By the criss-

crossing of all possible density distributions of this kind, corresponding
to all possible zone axes of the crystal lattice, the intensity distribution

lo(, >;, ) in the reciprocal-lattice space is built up. All the distributions
have maxima at the origin.

Formally, there is much similarity between this method of represent-
ing the density distribution I (, 17, ) in the reciprocal-lattice space,
and that of representing the scattering density, />(*, v, z), in the crystal-
lattice space, which we discussed in Chapter VII. We saw there that
each term in the triple Fourier series for the density corresponds to a

point in the reciprocal lattice, the wave-normal of the Fourier wave
being in each case in the direction of the vector from the origin to that

point, and the wave-length the reciprocal of the magnitude of that
vector. The smaller the number of spectra observed, that is to say, the
smaller the number of effective reciprocal-lattice points, the more
diffuse the maxima representing the lattice-points in the density distribu-

tion p(.v, >', z). In the triple Fourier series representing I (, TJ, ), there
is one term for each vector in the crystal lattice, the wave-normal of the
Fourier wave being the direction of that vector, and the wave-length
equal to the reciprocal of its magnitude. Sharpness of the maxima in

the distribution I (f, ^ f) corresponds to sharpness in the directions
of the diffraction maxima ; and the maxima become more diffuse, and
the directions of the scattering maxima less well defined as the number
of crystal-lattice points becomes smaller and smaller.

The parallelism between the two cases is not, however, quite complete.
If the crystal lattice consists of atoms scattering as points, the coefficients

of all the terms in the series for p(x, y, z) are equal, that is to say, there

is one term of the same weight for each type of distance between points
in the reciprocal lattice. In the series for I (, 77, ), each Fourier term
is weighted with a coefficient equal to the number of times the corre-

sponding atomic spacing occurs in the crystal lattice.

(g) Scattering from crystallites in random orientation : The average
intensity distribution corresponding to a random orientation of parallele-
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pipedal crystallites may be obtained directly from equation (70.15) by
the method of averaging that led to (70.10). The term

may be written cos 2irxlj>gt, where x is a distance measured from the

origin along a line perpendicular to the planes /?f + qrj + s = const., and
lpqs is the distance from the origin to the point (/?, q, s) of the crystal

lattice. On averaging over all possible orientations of the crystal

lattice, we find for the average value of the interference function at a

distance r from the origin, just as in 1 (e\
Nl ^ir, 9 Tr -7

'

(70.17)

Since r = |S|/A,
= 2(sin 0)/A, this expression gives the coherent intensity

scattered by a random array of crystallites as a function of (sin 0)/A in

terms of the distances between every possible pair of points in the

lattice. The coefficient of the term involving 19Q8 is equal to the number
of times the corresponding interatomic distance occurs in the crystal
block. Equation (70.17) gives the distribution of intensity in a Debye-
Scherrer ring system for a powder composed of uniform parallele-

pipedal crystallites. It may be compared with equation (9.41) for a

polyatomic gas, remembering that /has been taken equal to unity for

all the atoms of the lattice.

It is interesting to consider an actual case, that of a simple cubic

crystallite having N1 =N2
=N3

=
3, and therefore only 27 points in all.

If a is the cube spacing, and if we write

x = 4?ra(sin 0)/A =^a, (70. 18)

we find from (70.17) for this case

144 + 96 + 36 + 48 -

The behaviour of this expression as a function of x is shown in fig. 191
for values of x up to 1 7. In the same figure, the positions of the spectra
given by an infinite crystal lattice with the same spacing are indicated.
It will be seen that although the maxima are broad and in some cases

unresolved, the main features of the ring system are already developing,
even with these very minute crystals. The relatively large sizes of the
maxima 100, 120, 110, and 112, correspond to the relatively large
number of occurrences of the smaller interatomic spacings. The broad
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20-
220

FIG. 191. Radial intensity distribution in a ring system due to random
arrangement of simple cubic lattices, each with 27 point atoms. The
positions of the spectra for a powder composed of large crystallites based
on the same lattice are indicated. The dotted curve shows the contribution
to I M of the constant term, together with that due to the smallest

interatomic distance

group of maxima 100, 1 10, occupies a position approximately the same
as that of the main halo due to a liquid composed of atoms in irregular

close packing with a closest distance of approach a. In the case of a

crystal, the broad halo becomes broken up by interference into a few

fine lines, because of the regular arrangement of the atoms, but the

powder spectra of simple crystals, such as those of the metals and alloys,

tend to show their stronger lines in this same region, because in the

crystal, just as in the amorphous liquid, certain small interatomic

spacings occur more frequently than any others. In fig. 191, the dotted

curve shows the contribution to I (*) of the constant term together

with that due to the smallest interatomic distance a.

In fig. 191, a small maximum will be noticed at a value of x about

half that corresponding to 100, indicating at first sight a doubling of
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the (100) spacing. This peak is due to the subsidiary maxima in the

interference function, which lie half-way between the reciprocal-lattice

points. It will be seen that as the intensity distribution rotates about

the origin, the subsidiary maxima nearest to the origin must produce

fairly well-defined spheres in the average distribution. The correspond-

ing spheres produced by the subsidiary maxima at greater distance

from the origin will be masked by those due to the main maxima.
As the crystals get larger, the main maxima get sharper and sharper,

corresponding to the addition of higher and higher 'harmonics* to

the series (70.17); but the labour of calculating the intensity curves in

this way soon becomes prohibitive, owing to the very rapid growth of

the number of terms.

2. THE EFFECT OF CRYSTAL SIZE ON THE WIDTHS OF THE

DIFFRACTION SPECTRA

(a) Introductory : In the last paragraph, we discussed diffraction by

exceedingly minute crystals, consisting of only a few units. We have

now to deal with the mathematical methods that have been devised for

estimating the broadening of the diffraction maxima when the number
of units in the crystal is small, but not so small that the methods of the

last paragraph are applicable. In Chapter I, 1 (<), we have already
discussed briefly the effect of crystal size on the breadth of the inter-

ference maxima, and have seen that the angular breadth is of the order

of the wave-length used divided by the linear dimensions of the crystal.

Broadening of lines in powder photographs due to this cause was first

observed by Scherrer,
1 in the case of colloidal gold, and some of his

results are illustrated in Plate XII, Vol. I. Other examples of such

broadening are shown in Plates XIII and XIV of the same volume.

In practice, particles whose linear dimensions are greater than 10-4 cm.

may be treated as of infinite size for this purpose, the broadening of

the lines due to them on account of diffraction being much smaller than

the unavoidable breadth due to the finite size of the specimen and the

aperture of the camera.

With particles small enough to produce appreciable broadening only
average effects can be obtained, and it will be necessary to use a powder
in which the crystal particles may assume every possible orientation, but

in which the individual particles will in general be uniform neither in

size nor in shape, so that although it is possible to derive mathematical

expressions for the line-breadth in certain cases, their application remains
a matter of some difficulty, and cannot be expected to yield very precise
values for the sizes of the particles.

The methods outlined in Section 1 of this chapter are very suitable

for dealing with the problem, and indeed reference has already been
made to it at several points. The first fairly complete discussion was

given by Laue,
2 on whose work subsequent treatments have been
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based. Scherrer J and Seljakov
3 have given formulae for line-breadth

for the case of cubic crystals, and a simplified derivation of Laue's

expression has been given by Warren. 4 Formulae have also been derived

by Patterson.5 More recently, Stokes and Wilson 6 have shown how
to calculate the line-breadth in the case of a powder composed of

identical particles without the use of approximation functions to repre-
sent the interference function, and future experimental work is likely
to be based on their formula, which is of a more general type than the

earlier ones.

(b) The breadths of Debye-Schetrer rings : The case of a crystal

powder composed of a large number of identical particles was first

discussed in detail by Laue,
2 who considered the general problem in

which the incident radiation is neither exactly parallel nor exactly

homogeneous, and comes from a finite aperture. We shall here con-

sider only the effect of crystal size the true diffraction width of the

line and shall assume the incident radiation to be parallel and homo-

geneous.
Laue defines the breadth of the line as that of a line of uniform

intensity, equal to the maximum intensity of the actual line, that would

give the same integrated intensity as the actual line. Thus, if l(e) is the

intensity at an angular distance e from the direction of maximum
scattering, and I(w) is the maxi-

mum intensity of the line, the

breadth ]3 is given by

. (70.20)

The breadth so defined is called

the integral line-breadth.

In order to calculate the line-

breadth, we use the methods

employing the reciprocal lattice,

developed in the first section of

this chapter. In fig. 192, let R
~

FlG 192
be the reciprocal-lattice point

(/i, k, /) corresponding to one of the crystal particles. The vector from

the origin to the point R is given by

(70.21)

Let R', in he neighbourhood of R, be the point (/i 4-f ,
k +

17, 7 + )

referred to the origin O. Then (f, 17, ) are its co-ordinates referred to

R as origin, and expressed as fractions of the reciprocal-lattice transla-

tions. The value of the interference function at R' may then be written

Io(> *?> ) its distribution about each reciprocal-lattice point being the

same.
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Let LO be a vector of length I/A in the direction of the incident radia-

tion, L being the centre of the sphere of reflection. If this sphere passes

through R, an interference maximum is formed in the direction LR,

at an angle of scattering 26m , and OR is the vector SW/A, the magnitude
of which is 2 (sin m)/A. For a neighbouring direction LR' the intensity
has fallen to a value determined by that of the interference function

I at R', where R' lies on the sphere of reflection.

We have here to consider the case of a large number of identical

crystallites with random orientation. We must therefore suppose the

distribution corresponding to the interference function I (, 77, to

rotate into all possible orientations about O as centre with equal

probability, and find its average value at each point. This will give the

average interference function I appropriate to diffraction by the

assemblage of crystallites with random orientation. It is a function of

|S|/A only, and will have the same value all over the surface of any
sphere having O as centre. The maxima of the average interference

function lie on the spheres traced out by the reciprocal-lattice points as

the lattice rotates about O, and any such sphere defines by its inter-

section with the sphere of reflection a cone of maximum scattering,
one of the Debye-Scherrer rings given by the powder.
The value of I (p) at a given distance p from the origin determines

the intensity of radiation diffracted through an angle 28, where

(70.22)

In the mathematical process of determining the average it is im-
material whether we suppose the distribution I corresponding to a

single crystal to rotate about O and determine the average at a fixed

point R', or whether we suppose the vector OR' to assume with equal
probability all possible positions in the fixed distribution and determine
the average value of I at its extremity. We shall here use the latter

method. If ds is a small element of area of the surface of a sphere of
radius OR' in the neighbourhood of R' in the fixed distribution, the

probability that when OR' rotates at random about O into all possible

positions it passes through ds is ds/47rOR'
2

,
and T (/>), the average value

of the interference function at any point on a sphere of radius p (
= OR')

is given by

O(P)-i lo( V, 0*. (10.23)

The integrated intensity across a line is then obtained by integrating

(10.23) with respect to />, and the integral breadth in /> of the line is

given by

(70.24)
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I
O (/H) being the maximum value of 1 on the sphere of radius OR, the

distance from the origin to the reciprocal-lattice point considered.

We have here assumed the lattice-units to scatter as points, so that

the intensity is given by the interference function alone. If each unit

consists of a number of atoms, it is necessary to multiply the value of
I at each point by the corresponding value of the square ot the structure

factor |F|
2
, itself a function of , rj, . So long as the crystal contains a

considerable number of lattice-units, |F|
2 varies with the co-ordinates

much more slowly than I , and may be taken as a factor constant for

any given spectrum. The value of F does not then aifect the line-

breadth, since |F|
2

will occur as a factor both in the numerator and
denominator of (70.24). For very minute crystals this statement would
need modification, and the variation of |F|

2 with the co-ordinates

would have to be taken into account.

In principle, the integration in (70.24) is to be taken over the whole
surface of the sphere of radius p, but in any actual case the integrand
has appreciable values only in the immediate neighbourhood of the

reciprocal-lattice point. We need therefore consider only positions of

R' very near to R, and to a close enough approximation may suppose
R' to lie not on the surface of the sphere, but on the plane tangent to it

at the point P where it is cut by OR. We may therefore assign to R'

the rectangular co-ordinates (x, y, z), x being the distance RP, and y
and z rectangular co-ordinates in the tangent plane, referred to P as

origin. The element ds then becomes dy dz, and the value of I (/>) for

any value of p is obtained by integrating (70.23) with respect to y and

z, x meanwhile remaining constant. In particular, I (tf*) the value

corresponding to the maximum of the interference line, is obtained by
carrying out the integration with jc equal to zero.

Up to this point, the argument followed is substantially that used by
Laue. In his further treatment, however, he considers the case of a

crystal in the form of a rectangular parallelepiped, for which I is

known, and in carrying out the integration he uses not the actual inter-

ference function, but functions that approximate to it, and are more

easily handled mathematically.

Recently, however, it has been shown by Stokes and Wilson fl that a

more exact solution of the problem than that given by Laue is possible.

They consider the case of a crystal belonging to the cubic system, and
determine the breadth of the line hkl. The mathematical work is

simplified by referring the crystal to orthorhombic axes such that the

spectrum whose indices are hkl when referred to the cubic axes has

indices /TOO referred to the orthorhombic axes. This can always be

done for a cubic lattice, and it has the evident advantage that the

rectangular axes, x, y, z, relative to which the integration in the recipro-

cal-lattice space is to be carried out, are now parallel to the orthogonal
axes , T?, , if these refer to the transformed crystal axes. If a, b, c,
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and a*, b*, c*, are respectively the primitive translations of the ortho-

rhombic lattice and its reciprocal lattice,

x = \**\(, y~\\>*r), r=|c*|{. (70,25)

If T n and rn/ are vectors from the origin to corresponding points in

the cells n and n of one of the crystal particles, so that

(70.26)

the interference function I for the particle is given by

US/A) = y; v; <>-ts.m-r n <

( /a27)
j n n'

If we put

"l^Wl+Wl, 2
= >f 2 + '"'2 w'j^Hs+W^ (70.28)

and use S/A = fa* -fr/b* + c*,

we obtain

Io(f, ^.
=S D X ^ 1] ^ exp {ITT/C/H!* + /H2i7 +/H3 )}. (70.29)

ni ns na m
t m, m,

The maximum value of the average interference function I (m) is

obtained by putting = in (70.29), and then carrying out the integra-
tions with respect to y and z, or, by (70.25), with respect to

rj and ,

if we first multiply by b* and c*. The limits of integration for both

T? and f we take as i, that is to say, we integrate through a complete
reciprocal-lattice cell. The justification for using rectangular axes at all

is that I is appreciable only in the immediate vicinity of the reciprocal-
lattice points, and the precise limits are therefore unimportant, so long
as we confine the integration to one cell. With the limits $ 9 the

integrals with respect to
>?
and vanish unless m2 and w3 are zero, in

which case both integrations lead to a factor + 1 ; so that, by (70.23),

(m) =b*c* V
HI

To obtain the integrated intensity across a line we must integrate
(70.29) with respect to also, at the same time multiplying by a*, since
x = fa*. The same remarks apply as to the limits, and in this case the

integral vanishes unless m^ =0 also, so that

a*b*c* V V V 1. (/0.31)
n, na ns

From (70.23) it will be seen that, strictly, the integration with respect
to p involves the factor 1/47T/3

2 also ; but since the range of values of p
on either side of pm over which the integrand is appreciable is extremely
small, this factor has here been taken as constant in the integration.
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The triple summation in (70.31) is the number of unit cells in a

crystal particle, or V/abc, V being the volume of the particle. Thus, by
(70.24), (70.30), and (70.31), the integral breadth in P of the line is

given by

P( P)=Vla*bc V N? V V i = v/S, say. (70.32)

Consider first the summation with respect to n^ with w2 , /z3 and m l

remaining constant. We are then considering a single row of lattice-

cells parallel to a, and so perpendicular to the planes (/z, k, 1) referred

to the cubic axes. There is one term in the sum over nl for every point
in this row that is distant n^a from another point in the same row.
If there are in all N points in this row, the lattice distance |w,|a occurs

N -
Iwjl times in it, so that the denominator of (70.32) may be written

nil na n s

Let the full line in fig. 193 represent the crystal particle, and AB the

row of cells considered, of length T-N#, and let the dotted line

represent the same crystal particle,

displaced without rotation through
a distance t^m^a parallel to AB.
The length A'B =T- t -(N-|'"il)0
of the row is common to the crystal

and its displaced
k

ghost\ If the

volume of the crystal fragment is

very much greater than the volume
of a unit cell, we may replace the

summations in (70.33) by integrations.

Passing through an area ds perpen-
dicular to a there are ds/bc rows of

cells parallel to the direction con-

sidered, and to a change dt in the
FIG. 193

length of / there correspond dt\a possible values of

becomes

S =
JJ(T

-

Thus, (70.33)

(70.34)

where the integrations extend over the values of the variables for which
the crystal and its ghost have any volume in common. In the integrand
of (70.34), (T -

t)ds is that volume of a tube of cross-section ds, whose
total length is T, which is common to the crystal and its ghost when the

displacement is t\ and the integral of this with respect to s is the total

volume common to the two with this displacement. This common
volume we denote by V f

. Then

(70.35)5- V.rfr,
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the integration being over all values of /, positive or negative, for which

crystal and ghost have any volume in common. By (70.32), the value

of the integral line-breadth in p is now

/*(/>)= V/,<fc. (70.36)

The result may be expressed somewhat differently. In (70.34), let us

consider a single tube of cross-section ds, and carry out the integration
with respect to t. The limits are T, since outside these values of /

there is no overlap between the crystal and its ghost for the given tube.

The integration with respect to t yields

(70.37)

dv being the volume of an elementary tube of the crystal of total length
T in the direction of 0, perpendicular to the reflecting planes (h, k, /).

The corresponding expression for the integral line-breadth is

(70.38)

which is the reciprocal of the volume average of the thickness of the

crystal in the direction considered.

In practice, we measure the angular breadth of the line, j8(e), or

0(20), expressed as an angular range of scattering. By (70.22),

so that rf(20)
=
(A/cos &)dp, and ft(20)= (A/cos O)p(p). We have thus

the alternative expressions

(20) = AV/cos
JT

dv9 (70.39)

or ]8(20) -AV/cos
JV,

rf/, (70.40)

the second of which is probably the more generally useful. These

important results are due to Stokes and Wilson. 6

The quantity
(JT<fo)/V,

or
(JV,

<//)/V, is the average thickness that

applies for the purpose of calculating the line-breadth in the case of a
random assemblage of similar particles, all of volume V. It is a weighted
mean of the thickness of the crystal perpendicular to the reflecting

planes producing the spectrum under consideration, and the first form
of the expression shows that the weight to be assigned to any thickness

is proportional to the volume of the crystal having this thickness in the

direction considered.
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(c) The generality of the expression for the integral line-breadth :

Equations (70.39) and (70.40) were deduced on the assumption that the

crystal lattice was cubic. Their form suggests, however, that they may
apply to crystals of any symmetry, as Stokes and Wilson remark in their

paper. It would seem that this is true if the crystal particles contain

so many units that integration throughout their volume can replace
summation over cells, and if the region about a reciprocal-lattice point
within which the interference function is appreciable is a small fraction

of the reciprocal-lattice cell, conditions assumed to hold in deducing the

expressions, and nearly always fulfilled in practice in work of this kind.

Laue 13 has shown that, within the limits of approximation stated, the

distribution of the interference function about the reciprocal-lattice

points depends almost entirely upon the external form of the crystal,

and not to any appreciable extent upon the nature of the underlying
lattice. The distribution can in fact be obtained from a volume

integration taken throughout the space occupied by the crystal, or by
suitable transformation, from an integration over the surface of the

crystal, or, in the case of a crystal bounded by plane faces, from integrals

taken along its edges.
Since the formulae for line-breadth are obtained by suitable integra-

tions of the interference function in the reciprocal-lattice space they

depend only on the distribution of this function, and if this does not

depend on the type of lattice, neither does the line-breadth. A mathe-

matical discussion of the matter is given in 2(/i), (/), (;'), and (k) below,
but a simple example may be considered here by way of illustration.

The distribution of the interference function due to a parallelepiped
of an orthorhombic crystal is given by

sin^TrN^) si

oUj77 ' g
sin2 (7rO

or I (X,Y,Z)
sin*(7rN3cZ)

V sinVaX) N2
2 sin2

(7r*Y) N3
2 sin2(wZ)

if X, Y, Z are the actual rectangular co-ordinates of a point in the

reciprocal-lattice space, since = flX, *j=feY, = cZ. If miX, rr6Y,

ncZ are so small that the arguments of the sines can be used in the

denominator, instead of the sines themselves, (70.41) may be written

I (X Y a m N N y
rin'(ffAX) rin'(BY) sin(7rCZ)

WX.Y.Zj-CNiN.NJ
(wAX)2 (77By)2 (wCZ)2

(W-J

A, B, and C being the three edges of the parallelepiped; and this

expression, apart from a numerical factor, is the same as that for

scattering by a uniform distribution of diffracting matter having the

same boundaries as the crystal. The expression (70.41) is periodic, and

repeats identically about each reciprocal-lattice point, while (70.42) is



536 THE OPTICAL PRINCIPLES OF THE DIFFRACTION OF X-RAYS

not a periodic function, and represents a distribution about the origin

only; but within the limits of approximation stated, the interference

function of the crystal may be represented by distributions such as

(70.42) about each reciprocal-lattice point, which depend only on the

dimensions of the crystal and not on the lattice constants a, b, and c.

The regions around the maxima within which (70.41) has appreciable
values have dimensions of the order l/N t0, 1/N26, l/N3c in X, Y, and Z
respectively. A crystal in which N,, N 2 and N3 are as small as 30 will

thus amply satisfy the conditions that the sines may be replaced by their

arguments in the denominator of (70.41). It may be remarked that the

planes I = coincide for the two expressions (70.41) and (70.42).

(d) Calculation of the integral line-breadth in some special cases : the

Scherrer constant : We may write the expression for the line-breadth

in the form IX x,, ^ ///i^-)\= KA/Lcos 0, (70.43)

L being some linear dimension of the crystal particle, and K a numerical

constant. Let us assume L to be the cube-root of the volume of a

single crystal particle; then K, which is sometimes called the Scherrer

constant, will in general depend both on the external form of the crystal

particles and on the order of the spectrum. By comparing (70.40) and

(70.43), we see that

K = VL /
[v,

dt = V4 /3 /
\V t

dt - V 4 /3 / fT dv, (70.44)

V
t being the volume common to the crystal and its ghost when their

displacement is t.

If the crystals are spheres, K, by symmetry, will be the same for all

orders. Its value is readily calculated in this case by either method.

The thickness of a sphere of radius R parallel to any diameter at a

distance r from its centre is 2v/;R 2 - r
2

. The tubular clement of volume

to which this thickness corresponds is 2%/R 2 - r2 x 2-rrr dr. Thus

T dv -- 877 P r(R* - r2)<fr
- 27rR4 = TrD4

, 8,

D being the diameter of the sphere. By (70.39) therefore,

0-AV/277R
4 cos = 2A/3R cos 0= A/(3D/4)cos 0. (70.45)

The Scherrer constant K in this case is (4/3) (77/6)
l/3

, or 1-0747.

Space will allow us to consider only one more case, that of a cube

of crystal with its edges parallel to the axes, the crystal itself having
cubic symmetry. Let A be the length of the edge of the cube. When
the ghost cube is displaced a distance t perpendicular to the planes

(h, k, /), the volume common to the crystal and its ghost is a parallele-

piped with edges A -
|A|//N, A -

|Ar|//N, A -
|/|//N, where N2 Wi2 + /c

2 + /
2

.
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The common volume vanishes when / = /' NA/|/;|, // being the largest

index, so that the limits of integration are _ f'. Thus,

fv,rf/-f (A-|A|//N)(A-|*|//N)(A-

= A4
N(6/r-2|//A-| f|A:/|- (70.46)

Since in this case V - A3
,

with K=6|/i|
s
/(/i

2 +* 2 +/ 2
)
l/2

(6/J
2
-2|/i/:| -f |*/| -2|/A|). (70.47)

In applying this formula, it is to be remembered that h is the largest

index numerically. For some calculations for other regular solids,

reference may be made to the work of Stokes and Wilson. 6 In Table

X. 1, taken from their paper, values of K for several solids are shown for

different crystallographic indices.

TABLH X. 1

Calculated values of the Scherrer constant K (Cubic crystal lattice)

Tetra-

hedron

1-3867

0-9806
2009
2403
1323

1556

3156

(e) The use ofapproximation functions : Lane's formula : Much of the

experimental work on line-breadths has been based on a formula due

to Laue, who considered the case of a rectangular parallelepiped of

crystal. The interference function I (f , TJ,
for such a crystal has been

considered in detail in 1 (c) of Chapter I, and has the form given in

(70.41). For small variations of f, we may write as before

instead of sin2
(7rN 1 f)/sin

2
(w|). Either fraction has appreciable values

only when f<1/N 1 ,
so that the conditions for using this approximation

are fulfilled for all but the most minute crystals ;
but even with this

approximation the integrations involved in (70.23) cannot readily be

carried out for a general reciprocal-lattice point (//, k, /), and Laue

therefore replaces this approximate expression by others more amenable

to mathematical treatment. One such function is N 2 <rffNV , which

has the same maximum value, and the same integral with respect to
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f as N2 sin2 (7rN)/(7rNf)
2

. The degree of approximation of the two
functions is shown in fig. 194. Treating the factors of I containing

-rj
and in the same way, we obtain from (70.41) and (70.23)

= B
Jexp

{
- TT(TV P +N2

2
if +N3

2 2
)} ds, (70.48)

where B includes factors the exact nature of which is not relevant to

the present discussion.

FIG. 194

In order to see the type of error introduced by an approximation of

this kind, we consider the case of a cubic crystal, the results for which
we may compare with those obtained by Stokes and Wilson, which
were discussed in the last paragraph. Suppose the crystal particles
to be themselves cubes of edge A (=Na). Equation (70.48) then

reduces to

iG>) = B
j
e*P (

- *N2
(e +

rj

2 + J
1
)} (70.49)

If X, Y, Z are the actual co-ordinates of a point in the reciprocal-lattice

space, referred to the reciprocal-lattice point R as origin, aX =
,

aY =17, aZ = in the case of the cubic crystal, so that

(70.50)

It is now plain that the approximation used gives a distribution of
I having spherical symmetry about the reciprocal-lattice point R. In

performing the integration, we use axes x, y, z with R as origin, such
that x coincides with RP (fig. 192), and y and z are parallel to the

tangent plane to the sphere of radius OR at the point R. Then, since

both sets ofaxes are rectangular,X2 + Y2 + Z2 = x2 +y2 + z2
, and ds = dydz

to the necessary degree of approximation, just as in 2(6). Taking the

limits of integration for y and z as oo , as we may, since the value of
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the integrand is appreciable only in the immediate neighbourhood of R,
r-foo

and remembering that 1 exp(- -n\F)du = 1, we obtain on integration
J_oo

I (p) = (B/N2 *2
)exp( - TrNV x2

). (70.51)

From (10.51) we see that lQ(m) = B/N2 a2
, and the integrated intensity

across a line is given by

Thus - 1/Nfl - I/A,

and p(20) - (A/cos 0) j8(/>)
= A/A cos 6, (10.52)

giving a value unity for the Scherrer constant K, the same for all

spectra. The result given in equation (10.52) was first obtained by
Scherrer. 1

It is not in agreement with that obtained in X, 2(d), for
we there saw that the Scherrer constant depends on the order of the

spectrum, even when the crystal particles have the form of cubes.
It is not difficult to see in what respect the approximation is inade-

quate, for it assumes at the outset a spherically symmetrical distribution
of I about the reciprocal-lattice point. The actual distribution

corresponding to a crystal of cubic form is, however, by no means
spherically symmetrical.
It has been discussed

fully in 1 (c) of the first

chapter, where it was
shown that the distribu-

tion has its maximum
extensions in directions

perpendicular to the

cube faces, that is to say,

along the axes f , 77, . A
distribution of this type
is represented diagram-

matically in fig. 195. Let

OR represent the direc-

tion of the reciprocal-

lattice vector to the point
R. The distribution of the intensity across the corresponding line in

the powder photograph is obtained by integrating I across a succession
of parallel planes perpendicular to OR. Let SS' be the trace of such
a plane. Evidently the distribution will vary according to the direction

of OR relative to the axes of extension of the interference function, that

is to say, according to the spectrum. In the case of 100, for example,
four out of the six directions of maximum extension lie in the plane

FIG. 195
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x = 0, passing through R> and so contribute mainly to the region of

maximum intensity of the line. In the case of 1 1 1, on the other hand,
the axis of x is equally inclined to all six directions of extension, and
these make a greater contribution to the outer parts of the line, which
is therefore broadened. We should infer from these simple considera-

tions that for cubic particles the Scherrer constant would be greatest
for 111 and least for 100, which is in agreement with the calculations

of Stokes and Wilson. If the distribution of I is spherically symmetrical
about the reciprocal-lattice point, its intersection by the sphere of

integration, or rather by the plane used to represent a limited portion
of this sphere, depends only on the distance of the plane from the

reciprocal-lattice point, and not on its direction, so that the distribution

of intensity in the lines, expressed in terms of />,
is the same for all

spectra.

Laue applies the same method to the case of a powder composed of

parallelepi pedal blocks of an orthorhombic crystal, and obtains for the

average effective thickness, e, defined by the equation

. /
V

(70.53)

+ Ot/N 2 />
2
)
2

-f (//N 3 r-)
2

for the spectrum hkl. In this more general case again, the characteristic

extensions of the interference function perpendicular to the faces of

the crystal block have been removed by the approximation used, for the

surfaces of constant I are now ellipsoids. It is plain that such approxi-
mations will always tend to even out the differences between the

breadths of lines of different orders, and they can in any case be applied

only to crystals having simple shapes. Equations (70.39) and (70.40),
on the other hand, apply to crystals of any shape, provided only that

all the crystal particles are identical, and that their orientation is

random.

(/) Experimental application of the jormulae for line-breadth :

Powders consisting of crystalline particles of identical shape and size,

ahd of regular external form, such as were assumed in deriving the

formulae of the few last paragraphs, do not exist, and it is not therefore

possible to obtain more than an approximate idea of the average
magnitude of the particles, or of their shape, from measurements of

line-breadth. Before any such estimates can be made, it is necessary
to determine the true diffraction width of the lines, which is not, of

course, the width as measured on the photographic film. A powder
coasisting of particles of 'infinite' size (r-10~4

cm.) will always give
lines of finite breadth, much greater than the true diffraction breadth.

The observed breadth of the lines given by such particles depends on
the geometry of the apparatus used the width of the slit, the divergence
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of the incident beam, and the amount of absorption of the radiation
in the specimen, all of which were neglected in deriving the formulae
of the last paragraph. In general too, the radiation will not be truly
homogeneous. If, for example, Ka radiation is used, the two compon-
ents of the doublet, ^ and 2 , will generally be imperfectly resolved,
which must, of course, increase the apparent breadth of the lines. The
first step in any experimental determination is therefore to deduce
from the observed width of the lines the true broadening due to
diffraction.

Some workers have attempted to design their cameras in such a way
as to minimise the effect of absorption and to take it and the other

geometrical factors into account by calculation. Brill and Pelzer,
7 ' 8

for example, used a powder specimen in the form of a very thin hollow
cylinder. Such a cylinder will give lines with a double maximum, whose
degree of resolution depends on the particle size. Assumptions have
to be made about the shape of the lines given by an infinite particle,
which, of course, depends on the geometry of the apparatus. The
details of the experimental arrangements belong more properly to a
volume on technique, but reference may be made to a review by
Cameron and Patterson,

9 in which the relative merits of the different
methods are discussed.

A more recent application of the Laue formula has been made by
F. W, Jones,

10 whose method appears to have considerable advantages.
He allows experimentally for the unavoidable breadth of the lines

produced by the geometrical conditions by mixing with the powder to
be investigated a second powder composed of particles large enough
to be considered as infinite. The lines produced by these particles
have, of course, a finite breadth, which serves as a measure of the

broadening produced by causes other than pure diffraction, and which
may be compared with the width of the lines produced by the very small

particles. We shall call such lines s-lines, and the lines whose breadth
is to be investigated ///-lines, in accordance with the notation used by
Jones.

Let the angular distribution in an 5-line be given by I s (max)/(:c),
,x being the actual distance measured along the film from the middle
of the line. By (70.20), 6, the breadth of the line, is given by

b = \f(x)dx. (10.55)

The distribution of intensity due to broadening by diffraction alone is

Id(-*)
s

=I<i(max)F(/r.v), k being a parameter depending on the size of
the particles. The true diffraction width, )8, of a line is then given by

(70.56)

In fig. 196, let the continuous curve (c) be the curve !,(*), supposed
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unaffected by diffraction. To produce an w-line at the same angle,
we must suppose each element dx of the curve (c) to be broadened by
diffraction to produce a curve such as (d\ shown by the dotted line.

breadth 6

FIG. 196 (F. W. Jones)
(Proc. Rvy. Soc., A 166, 16 (1938))

The breadth of this curve is equal to 0, and its area is the same as that
of the element dx which is I,(max)/(;c)rfx, Thus, if I is the maximum
value of the curve (d) corresponding to the element dx9

jM =I,(max)/(x)rfx. (70.57)

The resultant observed /w-line is built up by superposing a large number
of such curves, one for each element of the 5-line. I(f), the intensity
contributed by the element dx to the resultant m-line at a point distant

f from its mid-point is IF(kx-kf) 9 and so Im (0, the total intensity
at the point f in the m-line is given by

(70.58)

by (70.57).

The maximum intensity of the w-line occurs at f =0, and is obtained
by putting =0 in (70.58), while the integrated intensity of the line is

obtained by integrating (70.58) with respect to f . The observed breadth
of the w-line, denoted by B, which is equal to the ratio of the integrated
intensity to the maximum intensity, is therefore given by

-
J
IF(*x - kQdx = I,(max) f F(kx -

B =
JJ

F(kx - k)f(x)dx df /
J f(kx)f(x)dx

-
J (10.59)
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f+oo f-foo f
since F(kx-kQdf-\ F(*0<ff-

J 00 J 30 J
F(kx)dx.

J _oo

By (70.55), (70.56), and (70.59), therefore,

jS/B
=
J T(kx)f(x)dxj\f(x)dx,

(70.60)

b/E = f F(kx)f(x)dx
/
J

F(Arx)rfx. (70.61)

In applying these results practically, the curve f(x) is determined

experimentally from a microphotometer curve of an .s-line at an angle
at which the a-doublet is resolved, and a hypothetical distribution, such

as *-w , 1/(1 + A;
2*2

), or sin2 (A;*)/ (A:*)
2
, is assumed for F(kx). The

integrations of (70.60) and (70.61) are carried out numerically for a

number of assumed values ofk, and a curve is drawn connecting J8/B and

fr/B. Curves of this type obtained by Jones are shown in fig. 197. The
fraction p/E approaches zero for 'infinite' particles (observed breadth

B^>> diffraction breadth j8), and unity for vanishingly small particles

(whole effective broadening due to diffraction) ; while b/E approaches
zero for vanishingly small particles, and unity for large particles.

i o

8

6

4

\

\

h_\

02 04 06 08 10

b/B

Fo. 197. Correction curve for experimental conditions in determination
of particle sizes (F. W. Jones)
(Proc. Roy. Soc. t A 166, Id (1038))
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The fraction b
t B, the ratio of the observed breadth of an 5-line to

that of an /?i-line, can be determined experimentally, and from the

curve the corresponding value of 0/B, and so of jS, can be found. The

values of b and B must, of course, be determined for the same angle of

scattering, but this can easily be done by interpolating between values

of b for alines on either side of the w-line under investigation. Once

the value of ft has been determined, Laue's theory may be applied.

Curve (a), fig. 197, was obtained using F(kx) = e~&*; and

gives a curve that is almost identical. Curve (b) was obtained with

F(kx) = l/(l + A:
2*2

). The form of the correction curve thus depends

considerably on the type of distribution assumed. If the particles are

of regular form and iderftical in size, curve (a) has the best theoretical

foundation, but if the particles have a range in size, a distribution such

as 1/(1 +/c 2
jt
2
), which gives a sharper peak and a broader base, may well

be in better accord with reality. So far as possible, the experimental

arrangements should be such that small values of ft/B can be used,

since the form assigned to F(kx) then matters least.

Correction has also to be made for the presence of the a-doublet,

but for an account of this, reference may be made to the original paper.

Some values obtained by Jones for colloidal gold are shown in

Table X. 2. The breadths are given in millimetres, as measured on the

film, the radius of the camera being 45-3 mm. The values of L are in

A-units.

TABLE X. 2. COLLOIDAL GOLD

The large variation in L with index shows that the particles of

colloidal gold were not cubes. By applying Laue's formula, Jones

found that his results could be explained by supposing them to be

elongated in a direction perpendicular to the (111) planes, their length
in that direction being about 700A, and their dimensions in perpen-
dicular directions about 180A. The values of L calculated on this

assumption are shown in the last column of the table.

The effect of a distribution in size of the particles is difficult to

estimate. It has been discussed by Patterson,
11 and also by Jones (he.

cit.) who considers that in general the observed mean size will be greater
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than the true mean size, but that the difference between them is unlikely
to exceed 30 per cent of the observed mean value.
The formulae of the last two paragraphs have been derived on the

assumption that each lattice-unit scatters as a single point, so that only
the interference function I and not the structure factor of the unit cell

need be considered in determining the intensity distribution I(f, r?, )

The formulae apply equally well if the structure factor may be assumed
to have a definite value characteristic of each spectrum, constant so
long as that spectrum alone is considered, the assumption always made
in structure analysis. We have already seen in 1 (b) of this chapter
that while this assumption is, in principle, incorrect, it is nevertheless

fully justified in practice, unless the crystal is exceedingly minute. For
crystals containing very few unit cells, it might, however, be necessary
to take into account the variation of the structure factor as a function
of , 77, and in the region of the reciprocal-lattice point in deciding
on the right type of distribution function (kx) to assume. For
cryttals ofsimple structures, the general result of such a correction would
be so sharpen the interference maxima, and neglect of it would therefore
tend to lead to an overestimate of the size of the crystal particles. The
effect would, however, certainly be inappreciable except for crystals

containing very few unit cells.

(g) Some examples of the diffraction of electrons by very small single
crystals : It is not possible to observe the effects characteristic of the
diffraction of X-rays by very small single crystals, for the intensities

involved are far too small. A very small number of atomic planes
are, however, enough to reflect a considerable fraction of an incident
electron beam, and effects due to electron diffraction by small single

crystals are therefore not uncommon. We shall consider briefly some
of the possibilities.

(i) Two-dimensional patterns : An array of spots on a network,
which has the appearance of a diffraction pattern produced by a two-
dimensional grating, is frequently observed. Some examples are
shown in Vol. I, Plates XXVII, and XXVIII (B), and possible explana-
tions are there discussed (p. 261). The reciprocal-lattice methods we
have considered in this chapter are very suitable for dealing with this,

and with other problems in electron diffraction.

We consider, for simplicity, the case of a very thin sheet of a crystal,
based on a cubic lattice, upon which monochromatic radiation falls

normally, parallel to the a axis. Fig. 198 represents a section of the

reciprocal lattice, through the origin and perpendicular to [010]. Let
L be the centre of the sphere of reflection for the case considered. For
30,000-volt electrons the wave-length is about 1/10 of that for Mo Ka
radiation, so that the sphere of reflection has a radius 10 times greater
than that for the corresponding problem with X-rays. The angles of
diffraction for corresponding spectra are therefore much smaller, and

2M
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within the region of the reciprocal lattice corresponding to quite a
number of spectra the sphere of reflection departs only slightly from the

reciprocal-lattice plane through the origin and perpendicular to [100],
of which the trace in fig. 198 is the line OB. Since the crystal is very
thin in the a direction, the region of appreciable intensity distribution

FIG. 198

surrounding each reciprocal-lattice point will be elongated parallel to

a*. We represent these regions by short straight lines in the diagram.
It is clear that the sphere of reflection intersects a number of these lines

in the neighbourhood of O, and that a network of spectra, correspond-
ing to a network of points on the reciprocal-lattice plane (100) will be

produced.
As the angle of diffraction

<f> increases, the sphere will no longer
intersect the short lines, and for such angles no spectra will be observed.
It is evident from the diagram that they may, however, reappear at

angles near those at which the sphere cuts the successive reciprocal-
lattice planes. The sphere cuts these planes in circles, so that one might
expect to see, surrounding the central region in which the two-
dimensional pattern appears, a series of circular regions in which spots
may also appear, the angular breadth of each successive ring being
narrower than that of its predecessor. Such rings are well shown in
Plate XXVIII (B), Vol. I.

If <i is the angle at which the first ring should appear outside the
central region, it is clear from the figure that

cos^^l/A-fl*)^l/A = l-A0*==l--A/fl. (70.62)

If all the angles considered are small, we may write cos ^ = 1 -l^2
, so

that <i W2A/a; and for the nth ring, < n W2wA/0.
The intensity distribution becomes zero at a distance a*/N, or I//

from the plane OB, N being the number of planes in the thickness of
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the crystal and / the thickness itself. The angular width of the central

maximum will therefore be 2>/2A//, or V8A//, a result given by W. L.

Bragg.
12

(cf. Vol. I, p. 261). For the rings to be visible, the crystal

must be thin, but not too thin, so that there is a definite region in the

reciprocal-lattice space in which no intersections of the sphere of

reflection with a region of appreciable intensity distribution can occur.

The rings occur in those directions in which there is agreement in

phase between the waves scattered by successive points in rows parallel

to the direction in which the primary beam is travelling, and they are

closely analogous to the Fabry-Perot rings produced with light in

parallel half-silvered plates.

As was pointed out in Vol. I, there are probably several causes

conspiring to produce the two-dimensional pattern. The possibility of

its occurrence will be increased by slrght variations of the angle of

incidence, by lack of exact homogeneity in the wave-length of the

radiation, or by distortion of the lattice-planes, the effects of all of which

may be followed by considering the reciprocal-lattice diagram.

(ii) Effects due to subsidiary maxima ; The possibility that some of

the forbidden spots and rings observed in diffraction patterns obtained

with electrons may be due to the subsidiary maxima in the interference

function ought not to be lost sight of. Let us consider, for example,
the case of a rectangular slab of crystal containing only three planes

perpendicular to [100], and a considerable number in other directions.

The relevant factor in the interference function will be

which will have the value 9 for the reciprocal-lattice points, and will

reach zero for f = 1/3: but it will have subsidiary maxima equal
to unity for f= 1/2, 3/2, ...

, that is to say, half-way between the

Fio. 199



548 THE OPTICAL PRINCIPLES OF THE DIFFRACTION OF X-RAYS

reciprocal-lattice points in the a* direction. These subsidiary maxima

have therefore an intensity 1/9 that of the main maxima, and are by no

means negligible. In fig, 199, a section of the reciprocal lattice through

the origin and perpendicular to [010] is shown. The circles represent

the positions of the main maxima, and the crosses those of the subsidiary

maxima. It is plain from the diagram that apparent doublings of

spacings (spectra at half angles) occur for 100, 102, ... 302, ... 104,

304, ... and so on; and in general all planes of type 2m + 1, 2n, 2p

will show apparently doubled spacings if the subsidiary maxima are

mistaken for main maxima. Abnormal spectra must not, of course, be

ascribed to this cause unless the general appearance of the diffraction

pattern is consistent with the existence of very small crystals, but the

possibility of this and of similar effects with crystals of other dimensions

must not be forgotten.

(h) The effect of (he external form of the crystal on the interference

function : The shape of the region about the reciprocal-lattice points

within which the interference function has appreciable values depends

on the external form of the crystal. We have already studied this

dependence in the case of the parallelepipedal crystal, for which it can

be worked out exactly, but we shall now consider the general case, since,

apart from its interest as an optical problem, it has some application

to electron diffraction, and to the problem of the dependence of line-

breadth on crystal size.

We consider the amplitude scattered from a certain volume of a

crystal lattice, bounded by a closed surface of any form. Let p(r) be

the density of scattering material in the crystal at a point at a vector

distance r from the origin O of the lattice. Then the amplitude scattered

by the volume considered, under the conditions defined by the vector

S, may be written

(70.63)

dr being an element of volume of the crystal, and the integration being

throughout the whole volume considered. The amplitude A is a

function of S, and so of the co-ordinates (f, 17, J) of a point in the

reciprocal-lattice space. | A|
2
is indeed closely related to the interference

function I for the piece of crystal, and is equal to it for a primitive

point lattice. Evaluation of the integral will give the required distri-

bution.

By equation (7.14) of Chapter VII, the density p(r) at any point in

the crystal may be expressed as a Fourier series in the form

P(r) = i ^ F(m)e~
M <r 'r

m\ (10.64)
V m

r being the reciprocal-lattice vector to the point m (hkl), F(m) the
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structure factor for the corresponding spectrum, and V the volume of the
unit cell of the crystal lattice. Now S/A is the vector from the origin to
the

point (, 77, ) of the reciprocal-lattice space, corresponding to which
the interference function is required, and so the vector p m , defined by

Pm = S/A-r* f (70.65)

is the vector distance of the point (f , TJ, f) from the reciprocal-lattice

point (m). Substituting (70.64) in (70.63), and using (70.65), we obtain

A = S F <"7) e2ni(*m 'r) dr. (70.66)
* m J

Unless |pm |

is quite small, the integrand in (70.66) is a rapidly oscillating

function, and the value of the integral is exceedingly small. We may
therefore, to a good approximation, regard each term of (70.66) as

giving the amplitude distribution about one point of the reciprocal

lattice, the distribution about any one such point having a negligible
value in the region of any of the other points. The error made by
doing this is small and can be estimated for certain cases. Thus, if

E(p) is the amplitude distribution about any one lattice-point, (m),

E(P) =-^ J
e2 W dr. (70.67)

For a point lattice, the true amplitude distribution, represented by the

whole series (70.66) with F(m) constant for all spectra, is periodic,

having the same distribution about each reciprocal-lattice point. E(p),

given by (70.67), is not periodic ; its value is appreciable only about
one lattice-point.

We can easily integrate (70.67) directly if the crystal has the parallele-

pipedal form discussed previously. If (w, v, w) are the co-ordinates of
the extremity of the vector i in terms of the lattice translations,

Pr = gu + rjv + w.

The element dr may be written Vdudvdw. We put F-l for the

point lattice. Then

fN, fN, fX,

E(p) = e^t^+Mdudvdw. (70.68)
Jo Jo Jo

The integral may be written as the product of three independent
integrals, the value of the first of which is (e*

ni *>* -
l)/27r/f, and the

modulus of this is
sin^N^)/^. The value of |E|

2
is thus the same

approximation to the true interference function that we have already
used in 2(c), in discussing problems of line-breadth. We may
therefore write
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|E|
a and I differ by a factor which is unity at the lattice-points them-

selves, and which varies with increasing |p| much more slowly than

E(p) itself. For most purposes, therefore, |E(p)|
2 can be used instead

of the interference function in discussing the intensity distributions

about a reciprocal-lattice point. Following Laue,
13 we shall call E(p)

the crystal-form factor. It will be seen that, apart from a numerical

factor, it represents the amplitude scattered under the given conditions

by a uniform volume distribution of scattering matter, having the same

boundaries as the crystal, and does not therefore depend on the type of

lattice upon which the crystal is built.

(/) The crystal-form factor expressed as a surface integral : Laue 13

has shown that the integral (10.61) may be transformed into an integral

taken over the external surface of the crystal.

Let (x, y, z) and (X, Y, Z) be the components of r and p respectively,

referred to a set of rectangular co-ordinates. Then

and (70.67) becomes

E (P)
^
V f

e^xs+Yy+z*) dx dy dz (10.10)

We now put <f> ^^(XS+YIH-Z^ (/0 71)

which satisfies the differential equation

V2<+47rV<HO. (10.12)

Substituting the value of
<f> given by (10.12) in (70.70), we obtain

which, by Green's theorem, transforms at once to the surface integral

' (/0 -73)

in which d/dn represents differentiation along the normal to the surface

element da, drawn inward into the volume occupied by the crystal,

the integration being taken over the whole external surface. If /, m, n

are the direction cosines of this normal, we find from (10.11)

on

pn being the component of p parallel to the inward drawn normal. Thus

E(p) =

The integral takes a simpler form if the crystal is bounded by plane
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faces. For the integration over such a face, F, fig. 200, pn is constant,
and the extremity of r moves in the face. Let rp be the vector from the

Q

FIG. 200

origin O to any fixed point P in the face F, and r' the vector in the face

from P to the extremity of r, so that r = rp + r'. Then the contribution
of this face to E(p) may be written

Er(p)==-rri
"t(rp 'PT (70.75)

Each face by which the crystal is bounded gives such a contribution.

We can infer certain properties of E(p) without actually evaluating
the integral for any particular case.

(i) The intensity distribution is symmetrical about each reciprocal-
lattice point, whatever the geometrical symmetry of the crystal fragment.
For changing p into -p turns pn into -/o n ; and thus, from (70.74),

E(p) is the conjugate complex quantity to E( -
p), so that

|E(p)HE(- P)|. (10.76)

(ii) For a given value of |p|, |EF (p)| has its greatest value when p is

perpendicular to F. In this case pn = p, and pr' vanishes, since r' is

perpendicular to p. The integral in (70.75) is thus equal to F, the area

of the face, and

l
EF(p)|-V-i7T7,' (/a77>
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and falls off inversely as |p|. If we keep |p| constant, and turn the

vector p away from the normal, the integral in (10.15) becomes less

than F, and diminishes the more rapidly with increasing deviation of

p from the normal the greater the area of the face. Thus the intensity

distribution shows a projection or 'spine', as Laue terms it, perpen-
dicular to any well-marked flat face of the crystal, which is sharper and
more strongly marked the larger the face. Because of the symmetry
condition (70.76), there must be two identical spines in opposite
directions corresponding to each face.

(j) The crystal-form factor expressed as the sum of a set of Integrals

along the crystal edges : By a method exactly analogous to that used

to transform the volume integral to the surface integral, we may
transform the integral in (70.75) over the face into a line integral round
the contour of the face. To do this, we take the z co-ordinate axis

perpendicular to the face, in the direction of the inward drawn normal,
and the axes of x and y in the face itself. Over the face F, z is constant,

and (70.75) becomes

**
f e*****+ dx dy. (70.78)
J

r ,
ZTTV p*

F

The integrand, denoted by </>,
now satisfies the equation

If p t is the component of p parallel to the face F, />?=X
2

-f Y 2
, and

proceeding as in the transformation from the volume to the surface

integral, we obtain

the integral being taken round the boundary of the face F, and pv

being the component of p that lies in the surface and is normal to the

element ds of the boundary. The positive direction of the normal is

that towards the interior of the boundary curve.

If the crystal is bounded by plane faces, these meet in straight lines,

and the total value of E(p) can be expressed as a sum of integrals along
each edge ; and in this form it can be evaluated, although the algebra
becomes complicated except in quite simple cases. Let r =R + s, where
R is the vector from O to the mid-point of the edge L, so that s is in

the edge itself; and let p8 be the component of p parallel to the edge
L. Then the contribution of the edge L to (70.79) may be written

_ (p) =
~
PnPv

e2i(R'W f
+

2"ip* JsFLW * J_ IL
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In applying the formula we may proceed as follows. In fig. 201 let

M be the origin of the vector p, that is to say, the reciprocal-lattice

point. Through M draw a line

LL' parallel to L, the edge whose
contribution is to be considered.

From M, draw rectangular axes,

/?, v, s 9 n being perpendicular to

the face F, v perpendicular to L
and parallel to F, and s along
the edge L; n and v are both

positive when drawn inwards.

The quantities />m /, and ps in

(70.80) are MP, MQ, and MR,
the components of p parallel to

these three axes, and pf
=

pi + />?.

Each edge makes two contri-

butions, for it forms part of the

boundaries of two faces. The
two contributions will differ in the factor -

pn pjp*y for the directions

of the axes of n and v, and so the values of p n , />, and p t depend on the

direction of the face of the boundary of which the edge is considered as

forming part. For each edge of the crystal a corresponding line must be

drawn through M, and p resolved accordingly. The exponential factor

in (70.80) is a phase factor which depends on the distance of the middle

of the edge considered from the origin, as well as on p, and these factors

must, of course, be taken into account when forming the sum for E(p).

If the crystal, considered as a geometrical figure, has a centre of

symmetry, pairs of edges, or pairs of faces, derived from one another

by the operation of the symmetry centre, may be considered together,

and the work of summation may be considerably reduced. For

example, it is easy to see from (70.80) that a pair of parallel edges,

related by a symmetry centre, which is also chosen as origin, give

together the contribution

(70.81)

FIG. 201

while, by (70.74), a pair of opposite faces gives

(70.82)

For an actual example of the calculation of E(p) reference may be

made to a paper by Laue and Riewe,
14 who discuss the octahedron in

detail. Without detailed calculation, however, it is possible to draw

certain general conclusions for crystals bounded by a relatively small

number of well-marked faces and edges. We have already seen that

the intensity distribution has two extensions, or "spines', in opposite
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directions perpendicular to each face, and that in these directions E(p)
falls off inversely as |p|. It is clear, however, from (70.80) that for any
given direction |EFL|,and so in general |E(p)| itself, will fall off inversely
as |p|

3
. But if p is perpendicular to an edge L, pa vanishes, and |EFL |

falls off inversely as |p|
2

. In such directions, the value of |EFL |

has

subsidiary maxima, which fall away as the direction of p departs from
that of the normal, the more rapidly the longer L. The intensity
distribution will thus have subsidiary spines in directions perpendicular
to well-marked edges.
We may take as an example the case of a crystal in the form of a

regular octahedron. It is convenient to think of the octahedron as

inscribed in a cube (fig. 202). The main spines will be perpendicular
to the octahedral faces, and so along the cube diagonals. There will

FIG. 202. Diagrammatic representation of the interference function
for an octahedral crystallite

be subsidiary spines along the four-fold axes perpendicular to the cube
faces, since each of these directions is perpendicular to four edges of the
octahedron ; and yet others along the two-fold axes through the cube
centre and perpendicular to the cube edges, since each of these directions

is perpendicular to two edges of the octahedron. The distribution is

illustrated diagrammatically in fig. 202.

It must be noted that we have considered only the amplitude factor,
that is to say, the maximum possible value of |E(p)|. If the variation
of the different factors is taken into account, it will be found that the

intensity
distribution is intersected by certain surfaces of zero intensity,

which cut the distribution up into regions of subsidiary maxima and
minima. We have considered these in detail in Chapter I for the simple
case of the parallelepipedal lattice.
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FIG. 203. Diffraction of light by (a) a triangular, (b) a hexagonal aperture

(Schemer and Hirayama)
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Kirchner and Lassen 15 > 16 have obtained certain star-shaped inter-

ference figures by electron diffraction in thin films of silver and
gold, which have been explained by Laue in terms of the spines on the

intensity distributions of small octahedral crystallites.

(k) The optical analogy to the interference function : The theorems we
have just considered have close analogies in ordinary optical diffraction,

We saw in Chapter VII, Section 2, that the array of points in the

reciprocal lattice is the analogue of the array of spectra produced by
an optical grating, the spectra in the case of a two-dimensional grating
being actually arranged on a net reciprocal to that of the grating. In
the same way, the distribution of intensity about the lattice-points, or
the crystal-form factor, is analogous to the diffraction pattern produced
by an aperture in ordinary Fraunhofer diffraction.

It is a well-known result that if (x, y) are the rectangular co-ordinates
of a point in the plane of an aperture limiting a lens, and (X, Y) the

co-ordinates of a point in the focal plane of the lens, referred to parallel

axes, and expressed in suitable units, the amplitude at the point (X, Y)
is given by

A(X, Y)^p2 (*x
+^VjcJ>>, (70.83)

the integration being over the whole aperture. Equation (70.83) has
the same form as (70.78), and it was pointed out by Laue 17 that it could
therefore be expressed as an integral taken round the edge of the

aperture, and that if the aperture has straight sides, this way of regarding
the matter leads directly to the result that the diffraction pattern will

show extensions of large intensity in directions perpendicular to these

sides. Diffraction patterns from triangular and hexagonal apertures
are shown in fig. 203 (PI. XIV), which illustrate the point excellently.
The 'spines' in the two-dimensional patterns are very well marked, and
it should be noticed that the triangular aperture gives six of them, and
not three, just as theory predicts. The diffraction pattern has a centre

of symmetry, although the aperture has not. The regions of zero

intensity intersecting the intensity distribution are also well shown.
This theorem in Fraunhofer diffraction, although rediscovered by

Laue, seems to have been arrived at by Abbe, and appears in a dis-

sertation by Straubel 18
dating from 1888.

3. THE EFFECT OF CERTAIN TYPES OF FAULT AND IMPERFECTION OF
THE LATTICE ON THE DIFFRACTION SPECTRA

(a) Scattering by crystals with non-identical unit cells basedon a regular
lattice : A crystal may be based on a regular lattice, but the structure

factor may not be the same for every unit cell. Examples of this are

given by certain metallic alloys, capable of showing a super-structure.
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In figs 204(#), (b\ (c) and (d) (PL XV) are reproduced some photo-

graphs from a paper by Jones and Sykes
19 (ii) that illustrate the growth of

a super-lattice structure in the alloy ofcopper and gold, Cu3Au. When
this alloy is quenched from a high enough temperature the powder
photographs show the lines characteristic of a face-centred cubic lattice

(fig. 204(rf)), which indicates that the atoms of the two kinds fill the

available sites on such a lattice in a random way. When, however, the

alloy is annealed at suitable temperatures, segregation, more or less

complete, of the copper and gold atoms takes place, so that the gold
lies on one of the four interpenetrating simple cubic lattices of which
the face-centred lattice is built up, and the copper atoms on the other

three. This may, of course, happen in four different ways. The result

of such ordering, starting^at a number of unrelated points throughout
the crystal, without definite phase relationship, is to produce in the

powder photograph the lines characteristic of the simple cubic lattice.

The lines belonging to this lattice that do not also belong to the face-

centred lattice may be seen in fig. 204 (c) as faint and very broad lines

lying between the sharper lines due to the face-centred lattice. The
broadness of the lines indicates that the growth of the super-lattice has

started from a number of very minute nuclei. In fig. 204(6), certain of

these nuclei have grown at the expense of others, and the super-lattice

lines have become much sharper, while in fig. 204 (a) the nuclei have

grown until they are comparable in size with the crystal particles them-

selves, and all the lines in the photograph are now equally sharp. While
this explanation of the diffuseness of the super-lattice lines is broadly

correct, it does not follow without further investigation that the sizes of

independent regions can be determined simply by applying the formulae

for particle size, and the sizes so calculated were in fact found by Jones

and Sykes to depend in a marked way on the indices of the lines.

A similar mixture of sharp and diffuse lines has been observed by
Edwards and Lipson

20 in powder photographs from hexagonal cobalt,

which they have explained by assuming the structure, a close-packed

one, to consist of layers not uniformly in the sequence characteristic of

hexagonal close-packing. When one layer of close-packed atoms has

been formed, there are two possible ways for the second layer to be

placed on it (Vol. I, p. 144). Once the second layer has formed, how-

ever, the siting of all further layers is determined if the structure is to

be truly hexagonal. It will consist of pairs of layers following one
another in the relation already started. It may be supposed, however,
that after a number of layers have been formed in this way a fault occurs,
the next layer forming not in the correct position for hexagonal
symmetry, but in the alternative position. From this point, the

sequence of pairs characteristic of hexagonal symmetry may again go
on until another fault occurs, and so on. A structure formed in this

way is still a close-packed structure, but it is not a perfectly regular

structure, and contains faults occurring at random intervals.



DIFFRACTION BY SMALL CRYSTALS & AMORPHOUS MATERIAL 557

The problem of diffraction by lattices containing faults of this kind
has been treated by Wilson 21

by a method that is a simple extension of

that used by Stokes and Wilson 6 for calculating the integral line-

breadths due to small crystal particles. He shows that the line-breadths

for powders composed of crystals with faults depend on the probability
that two non-adjacent unit cells of the structure are alike.

It will be assumed in what follows that the lattice of the crystal is

regular, so that each unit cell comes in its true position, but that the

structure factors of the cells are not all identical. Let rn and iv be the

vectors to the nth and rt'th cells of a crystal particle, and let the structure

factors of these cells be Fn and Fn > respectively. We may then write

for the intensity scattered by the crystal, under conditions specified by
the vector S, in the usual notation,

1 = -i >] FnF* exp {
- iKS-r n

- rn ,}, (70.84)
n n'

the summation being taken over all the values of n and n occurring in

the piece of crystal. Equation (70.84) is formally the same as (9.10),

and is true for any assemblage of scattering units. Putting

IV - r n = >"! + hb + *3c = rm , (70.85)

we may write (70.84) in the form

Itf, i?,
- 1] ^ I! ^ FnF*+m exp {27ri(/ii1 f +/>M? +m3 0}, (/0.86)

just as in deriving (70.29) from (70.27). Here, for simplicity, we have

used the suffix n to represent the three indices nl9 /?2 ,
>?j> of (70.29), and

n +m the three indices n t +ml9 n%+m t9 nA +m3 .

IfM is the number of times the lattice vector r,n occurs in the crystal,

and Jm is the average value of FnFJJ4OT for two cells separated by this

vector, we may write (70.86) in the form

1(6 *?>
- V)MJm exp {2ni(ml(+m& +w3 Q}. (70.87)

If, for example, the crystal is a parallelepiped containing N lf N2 , N3

cells respectively parallel to a, b, c,

l(i.0 =

X) (N!
- K|)(N 2

-
|m2|)(N3

-
|,
wj) J m exp {(27r/Kf +nW +/n3 0}.

w m*m
(70.88)

In summing, negative values ofm must also be taken into account, that

is to say r^ and r_m are to be counted as separate vectors.

If J m is constant, it can be taken outside the summation, as a factor.

The remaining factor, involving the summations, is then the interference

function, which in this case is equivalent to (70.41). If the crystal has

a less regular shape, M cannot be expressed so easily, but the principle

is the same. When all the cells are alike, J m is constant, and equal to

|F|
2
, which is itself a function of , rj 9 J, and the summation is the
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interference function, which is always a periodic function of the

reciprocal-lattice co-ordinates, having its maxima at the reciprocal-
lattice points, which, as we have seen in X, 1 (/), can be expressed
as a triple Fourier series. If Jm is not constant, the intensity function

cannot be divided into the two factors |F|
2 and I ; for J m is itself a

function of m and at the same time of , 77,
and , and the summation

no longer has the form of a Fourier series. The type of distribution

may differ from point to point of the reciprocal lattice, and there is no

longer any reason to expect the integral breadth in p to be independent
of the spectrum, even for a powder composed of spherical particles.

The form of the intensity function for the case of hexagonal cobalt

discussed above has been worked out in detail by Wilson, who finds a

variation of the sharpness from spectrum to spectrum of the same

general nature as that found experimentally by Edwards and Lipson.
It is not possible to give details here, and reference must be made to

the original papers.
In dealing with powder photographs it is the integral line-breadth

that is required. To calculate this, we use the methods discussed in

2(b) of this chapter, starting from (70.86) instead of from (10.29).

We consider as before a cubic lattice, referred to orthorhombic axes

such that the spectrum considered becomes /zOO when referred to them.

The co-ordinates
, >?,

in (70.86) refer to the axes reciprocal to the

orthorhombic axes. Integrating (70.86) with respect to
??
and , with

| = 0, we obtain for the maximum intensity

V F
ni , n,>rti

F* +mi ,
n,, ni, (70.89)

f*j ^a **3 nil

and for the integrated intensity

* 2 V S IFwl 2
- (10.90), \i(P)dp

=
J

If J t is the average value of the product FnF*+mi for two cells at a

distance t = m^a apart, in a row of cells parallel to a, we may write the

right-hand side of (70.89) in the form

N being the total number of cells in the row ( 2 , a) parallel to a, and

transforming the summations into integrations, exactly as in X, 2(6),
obtain for the line-breadth in p

J,</f, (10.91)

or 0(20) = AVJ /cos
J
V, J t dt. (10.92)

V
t is the volume common to the crystal and its ghost, displaced through
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a distance /, and J
e
is the average value of the product Fn F*- for two

cells at a distance t apart in the direction of displacement, which is

perpendicular to the crystal planes producing the reflection considered.

Equation (10.92) reduces to the usual formula for the integral line-

breadth when ]
t
is independent of /, as it is in a crystal with no faults.

To calculate J e it is first necessary to determine the probability that
two cells at a given distance t apart in a given direction should have the

same structure factor. The following method has been used by Wilson.21

Suppose there are n possible structure factors, all equally likely, and
consider a cell (2) at a distance t + dt from a cell (1). Cell (2)

may be like cell (1) either because the cell at a distance / is like cell

(1) and no further fault occurs in the distance dt, or because the cell at

/ is unlike cell (1) and a fault occurs in the distance dt such as to make
cell (2) like cell (1). The fault may produce (n- 1) possible types of

cell, but only one of these will be like the cell (1), so that if wdt is the

probability that a fault of some kind occurs in the distance dt, the

probability that it will make cell (2) like cell (1) is wdtj(n -
1). Let

P(0 be the probability that two cells at a distance / apart in the direction

considered are alike, so that the probability that they are unlike is

I -P(0- Then the probability that the ceil at t+dt is like cell (1) is

the sum of the probabilities of the two types of occurrence considered

above, or

P(t+dt)=P(t) (1
-
wdt) + {1 -P(/)} \vdtl(n

-
1). (10.93)

Since dt is small,

P(t + dt)=P(t) + (dP(t)ldt)dt 9 (10.94)

and (70.93) and (70.94) together lead to

(n
-
l)dP/dt = -NH'P(f) + )v, (70.95)

which, on integration, gives

P(0 =[1 +(n -
l)exp { -;nv//(/i

-
!)}]/, (70.96)

the constant of integration being determined by the condition P(0) = 1.

Equation (70.96) reduces to P(/) = I/// for large r, as it should, since,
when the distance between the cells (1) and (2) is large, the nature of
cell (1) can have very little influence on that of cell (2), so that the

chance of their being identical is simply the chance that of n equally
probable choices the single favourable choice may be made.

If Flf F2 ,
... F

rl
are the n possible structure factors, the average

value of FnF*s or J
t , is given by

E FP [P(/)F* +{1 -P(/)}( E Fj)/(/i -l)]//i. (70.97)

To proceed further it is necessary to know the values of F for the

different possible unit cells. In the case of the alloy Cu3Au, investigated

experimentally by Jones and Sykes,
19 and theoretically by Wilson,

21 to

whose papers reference must be made for details, there are four possible
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values of F. The available atomic sites lie on a face-centred lattice,

and when the indices of the spectra hkl are all even or all odd, the

condition corresponding to such a lattice, the structure factors are all

equal, and J, reduces to (FAu + 3F(,,)
2

, which is independent of /, The

sharpness of these lines is therefore limited only by the size of the

crystal fragments ; they are the sharp lines of the main lattice. The

super-lattice lines are those for which the indices are neither all even

nor all odd, and for these the value of F is either FAu - Fe u , or F^ - FAll .

In all cases, J* reduces to

J<
= (FAu - FCu)2 exp( - 4w//3). (70.98)

The effective value of |F|
2 in equation (70.84) then falls off with

increasing distance t between the two cells, which means that even a

crystal of infinite extent will behave as regards the line-breadths of the

super-lattice lines as if it had a finite size, so long as >v, the probability

of a fault occurring in unit distance, is finite. Moreover, since w will

as a rule differ in different directions in the crystal, the diffuseness of

the lines may differ for different spectra, for / is perpendicular to the

lattice-planes producing the spectrum considered.

Equation (70.98) may be written in the form

J, = J exp(-S|f|), (70.99)

8 being small in comparison with the reciprocal dimensions of the

crystal. The integrand of the integral in (70.92) will then become small

before f, the displacement of the ghost from the crystal, has become
more than a small fraction of the possible displacement. To a close

approximation therefore we may put V 4
= V in (70.92), and write

0(20) = A/cos cxp(-8|r|)A

= 8A/2cos0. (70.100)

The apparent crystal size, e, which is given by =
A/e cos 0, is therefore

2/8, or 3/2 vv in the case considered. Thus, the greater the probability of

a fault occurring in a given distance, the smaller the effective particle size.

(b) Diffraction by a distorted lattice : Consider now a lattice, composed
of identical cells, that has become distorted owing to displacements of

the cells from their ideal positions. Such distortion might, for example,
be produced by the cold working of a metal. In Chapter V, we con-

sidered in some detail lattice distortions set up by thermal vibrations.

These could be considered as made up of displacements due to the

various normal modes of vibration possible to the crystal, and the

average to be considered was therefore a time average over the displace-

ments due to these independent modes. We have here to consider a

space average over displacements that are non-periodic in character.

A preliminary discussion of this problem has been given by Stokes and

Wilson.22
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Suppose the unit cell fixed by the vector r from the origin to be

displaced bodily by a vector distance u(r). Such a system of displace-
ments will in general involve a rotation as well as a translation, which
is given at any point by ^V x u; but unless the rotation of a cell is

large it will have relatively little effect on the phase of the radiation

scattered by the cell, and we shall neglect it in calculating the structure

factors. If F' is the structure factor of the displaced cell,

F'=Fexp{/*cS-u(r)} (70.101)
in the usual notation.

Consider a second cell at a distance t from the first in the direction

of the unit vector n. Its structure factor F" will be

F" = F exp {/VS-u(r + nt)}. (10. 102)

If the displacements are non-periodic, the relative displacements of

the two cells may be assumed large and random for large values of /,

so that the mean value of F'F"* will then vanish. For small values of

f, u(r + n/) may be expanded in powers of /, and if terms in /
2

, and

higher powers, are neglected

u(r + nf) =u(r) + /n*Vu. (70.103)

Here Vu is a tensor, the symmetrical part of which gives the strains in

the crystal at the point considered. With this approximation, using

(70.101) and (70.102), we may write

J,
= F' F"* =

|F|
2
exp {//cS-ni-Vu}. (70.104)

If we consider the hkl spectrum, we take n normal to the (hkl) planes,
since it is only displacements perpendicular to these planes that affect

the phase of F for this spectrum. In this case,

n = S/|S|, or S = n|S|=2n(sin0),

and *|S| =47r(sin 0)/A-/z in the notation previously used. Thus, for

the hkl spectrum,

J,
=FT77* =

|F|
2
exp {//i/n-ViMi}. (70.105)

From the properties of the tensor Vu it is easy to show that nVu-n
is the tensile strain ehh in the direction of n, and perpendicular to the

reflecting planes, so that _
0, (70.106)

an equation obtained by Stokes and Wilson, which should be a good
approximation for any system of strains that makes J

t approach zero

rapidly for large values of /.

Suppose now that <f>(e)de is the fraction of a crystal for which ehht

the tensile strain in the direction considered, lies between e and e + de.

Then

(70.107)
00

2N
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By (70.92), if J, vanishes except for small values of /, so that \ t is

always very nearly equal to V when the integrand is appreciable, we

may write for the integral line-breadth for a powder composed of

distorted particles such as we are considering

0(20) = |F|
2
A/cos 6 {] t dt, (70.108)

and the apparent particle size e is therefore given by

f r+oo f+ao
e- J,rfr/|F|'- <f>(e)exp(inte)dedt. (10.109)

J J ~oo J oo

To evaluate the integrals in (70.109) we first notice that the integrand
is a rapidly oscillating function for large e. Large numerical values of

e therefore contribute nothing to the integral, and we may give to <f>(e)

its value when e = 0, and take it outside the sign of integration, and

integrate with respect to e between the finite limits X and - X, which

can afterwards be made to tend to infinity. Thus

_W)pn(W
ft J^QO fit

The value of the integral is TT, whatever the value of X, so that

e -2w^(0)/fi = (A/2 sin 0) <f>(0), (70.1 1 1)

and = 2 tan 0/0(0). (70.112)

We can thus define t quantity

^0 cot = 2/.(0), (70.113)

which should be a measure of the apparent strain in the crystal, and

independent of the wave-length or order of reflection from a given set

of planes.

Measurements of the integral breadth alone Will give that fraction of

the crystal in which the strain is negligible. Plainly, the larger this is,

the smaller the integral breadth. According to Stokes and Wilson, it

is in principle possible to obtain the distribution of strain <f>(e) by

analysing the photometric curves of broadened and unbroadened lines.

Space does not, however, allow this point to be discussed.

Stokes and Wilson consider in detail two simple types of distortion.

The first of these, which assumes all values of \ehh \

between zero and a

certain maximum to be equally likely, and \ehh \
to be given by the

direct stress divided by Young's modulus, leads to <t>(Q)^ll2(ehh)mtkXt

and so to

77=0 cot = 4(eAA) max . (70.114)

If the further assumption that the maximum stress is independent of

direction is made, ehh =maximum stress/Young's modulus, and the

equation

(70.115)
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is found to apply, where A and B are constants for the given
spectrum, and

H a
(A:

2
/
2

4-W + A2
A:

2
)/(/z

2 + A:
2 + /

2
). (10. 1 16)

The second assumption, that cxp(ijr) = cxp(-jc*/2), the stress being
on the average isotropic, which is accurately true for a Gaussian
distribution, leads to

and so to

|M
oo __ __

, (/O.I 17)

(70.118)

|M
o

J _o

and 17=0 cot = 2(27T&)*. (70.119)

In this case, 7j

2 = A + BH, (70.120)

H having the value of (70.116).

Experimental work on metal filings and wires gives results agreeing

fairly well with both (70.115) and (70.120), but is not accurate enough
to decide between them. It is indeed likely that more accurate measure-
ments would agree with neither formula; for the assumptions upon
which each is based are unavoidably oversimplified. For details of the

calculations, reference must be made to the original papers.

(c) Diffraction by lattices with periodic distortions : The distortions

discussed in the last paragraph were assumed to be non-periodic and
random in character. There is, however, some evidence that periodic
errors occur in certain crystals, producing effects analogous to the

optical ghosts that accompany the spectra given by a diffraction grating
with a periodic error of ruling. The effect on the spectra of periodic
distortions due to the normal modes of vibration of the crystal were
discussed in V, 1 (/), in dealing with the temperature factor. We have
now to consider a stationary disturbance, periodic in space, and not a

time average; but very similar mathematical methods may with advan-

tage be used. For simplicity, we consider only the reflections from a

single set of planes, the W)0 planes, but the generalisation of the method
to three dimensions will be obvious.

Let S(x)dx be the amount of scattering matter lying in the unit cell

between planes distant x and x + dx from the origin. By (7.43), p. 370,
we may express S(x) as a Fourier series in the form

aS(x)= 2* F(A)exp(-27ri7iGjc), (70.121)
ft-00

G being the reciprocal of a, the spacing of the planes, and so the
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number of repetitions of the undistorted lattice in unit length in the

direction of x. The spectra given by these planes are represented by
the points (.x*, 0, 0), with **-/*G, in the reciprocal-lattice space,
or the points (f, 0, 0), with f - h in the notation previously used.

Let this distribution be now subjected to a distortion such that a

plane at a distance x from the origin is displaced in the direction of x
by a distance w(.v), itself a periodic function of .v, and so expressible as

a Fourier series

Wi 00

(.v)= B(iH)exp(-2mmfx), (70.122)
W= 00

g being the number of repetitions of the disturbance in unit length. If

the displacement is small, so that w* may always be neglected in com-
parison with w, we may write for the disturbed density S'(x), as in

V.1(0

(70.123)

or, using (70.121) and (70.122),

a S'O) - V)F(A) exp(
- 277 ihGx)

+ 2wiX ^F(h)E(m)(hG + mg) exp {
-
2iri(hG + mg)x}. (70. 124)

h m

Equation (70.124) shows that the disturbed density S'(x) will contain
in addition to the original sinusoidal components of frequency HG,
which give the spectra from the undisturbed planes, components with

frequencies |A|G|/n|g. To each such sinusoidal component there

corresponds a possible spectrum, and these new frequencies, which
have appeared as a result of the periodic disturbance, correspond to
the ghost spectra. These may be thought of as satellite spectra accom-

panying the main lattice-spectra, their representative points in the

reciprocal-lattice space corresponding to x* = (|A|O \rn\g), or
=

(\h\\m\g/G). If the periodic disturbance repeats itself in a
distance Qa, G = Q#, and the values of for the satellite spectra are
h AW/Q. Here, Q may or may not be a whole number, for it is not

necessary that the disturbance should repeat itself in an integral number
of lattice-units.

Equation (70.124) shows that the amplitude of any ghost spectrum
of order m is proportional to the distance of its representative point
from the reciprocal-lattice origin, and also to the amplitude E(m) of
the mth Fourier component of the periodic disturbance.

The treatment given here assumes a continuous scattering density
S(x), and a displacement u(x) that is also a continuous function of the
co-ordinates x, and the resulting displacements have been considered
as small enough for their squares to be neglected. We might, however,
have supposed each lattice-plane to be displaced as a whole, without
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distortion, by an amount that is a periodic function of its undisplaced
distance from the origin. If the displacement is also sinusoidal, it is
not difficult to treat this case without the restriction to small displace-
ments, as KochendSrfer 23 has shown.

Let a be the spacing of the lattice-planes, and pa the undisplaced
distance from the origin of the pth plane. If this plane is displaced
from its true position through a distance B cos 2-npag, we may write for
the amplitude scattered by a set ofN planes, each ofunit scattering power,

p-N-l
A- V explf/*(pa + Bcos27r/wig)] > (70.125)

where ^ =47r(sin 0)/A - 2-TrfG.

To proceed further, we use the expansion
m oo

exp (iv cos x) = J (v) + 2 V; i
> ]m (v) cos / jc, ( 70. 1 26)

Jm (z>) being the Bessel function of order m. Putting =/xB, and
x = 27rpag, we substitute this in (70.125), at the same time expressing
the cosines in the exponential form, and obtain for A the expansion

ro--=oo wi= x> p^N-1
A= X Atn= X /Mjlm[(^B) X exp{i>a(fi+ 27r/?7g)}. (70.127)

The mth term of this expansion is a geometrical series of the same
nature as that met with in the theory of the linear diffraction grating,
which was discussed in detail in Chapter I, 1 (a). It has appreciable
values only when \a(n + 2irmg) is an integral multiple, /;, of 77, that is

to say, when

(70.128)

For these values of /i, the term has maxima of value NJM (MB), and the
larger N, the number of planes, the sharper are these maxima.
The intensity is given as a function of ^ by |A|

2
. Because of the

sharpness of the maxima in A, the only terms in |A|
2 that have appreci-

able value are those of the type |

Aw |

2
, and we can write, with an accuracy

that becomes greater the larger the value of N,

The term m =0 gives the main spectra, which occur at the same positions
as those from the undisturbed lattice, given by /x-27r/iG, correspond-
ing to = /r in the reciprocal lattice row perpendicular to the planes.
The intensities of the main spectra are, however, no longer all equal,
that of theMh order being proportional to Jg(27rAGB), or Jg(27r/?B/^)!
The terms m represent the ghosts of mth order accompanying the
main spectra. They occur at angles given by

or =HTmg/G=/iTw/Q. (70.130)
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The intensities of these ghosts are proportional to

Jfm,fcB), or Jfw| (27rB/a),

where \L or f have the values corresponding to (70.130). In principle,

therefore, ghosts of all orders m accompany each main spectrum of
order h, including that of zero order, even although the disturbance is

represented by a purely sinusoidal function, with no higher Fourier

components. The ghosts accompanying the zero order will as a rule

be very faint, since the values of the Bessel functions that determine their

intensities will be small.

Daniel and Lipson
24 have given an approximate treatment of the

problem, neglecting the squares of the displacements. According to

this, only the first-order
ghosts

should appear with a sinusoidal displace-
ment, and their intensities should be proportional to the squares of the
orders of the corresponding main spectra. The relation between this

approximate solution and that given by (70.129) is not difficult to see.

For small values of /*B, J^B) is proportional to (/xB)
m

. Thus, if /xB
is small enough throughout the relevant range of /*, the main spectra
will be of nearly constant intensity, and the first-order ghosts will

have intensities proportional to /x
2

, \L being that value corresponding to
the position of the ghost, so that ghosts of order m accompanying a

single main spectrum will not be equal in intensity. The intensities

of the second-and third-order ghosts will be proportional to
ju,

4 and /x
6

respectively, and will be very weak if ft is small, but will increase with

increasing order. If/tB becomes large, the intensity relationships differ

considerably from those given by the approximate treatment.
In fig. 205 (a) and (b) are shown the amplitudes of the main spectra

and the corresponding ghosts for B/a = l/207r, or /iB = /10, and
B/0 = 1/1077, or /*B = f/5, plotted as a function of f, with g = G/10, or

Q = 10. The maximum displacements are here approximately 1/63
and 1/31 of the main lattice spacing respectively. In the first case, the
conditions are very nearly those given by the approximate treatment,
which we may consider as closely applicable when B/a< 1/100. In the
second case, however, the departures from the predictions of the

approximate theory are already quite considerable. For large enough
values of B/a the ghosts of the first order accompanying spectra of

higher order may become more intense than the main spectra.
In some respects, the assumption of a bodily displacement of discrete

lattice-planes, without distortion, would appear to be more physical
than that of a continuous distortion ofa continuous density distribution,

although it is not in fact easy to decide which is the better representation
in the case of a complex lattice-cell. The assumption of a continuous

density distribution allows us to deal without difficulty with displace-
ments that are periodic but not sinusoidal, but is not easily applicable
to other than small displacements. The essential difference between
the two types of assumption may be seen from the following example.
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FIG. 205. Main spectra and ghost spectra for a set of planes with a sinus-

oidal distortion of spacing, the period of the distortion being 10 times that

of the plane (Q^IO). In 205(0) the maximum displacement is 1/20* of

the spacing of the planes, in 205(6) the ratio is l/10w. Abscissae are

= 20(sin0)/A

Suppose a grating to consist of equal transparent strips separated by

opaque intervals. We might suppose it to be distorted by movement

of the transparent strips as a whole, without alteration of their widths,

which corresponds to the displacement of discrete lattice-planes ;
or

we might suppose the displacement at any point to be a continuous
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function of the distance measured across the grating. Any given strip

will then in general be altered in width as well as in position. If we

suppose the total amplitude transmitted by each line nevertheless to

remain the same, this second case corresponds to the assumption of the

distortion of a continuous scattering density. It is plain that the two
cases are not the same.

Another possible type of periodic disturbance can be represented by
a modulation of the periodic density function S(jc) by a factor itself

periodic in x with a different frequency, a case very easily treated by a

method closely similar to that used above for the continuous distortion.

A distribution so modulated will give satellite spectra in the same posi-

tions as those given by a displacement with the same periodicity. The
intensities of the groups^of satellites are now, however, the same for all

orders of the main spectra, including the zero order.

(d) Experimental evidence of structures with periodic faults : In 1940,

Chao and Taylor
25 described oscillation photographs taken about the

c axes of some plagioclase felspars, some of which showed subsidiary

layer lines between the prominent layer lines corresponding to the

spacing of about 7A characteristic of the albite structure. In some

cases, subsidiary lines appeared midway between the main layer lines,

as if the true length of the cell in the c direction were really double

that of the fundamental spacing; in other cases, pairs of layer lines,

symmetrically disposed about a position midway between the main

layer lines, and corresponding closely to the positions of the 2nd and

3rd, and 7th and 8th lines for a spacing 5 x 7A were observed. Very
much weaker reflections, corresponding possibly to some of the other

layer lines for this spacing, were also sometimes visible.

The explanation of the phenomena suggested by Chao and Taylor is

that these crystals are not homogeneous throughout, but consist of

regular alternations of the albite and anorthite structures, two closely

related types of felspar structure, in layers approximately parallel to

(001). The c axis of the albite structure has a length of about 7A, and
that of the anorthite structure is about twice as great, so that a regular

ajternation of layers of the two structures is, in its optical effect, equi-

valent to a structure with a regular periodic spacing of about 7A having
a periodically varying structure factor ; and from this point of view,

the extra layer lines could be considered as optical ghosts corresponding
to this type of modulation. By suitable arrangements of layers it was
found possible to obtain agreement between the observed and calculated

intensities of the layer lines, but space does not allow us to consider

the details here, for which reference must be made to the original work.
''Another very interesting case has been discussed by Daniel and

Lipson,
24 ' 26 that of the alloy Cu4FeNi3 , which has a single-phase, face-

centred cubic structure above about 800 C., but at lower temperatures
consists of two phases, each a face-centred cubic structure. It was
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discovered by Bradley that when this alloy was heated at 650 C. for one
hour the diffraction lines remained sharp, but each was flanked by two
slightly diffuse, but quite strong side-bands, or satellite spectra. The
appearance of the lines, and the way in which their intensities varied
with the order of the spectra, suggested that they were due to a periodic
variation of the lattice spacing rather than to a variation of the structure
factor superposed on a definite spacing. This variation of spacing is

presumably set up during the dissociation of the alloy, and the appear-
ance of the lines depends on the temperature and on the length of the
heat treatment.

Daniel and
Lipson

26 found that it was possible to explain the results

quantitatively fairly well in terms of Kochendorfer's formula, discussed
in the last paragraph, on the assumption that a similar periodic variation
of spacing takes place along all three cubic axes, although it was
necessary to make allowance for extinction, a considerable amount of
which had been introduced by the heat treatment. From the spacing
of the satellites, Q, the number of unit cells over which one complete
period of the variation extends, was found to vary from 50 to as much
as 100, when the heat treatment had been lengthy. The diffuseness of
the side-bands was taken as an indication that there was a considerable
variation of Q in any given specimen, although it must also be remem-
bered in this connection that a limited length of the regions of coherence
ofthe periodic modification would have the same effect, while leaving the
main spectra unbroadened.
From the variations of the intensity of the satellites with order it was

possible to make estimates of the ratio B/a, the ratio of the maximum
displacement ofa plane to the undisturbed spacing. Daniel and Lipson
actually tabulate Qb/a, where b is the maximum variation of the dis-

tance between successive planes from a, and this is equal to 2nE/Q.
The tabulated quantity is therefore 27rB/a, and is actually independent
of Q. The values of B/a found necessary to explain the results range
from 0-05 to 0-11, according to the length and the temperature of the
heat treatment, smaller values being on the whole associated with short
times and high temperatures. The values of b range from 0-01 8A to

0-049A, in a spacing of 3-58A and are thus relatively small, in spite of
the large values of B/tf . It should be noted, however, that the intensities
of the satellites accompanying any given order are determined primarily
by B/a, and not by 6, as (70.129) shows, since Jm (/u,B) is equal to

Quite recently, Mr. D. H. Saunder27
, working at the University ofCape

Town, has obtained what appears to be definite evidence of a periodic
variation of structure in some crystals of complexes of 4 : 4' dinitro-

diphenyl with 4-bromo and 4-iododiphenyl. Oscillation photographs
about one of the axes of these crystals show what at first sight appear
to be a set of layer lines of which the lines of order 0, 7, and 14 are sharp
and normal in appearance, the remainder being fainter and considerably
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more diffuse. Closer inspection, in the case of the bromo compound,
shows the spacing of the diffuse layer lines to be abnormal, and careful_ measurement shows the arrangement to be

9
that illustrated diagrammatically in fig. 206,

-G+3g ------------ in which, however, the abnormality of the

G-3g _____________ spacing has been somewhat exaggerated.*
The 2nd, 4th, and 6th layer lines appear in

fact t be *n the precise positions of ghosts

0+g, + 2g, and + 3 accompanying the, ,

G-g .3ZZZZT7 ^ zero-order layer line, and the 1st, 3rd, and
5th to be in those of the ghosts G-3#,

*^%,/ G -
2g, and G -g accompanying the 7th, or

............
2G-3ff rlst sharp layer line, g being not an exact

G+q ___________ submultiple of G, the frequency correspond-
........

2G-2g ing to the sharp layer lines. If the arrange-

G+2Q _____________ ment of lines is so interpreted, it is found"
........... 26-g that the distribution of diffuseness with order

m is the same in each group of ghosts.

h*z The structure of the crystal is not fully

known, although its type can be inferred with
---------- 2G+g some certainty from work on similar com-

FIG 206 plexes.
27 The dinitrodiphenyl molecules lie

parallel to one another in face-centred array,

nearly in the c planes, and at a distance of 3-69A apart in the direction

of the c axis, about which the oscillation photographs under discussion

were taken. The long axes of these molecules are parallel to the a axis

of the crystal. The molecules of the halogen compound run in a

direction nearly parallel to the c axis, and nearly perpendicular to the

planes of the dinitrodiphenyl molecules, through tubular cavities formed

by the face-centred array in which these lie.

The dinitrodiphenyl molecules alone would produce the sharp layer
lines 0, 7, and 14; and the arrangement of the subsidiary layer lines

is exactly that to be expected of a series of optical ghosts, such as would
occur if the regular sequence of the planes of spacing 3-69A had been

modified, in the case of the bromo complex, by a periodic error repeat-

ing itself in distance 12-7A, a distance a little less than that correspond-
ing to seven layers of the dinitrodiphenyl molecules. Since 12-7A is the

length of a molecule of 4-bromodiphenyl, it is natural to suppose that

the presence of the halogen molecules running through the structure

imposes a periodic variation of the fundamental spacing.
The diffuseness of the ghost spectra varies from order to order, but

the elongation of the spots is in all cases parallel to b. If the crystal
wer& composed of optically independent fragments with a small exten-

sion parallel to b, all the spots would be equally diffuse ; and it would

* A similar, but much more marked, abnormality occurs in the case of the com*
plex with 4-chlorodiphenyl.
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thus appear that the explanation of the effect must be sought in random
faults occurring in the b direction, superposed on a fundamentally
regular lattice spacing. The following simplified model has been
found to give an explanation of the main features of the pattern ob-
served.* The crystal is assumed to consist of layers of dinitrodiphenyl
molecules, all exactly alike, placed one above the other with their planes
parallel to (001), and their lengths parallel to the a axis. Through this

structure the chains of halogen molecules pass, with their lengths
parallel to the c axis. The halogen molecules lying in any one chain
are assumed to maintain an unchanged regular sequence throughout
the crystal. In any one (020) plane, the structure is supposed to be
without faults, corresponding atoms in different halogen chains all

having the same c co-ordinates, so that the consequent displacements
of the dinitrodiphenyl molecules are all in phase. It is supposed, how-
ever, that in different (020) planes there may be relative displacements
of the halogen molecules, so that in passing from one (020) plane to the
next there may be a sudden change in the c co-ordinates of correspond-
ing halogen molecules. It is assumed that there is a certain probability
that within any distance measured parallel to b such a change, or fault,

may occur, and the simplest possible assumption, that there are two
possible sets of co-ordinates for the halogen molecules, is made. It is

shown that the diffuseness of the ghost maxima is governed by a factor

which is a function of m, the order of the ghost, the form of which

suggests that the spots on the ghost layer lines might show sharp nuclei

within relatively diffuse wings ; and on the photographs such spots are
in fact to be seen. It can also be shown that the scattering by the

halogen molecules alone, assuming the same probability of faults in

the structure, would produce a set of layer lines having the positions
and diffuseness of the ghosts accompanying the zero-order spectrum,
the strength of which on the photographs can be ascribed to this cause,
the true ghosts being those accompanying the higher orders.

4. DIFFRACTION BY FIBROUS MATERIALS

(a) Introductory: We shall conclude this chapter by discussing

briefly the diffraction of X-rays by fibrous materials, a subject that is

becoming of increasing importance because of the scientific interest and

practical importance ofmany of the substances concerned. The typical
fibrous substance is composed of long chain-like structures, each with
some element of pattern repeating itself at regular intervals along the

length of the chain. Cellulose, for example, consists of chains of

0-glucose residues
; and the fibrous proteins, such as wool, hair, silk,

horn, quills, muscle fibres, and many other naturally occurring bodies,
of polypeptide chains. The work on the structure of cellulose was

* James and Saundcr, Proc. Roy. Soc., A 190, 518 (1947).
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initiated by Herzog, Jancke, and Polanyi
29 as early as 1920, and was

continued by Mark and Andress.28 In 1925, Katz w discovered that

while unstretched rubber gave X-ray patterns showing diffuse haloes,

such as are given by liquids and amorphous solids, the pattern changed
when the rubber was stretched to one consisting of spots arranged on

layer lines, resembling a rotation photograph produced by a crystal.

More recently, the work of Astbury
31 and his associates on wool and

hair, and the related fibrous proteins, has added much to our knowledge ;

and the biological importance of the substances investigated make the

results of unusual interest.

The present volume is not the place to deal with the subject in detail.

It can here be treated only as a problem in diffraction, closely related

to those already considered in the first section of this chapter. The

appearance of the spots on the fibre photographs shows that they are

formed by crystallites, or crystal-like bodies, containing a considerable

number of repetitions of the pattern along the direction of the fibres,

and a comparatively small number of repetitions in directions transverse

to it, the directions of the fibre axes of the crystallites in the irradiated

specimen being approximately parallel to one another and perpendicular
to the incident beam. It is interesting to trace the development of such

diffraction patterns from those produced by fibres consisting of single
rows of units, to those consisting of a number of parallel rows in crystal-
line array, in order to see at what stage a typically crystalline pattern
makes its appearance. The actual structures themselves, and their

arrangement and mutual interaction, are too complex for exact

theoretical treatment, and simplification will be necessary ; but even so,

interesting results may be obtained.

A brief account of some of the experimental work on fibres has

already been given in Volume I, Chapter VIII, p. 203, where a typical
fibre photograph is shown in Plate XVI. For fuller accounts, and
detailed bibliographies, reference may be made to the following works :

Meyer and Mark, Der Aufbau der hochpolyrneren organischen Naturstoffe

(Leipzig, 1930) ; Astbury, The Fundamentals ofFibre Structure (Oxford,

1933) ; Randall, The Diffraction of X-rays and Electrons by Amorphous
Solids, Liquids and Gases (Chapman and Hall, 1933), Chapter VII;

Astbury, Textile Fibres under the X-rays (Imperial Chemical Industries,

1943), which gives an excellent series of reproductions of fibre photo-

graphs.

(b) Diffraction by elongated crystallites with parallel arrangement and
random orientation about the direction of their lengths: The diffraction

pattern produced by a single straight row of regularly spaced points,
which is the ideally simple fibre, has already been discussed in 1 (d) of
this chapter, where it was considered as a degenerate case of diffraction

by a parallelepipedal lattice in which the number of points in the rows

parallel to two of the axes had been reduced to one. We shall again
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treat the problem in the same way, but shall now investigate the manner
in which the complexity of the diffraction pattern grows as the number
of points in these rows again increases, remaining, however, quite small,
while the number of points parallel to the long axis remains large.
We shall suppose for simplicity that the lattice is orthogonal, although

it is quite easy to generalise the treatment to lattices of any type, if

necessary. Let the c axis be the fibre axis, and let the number of

points, N3 , parallel to this be large and equal to N. Let Nj and N 2 be

respectively the number of points in rows parallel to a and b.

Since N is large, the distribution of the interference function corre-

sponding to a crystallite is such that it has appreciable values only in

a set of planes perpendicular to c, having a spacing 1/c. These are the

planes =
integer, in the notation already used. If each unit scatters

as a point, and if N^N^l, the interference function I is constant
and equal to N 2

anywhere in these planes, the thickness of the region of

appreciable I on either side of these planes being negligible in practice
if N is more than a few hundred. The diffraction pattern produced
when radiation is incident in a direction perpendicular to the line of

points has been fully discussed in !(</), and is illustrated by fig. 187.

The diffracted beams form cones, which intersect any plane perpen-
dicular to the direction of the incident radiation, such for example as a

photographic plate, in a series of hyperbolas, the well-known layer lines.

If the specimen consists of a very large number of exactly similar chains,
all parallel to each other, but having no ordered arrangement except
their parallelism, the distribution of intensity in the pattern is the same
as for a single row, assuming always that the individual rows are so far

apart that external interference, depending upon the positions of chain
relative to chain, can be neglected. We shall for the time being make
this assumption, which is certainly a great oversimplification, but we
shall try to make some allowance for the effect later.

For chains longer than a few hundred units, the width of a layer
line is determined by factors having nothing to do with diffraction, such
as the divergence of the incident beam and the geometry of the camera.
The distribution of the intensity along the layer lines will show no
maxima and minima, and the well-marked maxima and minima that

actually occur on the typical fibre photograph indicate that the structures

producing them have considerably greater complexity than the simple
one considered, as indeed one would expect.

In any actual chain, each repeating unit will itself have a structure,
and will consist of a group of atoms of definite composition and
configuration. Such a structure must cause maxima and minima of

intensity along the layer lines,. even with a single chain, but will not in

general give rise to such sharply defined maxima as are actually observed.
We accordingly consider first the effect of increasing the number of
rows parallel to c in each crystallite, when each unit scatters as a point,
leaving the consideration of the structure factor of the unit until later.
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First, suppose N! 2, N2
-

1, N3
= N. Each crystallite is then a grid

consisting of two parallel rows. Again we need only consider the

values of I in the plane =
integer, in which it is a function of only,

and by (10.6) is given by

sin*
-4N> cos2

(70.131)

Fio. 207

This type of distribution is illustrated in fig. 207, in which portions of
the infinite planes =0 and = 1 are shown. I (f) is constant in any

such plane along lines

perpendicular to a and c

and the variation parallel

to a* is given by (70.131).

Suppose now that the

specimen irradiated con-

tains a very large number
of such crystallites, with

their c axes all parallel to

a common direction, but

with all orientations about
the c axis equally probable.
If external interferences

can be neglected, and if

the positions of the

crystallites parallel to their lengths are random, the average interference

function I (/-) will be axially symmetrical about c, and may be obtained

by finding the average value at any radius when the distribution rotates

about the c axis into all orientations with equal probability. We need
consider only the planes =

integer, in each of which the average
distribution will be the same.

Let OQ, fig. 208, be a line

through the origin inthe equatorial

plane 0, and parallel to the a
axis of one of the crystallites. If

x is the actual distance OQ,
x = /a, or f = ax. The value of
I (f) is constant along a line such
as QP perpendicular to OQ,
and so the contribution of the

crystallite considered to the total

value of I at a point P distant r from O on a line OP making an angle
a with OQ is

FIG. 208

- I (m COS a) -4N2 COS*(lOT COS a),

by (70.131).

The probability that the a axis of a given crystallite lies in a direction
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making an angle between a and a + rfa with OP is </a/27r, and so the

average value of I for random orientation about c is

1 f
2*

JoW = v- 4N2 cos2
(nar cos a) </a

ZTTjQ

N2
f
2"

=
I { 1 + COS (27T0r COS a)} t/a

7T JQ

= 2N2 {l+J (27ra/-)}, (70.132)

where J (x) is the Bessel function of zero order, defined by

Jo(*)"*-[ cos (x cos 0) rf̂ -
27T JQ

The variation of the Bessel function J (x) with x is similar to that

of the more familiar diffraction function (sin jc)/x, except that the sub-

sidiary maxima and minima are rather more strongly marked. Table
X. 3, shows the maxima, minima, and roots of the functions J (*)
and J x (x) up to x=40.

TABLE X. 3

Maxima, Minima, and roots of J (x) and Ji(x). (Jahnke-Emde).

NOTE. The values of x for the maxima and minima of JD (JC) are those of
the roots of JI(AT), the function of unit order ; and vice versa.

Detailed tables of the functions are to be found in G. N. Watson's

Theory of Bessel Functions (Cambridge, 1922), or in Jahnke-Emde,
Funktionen-tafeln (Leipzig, 1933). Curve A, in fig. 213, shows the

variation of 4(1 +J (*)} with x.

Equation (70.132) applies only to the planes =
integer. The value

of I for any value of is given by

(/0.133)
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Since N is large, we may assume I (r, ) to be sensibly equal to zero

except in the planes f integer. The average distribution corresponding
to (70.133) is then illustrated diagrammatically in fig. 209. The shaded

FIG. 209

rings represent the rather diffuse maxima of the function, 1 + J (27r0r),
r being the radial distance from the axis OC. The sphere of reflection

of centre L and radius I/A, is shown for radiation incident in a direction

perpendicular to c. The arcs AOA' and BPB' are the intersections of
the sphere with the planes =0 and =

1, respectively. If A and A'

are the points where one of the circles of maximum I meets the sphere,
LA and LA' are the directions of the corresponding diffraction maxima,
which in this case lie upon the equatorial layer line if the radiation is

allowed to fall on a photographic plate with its plane perpendicular to

LO. LB and LB' give the directions of the corresponding maxima on
the first layer line, { = 1. The

x maxima will be very broad and
diffuse along the layer lines, but

narrow transverse to them.

Fig. 210 is a projection of

fig, 209 on the plane = 0. The
circle of intersection of the

sphere of reflection with the

plane = is AOA', which

passes through the origin. BPB',

CQC', are the projections of the

corresponding circles of inter-

section with the planes f-1,

FIG. 210
=

2, and so on. LA, prolonged,
meets XX 7

, the trace of the plate,
at S, which is the position of the maximum on the equatorial layer line.

LS cuts the circles BPB', CQC', at B and C, at different radii, OB and
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OC, and the values of 2 {1 + ^(Inar)} for these radii give the values of
the intensity on the first and second layer lines at points on the line

through S perpendicular to the equatorial layer line. These points
will not, in general, coincide with the maxima on the higher layer lines,
but it is easy from the figure to map out the distribution for any
particular case.

For this simple example, the characteristics are (i) the diffuseness

of the spots along the layer lines, corresponding to the small
number of rows in directions perpendicular to the fibre axis, (ii) the

narrowness of the maxima across the layer lines, coi responding to the

large number of repetitions of the scattering unit along the fibre axes.

(c) Effects of lack ofparallelism of the fibres : In no actual specimen
can we expect exact parallelism of the component fibres. It is not
difficult to see the effect of a distribution of the direction of the fibre

axes about a mean direction coinciding with the axis OC of fig. 209.

We must suppose OC to assume a variety of directions, O remaining
fixed. In fig. 211, the horizontal lines represent diagrammatically

FIG. 211. Effect on fibre diagram of disonentation of the irradiated fibres

sections through the rings of maximum intensity by a plane containing
the axis OC. For a fixed direction of OC, the regions of appreciable

density are indefinitely thin, but ifOC can assume a variety of directions

lying within the cone indicated in the diagram, the average density
distribution will be enlarged in the manner shown. Any particular

portion of the density distribution will be smeared out into a region

lying on a sphere having O as centre, and the corresponding spot on the
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photographic plate will be elongated along the arc of a circle having
the point of impact of the primary beam as centre, in fact, along a

Debye-Scherrer ring. The general result, illustrated in fig. 211, is to

widen the equatorial spots in directions perpendicular to the equator,
and to broaden the spots near the meridian along the layer lines, but to

alter the breadth across them very little. All the main features discussed

above are well shown on a photograph obtained by Astbury from
natural silk, reproduced in fig. 212 (PL XVI). Cu Ka radiation was

used, and the plate was about 4 cm. from the specimen. The ex-

tension along the Debye-Scherrer circles, and its increasing amount
as the distance from the centre of the plate increases are well shown,
as well as the broadness of the maxima in a direction transverse to the

equatorial layer lines, /and the narrowness in the corresponding direc-

tion of the spots near the meridian.

Although there is a general resemblance in type between the pattern
for silk and that predicted from the simple structure consisting of two
rows, it is clear that the spots on the actual photograph are much too

well defined to be produced by crystallites having such a small number of

repetitions perpendicular to the fibre axis. We shall therefore consider

in the next paragraph the effect of increasing the number of lateral rows.

(d) The elongated two-dimensional structure with a number of rows :

We now consider the effect of increasing the number of points in rows

parallel to a, while keeping N2 equal to 1, so that the crystallites now
consist of a number of parallel rows, side by side, in one plane.
The general form of the interference function in the plane
=
integer is now

"I

2|,
J

(N, -) cos 2|, (70.134)

by (70.12), and it is clear that by applying the process of averaging
that led to (70.132) we obtain for the average value of the interference

function at a distance r from the axis in a plane =
integer,

(70.135)
n=l

If N! =4 for example,

! (r) N2
(4 + 6J (27rar) + 4J (4iw) + 2J (67w)}, (70.136)

and each additional row gives an extra 'harmonic' in the series. The
effect of the extra terms is to sharpen the maxima, and to displace

tjiem. This is illustrated by fig. 213, which shows the distribution of

intensity along the zero layer line for 1^=4, plotted as a function of

4rra(sin 0)/A, or fta, in the notation used earlier in this chapter.

For the zero layer line r = 2 (sin 0)/A, so that I (r) can in this case be



PLATE XVI

FIG. 212, Fibre photograph from natural (domestic) silk, Cu
fibre axis vertical (Astbury)

(Tcitilf * under the A'-w/s, Imp ('hem Industries)

(P. 578)
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6 8 10 12 14 16

jus *47ra(sm9)/\
FIG. 213. Distribution of intensity on the equatorial layer line produced
by grids of two (A) and four (B) rows, with random orientation about
the direction of the rows. Curves A and B are drawn for point atoms.

Curve C illustrates the effect of the atomic scattering-factor

written I (^a). This will not, of course, hold good for the higher layer

lines.

The dotted curve A is that for the grid of two rows with a spacing
a between them (equation 70.132), and the continuous line B is that for

a grid of four rows with the same spacing. The two curves are plotted
on a comparable scale. It is assumed that in each case there are

equal numbers of rows of N points. In case B, they form crystallites

consisting of four rows, each giving an intensity proportional to 16 at

small angles ; in the other case, A, they form two independent crystal-

lites of two rows each, each giving an intensity proportional to 4, and
so a total intensity proportional to 8 at small angles. Zero-angle

scattering is neglected (cf. Chapter IX, 2 (a)).

For a crystal of spacing a% the maximum 100 on the equatorial layer

line would occur at an angle given by

(sin 0)/A
= 1 /2a, or pa = 4tra (sin 0)/A

- 1-n.

For the grids of both 2 and 4 rows, the maxima occur at angles

greater than this, although the approximation to it is nearer for the

greater number of rows. The first maximum of J (*) occurs for x =* 7-016,



580 THE OPTICAL PRINCIPLES OF THE DIFFRACTION OF X-RAYS

or when r = 7'016/27T#, On the equatorial layer line, r = 2(sin 0)/A, so

that the maximum 100 for two rows occurs when

(sin 0)/A
- 7-016/4 = 1-11 5/20,

or when pa = 7-016. This is illustrated in fig. 213, where the arrows at

na = 27T and 4?r show the positions of the spectra 100 and 200 for a

crystal of spacing a. It will be noted, too, that the background is

considerable for the two-dimensional grids.

If the rows consist of actual atoms, instead of scattering points, the

maxima will be less well marked, for the interference function then has

to be multiplied by the square of the atomic scattering factor, which
decreases rapidly with increasing (sin 0)/A. The effect is illustrated by
curve C, fig. 213. Its magnitude depends on the value of the spacing a

relative to the atomic dimensions. In plotting curve C, it was assumed
that = 3-98A, corresponding to (sin 0)/X^iia/5Q, and the values of/
for the oxygen atom, as given in the tables of James and Brindley, were

used. It will be seen that the maxima are still quite prominent, particu-

larly the first. For larger values of a, and the same type of atom, the

difference between the curves B and C would be less. Physically, this

means that any given maximum, such as 100, occurs at a smaller value

of (sin 0)/A the larger the a spacing, while the rate at which/
2

falls off

with increasing (sin 0)/A depends only on the type of atom of which the

structure is composed. For small spacings, of the order of 2A, the

effect of the falling away in/
2 in reducing the maxima would be much

greater, and we have already considered an example of this in dealing
with scattering by diatomic molecules such as oxygen and nitrogen,

(Chapter IX, 3(c)), in which maxima, quite well marked so long as the

atoms scatter as points, virtually disappear when the atomic scattering

factor is taken into account.

(e) The elongated three-dimensional crystallite : If both Nx and N 2

are greater than unity, the infinite lines of appreciable density parallel

to 6* on the planes = integer characteristic of the grid-like crystallite

break up into isolated regions surrounding the reciprocal-lattice points.

The interference function in any such plane is now a function both of

f and r, and can be written

We saw in 1 (/) of this chapter that (70.137) may be expressed as a

Fourier series, the sum of a constant term, and a series of cosine terms.

For any one cosine term, the lines of constant phase in the reciprocal-

lattice distribution are parallel to some row of reciprocal-lattice

points in the plane = integer, and the wave-length is the spacing of

the corresponding rows, and so the reciprocal of the distance between

two points in the plane ab of the actual lattice. For example, if the base
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of the crystal unit consists of four points at the corners of a parallelo-

gram ABCD, there will be one cosine term in the Fourier series for

(10. 137) for each of the distances AB, AD, AC, and DB. The coefficient
of any term is equal to the number of times the corresponding distance
occurs in the figure ABCD, counted once in each direction, thus 4 for
AB and AD, and 2 for AC and BD

; and the wave-lengths are the

reciprocals of the corresponding distances. Each of these cosine terms
can be treated on averaging for rotation about the c axis exactly in the
same way as in 4 (A), and each gives rise to a term containing a Bessel
function.

If the base ABCD of the crystal is square, so that AB - AD, and
AC = BD, the average value of the interference function in the planes
-integer for a crystallite consisting of 4 rows is

loW -N 2
{4 + 8J (27mr) +4J (2W2<7r)}, (70.138)

and if the base consists of 9 points arranged in a square net so that the

crystallite has 9 rows,

I (r)
=N2

{9 + 24J (x) + 16J (v2x) + 12J (2*)

+ 16J (>/5x) +4J (2V2x)}, (70.139)

where^x
= Inar, corresponding to the distances between points a, \/2a,

2a, VSa, and 2>/2a, which occur, when counted once in both directions,

24, 16, 12, 16, and 4 times respectively, in the basal plane of the

crystallite.

The distributions in the equatorial layer lines corresponding to

(70.138) and (70.139) are shown in fig. 214, curves A and B respectively.
In curve B, corresponding to 9 rows, the peaks 100 and 110 are well

resolved, but 200 and 120 are not. The positions of the corresponding
spectra, as given by Bragg's law, are indicated in the diagram. It is

clear that such crystallites would give rise to quite well-marked diffrac-

tion patterns. Even for the crystallite of 4 rows, the maxima are fairly
well defined, although 110 and 100 are not resolved. A characteristic

feature of these patterns produced by three-dimensional arrangements
by prisms, as distinct from grids is the smaller amount of background,
and in particular, the nearly zero value between the central maximum
and 100. As we have seen, the repetition of the pattern in two directions

perpendicular
to c breaks up the distribution corresponding to the

interference function into isolated regions surrounding the reciprocal-
lattice points, and when the distribution is rotated about an axis through
one of the points, it is clear that the average density will be very small

in a region surrounding the point about which rotation occurs. For the

same reason, the first maxima will remain well marked even when the

falling off of the atomic scattering factor is taken into account. In the

case of the prism of 9 rows, the subsidiary maxima between the main
maxima give rise to a very small peak lying within this region, which
shows up clearly in fig. 214.
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220

Fio. 214. Distribution of intensity on the equatorial layer line for parallel

elongated crystallites ofsquare cross-section, A, with four rows, B with nine,
and random orientation about the direction of the rows

(/) The external interference terms : We have hitherto assumed the

different crystallites to be optically independent, and have made no
allowance for that part of the interference pattern due to their lateral

approach. It would be exceedingly difficult to discuss this problem in

detail, but we may get some idea of the general nature of the effects to

be expected by considering a simple case.

Consider first two infinitely long, straight, parallel chains of identical

atoms, each with an interatomic spacing c, the lateral distance between

them being always a ; but let all relative positions of the chains parallel

to their own lengths be equally probable. Suppose the diffracting

specimen to be made up of a very large number of such pairs, all with

their c axes parallel to a common direction, the distance between the

individual pairs being large enough for them to be considered as optically

independent. If we now suppose that all orientations of each pair about

the direction of its c axis are equally probable, it is possible to determine

the distribution of the average interference function for the assemblage.
Let fig. 215(a) represent one configuration of such a pair of chains,

(1) and (2), that in which the points form a rectangular grid with a
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A;

A

* &
(2)

A: A;---'

^O

FIG. 21 5

mesh such as OAA^. The corresponding interference function has
a distribution of the same type as that shown in fig. 207, and is founded
on the rectangular reciprocal-lattice net with translations OA*, OC?
(fig. 215(6)). The short lines parallel to f in the planes =0 represent
the extensions of the reciprocal-lattice points parallel to a*, correspond-
ing to two points in rows such as OA, parallel to a. The distribution is

independent of 17, and must be thought of as extending to infinity in

directions perpendicular to the plane of the diagram.
Let the points A', A{ ... , fig. 21 5 (a), represent another position of

chain (2) relative to chain (1). The corresponding distribution of the

interference function is founded on the reciprocal net with translations

OA*, OCJ*, where C{* lies in the line CfAf. As chain (2) takes up
all possible positions relative to chain (1), C(* assumes all possible

positions between Cf and A? with equal probability, the c* axis of
the reciprocal net pivoting about the origin O. The distribution of the
interference function in the plane = j s not changed by the displace-

ment, but in all the other planes $ = integer it becomes a uniform sheet

distribution. If all orientations about the direction of the c axis are

equally probable, we must allow the distribution to rotate about the
axis OC* in order to get the average distribution, which will be uniform
in all the planes =

integer, except in the plane =0, in which it will be
similar to that represented in fig. 209. The average value at a radial

distance r from the axis will be proportional to 4{1 +J (27w)}.
Let radiation be incident in a direction perpendicular to the axis c\

then the interference pattern in a plane perpendicular to the direction

of incidence will show a distribution of diffuse spots along the equatorial

layer line, but a continuous distribution of intensity along all the other

layer lines.
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If the chains are not all exactly parallel, but have a distribution about

the c direction, we must suppose the whole intensity distribution to

oscillate about O through the corresponding cone of angles. The
section of the distribution by any plane containing OC* will be of the

type indicated in fig. 216, which is a rotation diagram, in the sense in

which this term is used by Bernal.

FIG. 216. Diagrammatic representation of pattern due to external interference

The problem considered above corresponds, of course, to conditions

much simpler than any occurring in nature. As a next step, we might
assume the specimen to consist of a number of long chains, all parallel,

and with any relative positions parallel to their lengths, but so arranged
that in any section of the assemblage perpendicular to the lengths of the

chain, the positions of the fibre axes correspond to irregular close-

packing. An extension of the analysis given above for the simple case

indicates that again there will be concentric maxima in the equatorial

plane of the intensity distribution, not unlike those corresponding to

diffraction by a monatomic liquid, but a uniform distribution in all

the other planes = integer. Interference spots will occur only on the

equatorial layer lines, and while the first maximum may perhaps be

expected to be rather more distinct than that given by the pairs of

chains considered above, it will still be diffuse.

It may be stated generally that if definite interference spots occur

on layer lines other than the equatorial one, it is very strong evidence

that the individual crystallites consist of more than one row of points,
and that the rows are in a lattice-like array. Single rows of points give
diffuse interference effects on the zero layer lines in virtue of the external

interference, but can give no interference spots on the other layer lines

unless the relative positions of the different rows parallel to their lengths
are no longer random. It is true that if the units of which the individual
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chains are built up arc complex, it is not to be expected that the relative

positions of the chains in the direction of their lengths will be entirely

random, and this would in principle produce interference effects on the

other layer lines. One would, however, expect the spots produced in

this way to be very diffuse. It is quite clear that some of the fibre

photographs figured by Astbury, for example those given by silk and

hemp, correspond to quite a high degree of crystalline organisation;
while others, such, for example, as some of those from mammalian

hair, suggest a much simpler arrangement. The effect of the structure

factor of the individual units of which the chains are built up, when they
are complex, will be considered in the next paragraph, but we shall find

that this produces no serious modification of the conclusions already
reached.

When the individual crystallites are more complex than simple rows

of points it is not possible to take into account, with any certainty, the

effects of external interference. The greater the number of chains in

the individual crystallites, the less important the external effects will

become, and the less definite will be the closest distance of lateral

approach ; but the same general principles must apply. Any inter-

position of material amongst the crystallites with a less definite structure,

or with a lack of definite orientation, will tend to produce diffuse haloes

superposed on the more regular patterns.

(g) The structure factor and the atomic scattering factor : When the

units of which the chains are composed are not points, but themselves

have a structure, the interference function corresponding to any

crystallite has to be multiplied by the square of the structure factor of

a single unit before the averaging process is carried out. As we have

already seen in 1 (b) of this chapter, when the maxima of the inter-

ference function are diffuse we must consider the structure factor as a

continuous function of f, 77, and . We may take, as an example, a

single chain of units each of which is a regular hexagonal ring of atoms,
the points of adjacent rings in the chain being separated by a distance

equal to one side of a ring. If the chains are long, the interference

function I has a finite, uniform density in sheets coinciding with the

planes =
integer, and is zero elsewhere ; but in the distribution corre-

sponding to the total intensity function these uniform sheets will be

broken up by the variation of the square of the structure factor. In this

particular case, indeed, the variation of |F|
2 in the planes =

integer

constitutes the intensity distribution.

The values of |Fj
2 for the case under consideration are easily calcu-

lated from equation (10A), and are as follows :

For -0, F2
(, 7

? , 0) =4/2
(3 +4 cos u +2 cos 2ii),

for -2, F2
(f,T,, 2)= /2

(3 + 4 cos w + 2cos 2w),
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and so on, where u = 7r/\/3, and/is the atomic scattering-factor of one
of the atoms of the ring. It was assumed in working out the expressions
in this form that the chain was a degenerate case, with Nj and N2 equal
to unity, of a lattice with an a spacing equal to the c spacing, which
was that of the units of the chain. Thus, the parameter f corresponds
to an actual distance x = f/c measured in the a* direction from the r*
axis ; while the parameter corresponds to a distance z {/c measured
parallel to the c* axis, from the a* axis. |F|

2
is independent of

>j.

If the chains can have any orientation about the c axis, the radial

distribution of the average intensity function in the plane =0, at a
distance r from the c* axis, will be given by

W - 4/
2
{3 + 4J (w) + 2J (2w)},

where M = 7rcr/>/3; and there are corresponding expressions for the
other planes =

integer.

The values of I() for =0 and = 1 are shown in curves A and B
respectively of fig. 217, in which it has been assumed that each atom
scatters as a point. It will be seen that the maxima and minima of the

intensity function in the plane =0 are very well marked. The corre-

sponding maxima on the zero layer line when a photograph is taken
with the direction of incidence perpendicular to the fibre axes will not,

however, be so definite, for the atomic scattering factor / is itself a
function of f, TJ, and , spherically symmetrical about the origin, but

diminishing rapidly as the distance from it increases. To investigate
this effect, let us assume that the atoms of which the chain we have

just considered are composed scatter in the same way as O in the
tables of James and Brindley. When the radiation is incident in a
direction perpendicular to the fibre axes, we may put for the equatorial

layer line r = |S|/A-2(sin 0)/A, so that t/ = 27rc(sin 0)/>/3A. If we then
assume c = 5-52A, we find (sin 0)/A=w/20.

In fig. 217, a scale of (sin0)/A corresponding to this case is

shown below the scale of w, and in curve C the values of the ordinates
of curve A have been multiplied by the appropriate values of/ 2

. It

will be seen that little remains of the maxima that are so prominent
in curve A.

It must be emphasised that the effect of the atomic scattering factor
on the distribution of intensity in the diffraction pattern is a matter to
be considered for each individual case, and that no very definite rules
can be given. The diffraction maxima in fig, 217, which are due to the
structure of the individual units of the chain, occur at values of (sin 0)/A

greater than those corresponding to the maxima in fig. 213, which have
their origin in the lateral spacing of different chains in the structure ;

and this must necessarily be so, since the structure of the units them-
selves must be on a smaller scale than that of the repetition of the units.

As a consequence, the maxima of fig. 217, with the spacing chosen,
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occur at values of (sin 0)/A at which the falling off in value of the atomic

scattering factor / 2 with increasing (sin 0)/A has a very large effect,
while the principal maxima of fig. 213 occur at values of (sin 0)/A for
which it is not yet very appreciable. It is possible to make the general
statement that if the lateral spacing of the chains is of the order of 5A

o-/ O-7 oa 0-9 -fr
0-2 0-3 0-4 0-5 0-6

Scale offSin 0)]\ for curve C
Fio. 217. Illustrating the maxima produced by the structure factor of

the units of a chain

or more, the effect of the atomic scattering factor in reducing the
maxima due to these spacings will be relatively small ; but it will be
much greater where the maxima due to the structure of the individual
units are concerned, because these must necessarily be on a scale smaller
than that of the spacing of the units, and so will correspond to larger
values of (sin 0)/A, and therefore to a much greater reduction of intensity
on account of the atomic scattering factor.
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(h) Summary of conclusions : It is entirely beyond the scope of this

volume to discuss in any critical manner the work that has been done on
the structure of fibres and the detailed interpretation of the diffraction

pattern. All that we have tried to do is to indicate briefly the main

optical principles that must govern the quantitative calculation of the

distribution of intensity when X-rays are diffracted by assemblages of

fibres. The results reached are necessarily incomplete, because of the

great complexity of the problem in any actual case, but nevertheless

certain broad conclusions can be stated.

(i) A parallel assemblage of single chains composed of equally spaced
units, each of which is a scattering point, or a single atom, will give rise

to layer lines, but to no maxima and minima of intensity along those

layer lines, so long as the individual chains are so far apart that external

interference effects may be neglected.

(ii) If the chains are still single, and still so far apart that external

interference effects can be neglected, it may yet be possible for the

diffraction pattern to show maxima and minima if the individual units

of the chain themselves have a structure. The effect of the atomic

scattering factors of the atoms of which the chains are composed will,

however, in general tend to make the maxima so produced weak and
ill-defined.

(iii) If the assemblage consists of single chains of scattering points,
which are parallel and now no longer so far apart that external inter-

ference may be neglected, maxima due to the external effects will

develop on the equatorial layer line only. These maxima may be

expected to be of a degree of diffuseness not less than that of the haloes

in diffraction patterns due to liquids. It is necessary to consider rather

carefully some of the simpler fibre photographs, such, for example, as

those from mammalian hair, in the light of this result.

(iv) When well-defined maxima occur not only on the equatorial

layer line, but also on other layer lines, the structure must consist of a

lateral repetition of chains in a definite array. Astbury's photographs
of natural silk, and of native cellulose, to take two examples, are

clearly produced by structures having this type of crystalline array,

although the diffuseness of the maxima along the direction of the layer
lines shows that the number of repetitions is not very large. The
photograph of stretched rubber, reproduced in fig. 127, Plate XVII, of
Volume I, therefore shows clearly that in the stretched substance a

definitely crystalline type of array is reached, and that in this case the

stretching does not merely render parallel a set of single and laterally
unrelated chains.

(v) The maxima will be better defined, and the background weaker,
if the chains form a three-dimensional structure, rather than a two-
dimensional grid.

(vi) If the individual fibres remain straight, but are not strictly parallel,
the interference maxima spread along the Debye-Scherrer rings, in the
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manner illustrated in fig. 211. A simultaneous bending or crumpling
of the chains will cause a radial spreading of the spots, and at the same
time extension along the rings, and ultimately the development of diffuse

haloes. Any admixture of amorphous and unorientated material will

cause the superposition of diffuse haloes on the pattern.
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APPENDIX I

SUMMARY OF VECTOR FORMULAE

FOR the convenience of those readers who are unfamiliar with vector

methods, a brief summary of the principal results of vector algebra used

in this book is given here.

(a) Addition of vectors : A vector is a quantity of which both the

direction and magnitude must be given in order to specify it completely.
To add two vectors A and Bf we represent them in both magnitude and

direction by lines. Each vector is thus represented by a certain displace-

ment, and their sum is the resultant displacement, i.e. the single dis-

placement C that is equivalent to the displacements A and B applied

successively. In fig. i, the line C represents the vector that is the sum
of the vectors represented by the lines A and B. We may write

C-A-fB, (1)

and B = C-A. (2)

The figure illustrates the significance of the operators + and - in

equations (1) and (2). Any number of vectors may be added by the

repetition of this same process. The order

in which they are taken is immaterial.

It is plain that the reversal of the sign of

a vector is equivalent to a reversal of its

direction.

A vector quantity will be represented

by heavy type. Its magnitude alone,

without the idea of direction, will be

represented either by ordinary type A, or by the symbol |A|.

(b) Unit vectors : A unit vector in any direction is a vector of unit

magnitude in that direction. Thus if i is a vector of unit magnitude in

the direction of the vector A,

A =
i| A|

= iA. (3)

The use of unit vectors enables us to separate the ideas of direction and

magnitude.
Let i, j, k be unit vectors in the directions of the three co-ordinate

axes x>y> z, not necessarily rectangular. Then if A^, A tf , A, are the

components of the vector A referred to the three axes,

A^iA^+jA. + kA,, (4)

a result illustrated by fig. ii.
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\AX

FIG. ii

(c) The scalar product : The scalar product of two vectors A and B
is a scalar quantity equal to the product of the magnitudes of A and B
and the cosine of the angle between their directions. It is denoted by
A-B. Thus

A-B=ABcos0, (5)

being the angle between the directions of the two vectors. The scalar

product is equal to the projection of A on the direction of B, multiplied

by the magnitude of B, or to the projection of B on the direction of A
multiplied by the magnitude of A. If n is a unit vector, A-n is the

projection of A on the direction of n. It is clear from (5) that the

scalar multiplication of vectors is commutative: the order of multipli-
cation does not matter, and AB = BA.

If B is the angle between the directions of the vectors A and B,

cos0 = (A-B)/|A| |B|. (6)

Thus, if two vectors are mutually perpendicular, their scalar product
vanishes, and conversely.

Let A x , Av , A^ BX9 B y , B z be the components of the vectors A and B
referred to rectangular axes, and let i, j, k be unit vectors in the

directions of these axes. Then

A-B + kA z) (IB, + jB tf
+ kB,). (7)

Scalar multiplication of vectors is distributive, and since i, j, k are

unit vectors, while i and j, j and k, k and i are mutually perpendicular,

M =
j.j =k-k = 1 ; i-j

=
j-k =k-i = 0.

Equation (7) therefore becomes

A-B - AJBX +AVBV + A ,B ,.

(8)

(9)

2P
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We notice also that the scalar product of a vector with itself is equal to

the square of its magnitude, so that

, (10)

a result that is, of course, otherwise obvious.

By (6), (9), and (10),

cos = (AXEX + AVB, +A gB,)/V(A + Aj -f AJ)(B* + BJ + Bf). (11)

If n is a unit vector, its projections on the axes are equal to its direction

cosines A, /A, v, or

and the angle between two vectors whose direction cosines are

(A, p,, v), (A', p.', i/), is thus, by (1 1), given by

cos B = AA' +/4fi' + w'. (12)

(d) The equation to a plane wave : Let r be the vector from the origin
to any point on a plane the perpendicular distance of which from the

origin is p 9 and let n be the unit vector in the direction of the normal
to the plane. Then p is the projection of r on the direction of n, or
" r' andS ,-i (13)

is the equation to the plane in vector notation. If (.x, y, z) are the

co-ordinates of a point on the plane referred to rectangular axes, these

are the components of r relative to the axes, and since A, ^, v are the

corresponding components of n, by (13) and (9), we obtain the usual

form of the equation to a plane in terms of the direction cosines of its

normal, .

Ax+py + vz=p.

The displacement at time t at any point in a plane wave travelling
in the direction of n may be written

*%

u (r, r)
= a sin (vt

-
nr), ( 14)

A

since the pl^ne of constant phase travels with a speed v. If x is a
vector of magnitude 2;r/A in the direction of the wave-normal, (14) can
be written , ^

u (r, t)
= a sin (o>t

-
xr). ( 1 5)

These forms of the equation to a plane wave are frequently employed
in the text. The amplitude factor a may itself be either a scalar or a
vector quantity, depending on the nature of the wave. In the examples
met with in this book it is usually a vector.

(e) The vector product : The vector product of two vectors is itself

a vector whose direction is perpendicular to those of both A and B,
and whose magnitude is equal to the products of the magnitudes of A
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and B and the sine of the angle between their directions. It is written

A x B. (Alternative notations are [A, B] and A A B.)

Thus |AxB|-ABsin0. (16)

The positive direction of A x B is given by the following rule. Let A
and B be represented in direction and magnitude by lines drawn from
a point O, as in fig. iii, and let the

parallelogram defined by A and B be

completed. Then the magnitude of

A x B is equal to the area of this

parallelogram, and its direction is

normal to the plane of the parallelo-

gram. The positive direction ofA x B
is from O towards that side of the

plane of the parallelogram from

which the rotation through an angle
less than 180 that would bring the

direction of A into the direction of

B would appear positive, or anti-clockwise.

Fio. iii

AxB- -(BxA),

It is clear from this that

(17)

so that the vector product is non-commutative.

If the two vectors are parallel, their vector product vanishes, while

if they are mutually perpendicular, the magnitude of the vector product
is the product of their magnitudes.

If, as before, i, j, k are unit vectors in the direction of the rectangular

axes x, >>, z, the results just quoted show that

jxi =jxj=kxk=
and ixj =k, jxi - -k (18)

jxk=i, kxj - -i

kxi=j, i xk= -j. (19)

Then

A x B =(iAx + jAv + kA t) x (iBx + jB, + kB,)

-i(A,B. -
A.BV) + KA.B* - AXB.) +k(AxB, - A WBX), (20)

by the application of (18) and (19). The three quantities multiplying

i, j, and k in (20) are the x, y, and z components of the vector product.
It is easily verified that reversal of the order of multiplication reverses

the sign of the product.
The vector product can be written in determinant notation,

i j k

AxB- AX AV A. (21)

DX By Df .

It will be seen that (20) is the expansion of the determinant (21).
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The double vector product A x (B x C) is given by

A x (B x C) - B(A-C) -
(A-B) C. (22)

It is a vector lying in the plane containing B and C. The result follows

immediately from a second application of the method used to obtain

(20).

(/) Vectors involving differential coefficients with respect to the
co-ordinates : (i) The gradient of a scalar function of the co-ordinates,
4(x 9 y, z\ written grad <, is defined by

It is a vector quantity, and may be considered as the vector operator
/ 3 a a\

V fo
+ *

3"
+ k

97
aPPlied to the scalar < We m*y write

3 d d

'S+V**-* <24>

If, for example, <f> represents the electrostatic potential, a scalar quantity,
-
grad < gives the electric field at the point (x, y, z), a vector quantity.

The direction of the gradient is that direction in which
<f> changes most

rapidly with the co-ordinates.

(ii) The divergence of a vector quantity, written div A, is a scalar.

If A is a vector whose value depends on the co-ordinates x9 y, z,

,. . BAX dAy 3A-
divA= + -^-

v

-f^. (25)dx dy dz
^

By (9) and (24), the divergence may be considered as the scalar product
of the vector operator V and the vector A, and may be written

divA=V-A. (26)
By (23),

. (27)

(iii) The curl or rotation of a vector A, written curl A, or sometimes
rot A, is a vector whose components Cx , Cv , C, referred to rectangular
axes are given by

cx
= - c =^^-^ c = gAy 8A*

It will be seen by comparing (28) and (20) that curl A may be considered
as the vector product of the operator V and the vector A. Thus, in

this notation,

VxA. (29)
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The vector curl curl A is sometimes required. From (29), and (22),

curlcurl A=VxV xA
= V(V-A)-(VV)A
= graddiv A-V2A. (30)

The curl of a curl is, of course, itself a vector, and the x component is,

by (30),

, . , A ,
9 /9AX 3A, 3AA /52

A, 32A, ?2

(curl curl A)x
= ^- (
~ +~ +~ -

[
-=- + -^-/ + -

dx\dx dy dz I \ dx2
dy

2 d

(g) Some applications to a plane vector wave : Let the displacement in

the wave be represented at the point defined by the vector r from the

origin of co-ordinates by

u (r, /)
- a sin K (vt

-
nr). (32)

The displacement is a vector quantity having a constant magnitude
and direction at any time / anywhere on the plane n-r = const. The
vector a gives the direction of the displacement and its maximum
magnitude, and is supposed constant everywhere.

If A, /u, v are the direction cosines of the vector n, (32) may be

written

u = a sin K {vt
-
(A* +ny 4- vz)}.

dux du v du z
Then divu =~ +^ + -^dx oy az

= -
t<(\ax +pav -i- va z) cos K(VI

-
n*r)

= -
/c(na) cos K(VI

-
nr). (33)

If the wave is transverse, a is perpendicular to D, na =0, and so div u

vanishes.

The curl of u may be obtained in a similar manner, using (24) and

(22).

curl u = V xu

= - K (a x n) cos K (vt
-
nr). (34)

It is a vector perpendicular both to n and to a, and for a transverse

wave lies in the wave-front.
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THE RECIPROCAL LATTICE

(a) Definition of the reciprocal lattice : Let the primitive translations

of a space-lattice L be represented by the vectors a, b, c, which define

a unit cell containing no lattice-points other than those lying at its

corners. The vector r(w, v, u>) to any lattice-point is then given by the

vector equation
r = i/a+t>b + H>c, (1)

where w, v, w are any integers, positive, negative, or zero. We may call

the lattice-point defined by (1) the point (w, v, u1

). A second lattice R,
known as the reciprocal lattice, may be defined in terms of the lattice

L in the following way. Denote the primitive translations of R by
a*, b*, c*, which lie in the directions of the reciprocal axes. Then the

reciprocal axis a* is perpendicular to tne axes b and c, that is to say,

to the a plane of L, the axis b* is perpendicular to c and a, and c* to

a and b. These relations are summed up in the vector equations

a*4> = a*c == b*a = b**c = c*a = c**b -

where the dot denotes the scalar product.

(2)

The magnitudes of the reciprocal vectors are fixed by the relations

k being a constant.
(3)

Equation (3) has a simple geometrical significance. In fig. iv, OA,
OB, and OC are the a, b, and c translations of the lattice L. ON,
normal to the plane AOB, is then in the direction of the reciprocal
vector c*.

ON and OC, or

|c*|
- #V(|c| cos 0)

-
k*l(c spacing of L). (4)

Thus the magnitude of the vector c* is proportional to the reciprocal
ofthe c spacing of the lattice L ; and similarly for b* and a*. In crystal

geometry, it is customary to take 2 =
1, a practice followed every-

Now c-c* = |c| jc*| cos0, where is the angle between
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where in this book unless otherwise stated, so that the magnitudes
of the vectors a*, b*, and c* are respectively equal numerically to the

reciprocals of the a, b, and c spacings of the lattice L, and equations (3)
take the form

a-a*=b-b*=c-c*-l. (5)

(b) The lengths of the reciprocal axes : The reciprocal vector a* is

perpendicular to b and c. It is therefore in the direction of their vector

product, and so can be written

(6)

ft being constant
; and there are of course corresponding relations for

b* and c*. The value of ft may be determined as follows. Let V be the

volume of the unit cell of L, defined by the vectors a, b, c. Then

V =
a-(b x c) = b-(c x a) - c-(a x b). (7)

For if y is the angle between a and b, |a xb| =|a| |b| siny, and is

the area of the face OADB of the cell in fig. iv, so that c-(a x b) is

|c| cos 6 x area of the base of the cell, and so is equal to its volume V.

Thus, from (6) and (7),

V-(a.a*)/jUl/j3 (8)

by (5), and

a*=(bxc)/V, b*=(cxa)/V, c*=(axb)/V, (9)
or

|a*|-6csina/V, |b*| -casin 0/V, |c*| **ab siny/V, (10)

where a, ft, and y are respectively the angles between b and c, c and a,

and a and b.

We can write V * Na6c, where N is a function of , ft, and y given by

N2 = 1 + 2 cos a cos ft cos y - cos2 a - cos2 ft
- cosa y, (11)

and equations (10) then become

|a*|=sina/N0, |b*| =sin J3/N6, |c*|-siny/Nc. (12)

It is clear that for an orthogonal lattice the lengths of the reciprocal
axes are just the reciprocals of the lengths of the lattice axes, and that

the two sets of axes coincide in direction. From the way in which the

reciprocal lattice is defined, and from the symmetry of equations (2)
and (3), it is plain that if R is the reciprocal lattice of L, then L is the

reciprocal lattice of R. It is also plain that for the orthogonal lattice

V* = 1/V, where V* is the volume of the unit cell of R, and it is not
difficult to show that this is quite generally true for any axes. (See

(rf) below).

(c) The angles of the reciprocal cell : The angles a*, 0*, y* between
the pairs of reciprocal axes b* and c*, c* and a*, a* and b*, respectively,
can be calculated most easily in terms of a, ft, and y by means of a

spherical triangle,
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Let A, B, C, fig. v, be the intersections of the axes of the lattice L
with a sphere of centre O. The spherical triangle ABC has sides a,

P, and y. OA*, normal to the plane of the great-circle through B and

C, OB*, normal to the plane of the great-circle through C and A, and
OC*, normal to the plane of the great-circle through A and B, are in

FIG. v

the directions of the axes a*, b*, and c*, respectively, and the points
A*, B*, C*, form a spherical triangle A*B*C* polar to tKe triangle
ABC. The angle ]8*, between OA* and OC*, is equal to the angle
between the planes of the great-circles through BC and AB, and so to
TT - B, where B is the angle of the spherical triangle ABC. Then, from
the ordinary formulae for spherical triangles,

cos * = - cos B * (cos y cos a - cos /3)/sin y sin a

and similarly

cos y
* -

(cos a cos j3
- cos y)/sin a sin )3

cos a* =(cos p cos y -cos a)/sin P sin y. (13)

From these formulae, the angles of the reciprocal cell can be calculated
if those of the primary cell are known. In general, the geometrical
formulae for the space-lattice take much simpler forms if the reciprocal

quantities are used instead of the primary quantities.
s

(d) The volumes of the unit cells of the primary and reciprocal lattices ;

The volume of the unit cell of L is given by

V = abc sin y cos 9,
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where is the angle between c* and c (see fig. iv). In fig. v,

let C*CN, the great-circle through C* and C, cut the great-circle

through A and B in N. Then the arc C*N is 77/2, while CC* =0, so

that CN =
7r/2

- 6 = < say, so that

cos sin
(f>

- sin a sin J3*, (14)

from the right-angled spherical triangle BCN.

/. V =abc sin asinjS* siny. (15)

By symmetry, equation (15) can be put in the alternative forms

V = abc sin a* sin j3sin y = abc sin a sin j3siny*.

Thus N of equation (11) is given by

N^sina* sin /? siny = sin a sin /?* sin y = sin a sin |3 siny*, (16)

forms which are much more convenient for calculation than that of

(11), which, however, follows at once from (16) and (13). Equation
(16) leads to the relations

sin a*/sin a = sin */sin
= siny*/sin y. (17)

The reciprocal relationship of V and V* now follows readily. By (9),

c* = (a x b)/V, and conversely c = (a* x b*)/V*.

Since c-c* = 1, the reciprocal relation of V and V* follows if it can be

shown that (a x b>(a* x b*) = 1.

Now (a x b) is in the direction of c*, and (a* x b*) is in the direction

of c. Their scalar product can therefore be written

(a x b>(a* x b*) - c,b sin ya*b* sin y* cos

=-ab sin ya*b* sin y* sin a sin /3* by (14).

Moreover, if and x are respectively the angles between a and a*,

and b and b*, it follows by symmetry from (14) that

cos /
= sin j8 sin y* sin j8* sin y (from (17))

cos x = sin y sin a* = sin y* sin a.

Equation (18) can now be written

(a x b>(a* x b*) - aa* cos ^ bb* cos x - (a-a*)(b-b*) - 1 by (5).

Therefore VV*-1.

(e) Some properties of the reciprocal lattice : We shall now prove
some properties of the reciprocal lattice that make it of great use in

crystal structure calculations.

(i) The vector r*(AJt/), defined by

(19)
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where A, k, and / are integers, to the point (A, k, I) in the reciprocal
lattice R, is normal to the planes whose Miller indices are (hkl) in

the primary lattice L, and (ii), the magnitude \r*(hkl)\ of this vector

is the reciprocal of the spacing d(hkl) of the planes (hkl) of the

lattice L, the term spacing being
here used in the somewhat special

sense explained below.

Let ABC, fig. vi, be the plane
of the set (hkl) that passes nearest

to the origin O. Then the lengths

OA, OB, OC are respectively a/A,

b/k, cjL We have to show that

the vector t*(hkl) is perpendicular
to the plane ABC. To do this it

is sufficient to show that it is

perpendicular to any two of the

vectors representing the sides of

the triangle ABC. Expressed as a vector, AB is equal to b/k
-
a/A.

We take the scalar product of this vector with r*(A&/). This gives

(Aa* +fcb* +/c*).(b/A: -a/A) =a-a* -b-b* =0,

by (2) and (5). Since the scalar product of the two vectors vanishes,

they must be mutually perpendicular ; and in an exactly similar way

we can show that r*(hkl) is perpendicular to the vectors BC and CA.
Thus the first part of the proposition is proved.
To prove the second part we proceed as follows. The spacing d(hkl)

of planes (hkl) of the lattice L is equal to the length of the normal ON
onto the plane ABC from the origin O. ON is the projection of OA
onto the direction of the normal, so that if n is a unit vector in the direc-

tion of the normal, the length of ON is the scalar product of the vector

OA with n. Since r* is in the direction of ON, n =r*/|r*|. Thus

d(hkt) =n-a/A = (r*-a)/A|r*| (20)

by (2) and (3). Thus themagnitude of the vector r* (hkl) is the reciprocal
of the spacing of the planes (hkl) of the primary lattice L.

In this proof it has been assumed that A, fc, and /, being the Miller

indices of the plane (hkl), have no common factor. If 6m is the glancing

angle of reflection for the /wth order spectrum from the planes (hkl)

with wave-length A, then

or

|r*(/wA, mk, ml)\. (21)
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Every point in the reciprocal lattice can therefore be considered as

representing a spectrum. The wth point from the origin in a given row
of reciprocal-lattice points passing through the origin represents the

mth order spectrum from the planes (hkl). If then we remove all

restrictions as to common factors in the indices, and define the spacing

d(hkl) corresponding to the three indices h, k, I by the equation

(22)

we can write quite generally

(23)

where h, k, and / are any integers whatsoever, d(hkl) being in fact that

spacing which would produce, as a first order, a spectrum at the

glancing angle with the wave-length A.

It is the property of the reciprocal lattice discussed above that makes
it of particular use in problems of crystal geometry. The consideration

of sets of planes is replaced by the geometrically much simpler considera-

tion of sets of points. Examples of the use of the reciprocal lattice in

diffraction problems are given in Chapter I, and at many other points in

this book. This appendix provides the necessary mathematical back-

ground.

(/) The use of reciprocal lattices in crystal geometry : Quite apart
from the great value of the reciprocal lattice in considering diffraction

problems, its use simplifies greatly many of the problems that arise in

the geometry of space-lattices. We shall give a few examples.

(1) Calculation of lattice spacings. By equation (23),

-f /
2c* 2

= A2a*2 + k*b** + /
2c*2 + 2hka*b* cos y* + 2klb*c* cos *

+ 2ttc*a*cosj8*, (24)

whence d(hkl) can be calculated.

Except for crystals of high symmetry, it is generally advantageous to

calculate a*, 6*, c* 9 and a*, /?*, y*, from equations (10) and (13), and
to d ) all subsequent calculations in terms of these quantities. Equation
(24), for example, is much simpler than the corresponding one in terms
of the lattice quantities a, 6, c, and a, ]8, y.

If 6 is the glancing angle for the spectrum (hkl),

sin2 fl = {/2
2a* 2 + fc

26*2 + /
2c*2

-f 2hka*b* cosy* +2klb*c* cos a*
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This is the general form for a triclinic crystal. For a monoclinic crystal,
* = y* =90, and

sin 6=%\Jh*a*
2 + k*b** + /

2c* 2 + 2A/c*a* cos 0*. (26)

For a rhombohedral crystal, a* =* y* f 0* =6* = c*, and

sin 6 = ^*V/i2 4-^2 -H/ 2 + 2(/iA:-fA:/4-//i)cos a *. (27)

(2) The angle between two sets of planes (AiMiX (A2fc2/2). This is

equal to the angle between the normals to the planes, and so to that

between the two reciprocal vectors r^^kj^ T*(h2k2IJ, or rf, r*.

If
<f>

is the angle,

rf-r* rfrf cos <,

cos < -(M* + ^b* + /!*)(*>* + *b* + /2c*W2 ,

where rfa and rf2 are the corresponding spacings. Or, multiplying out,

cos 4 - foftgfl*
1

-f A:^* 2 + /t /2c*
2 + (A^, + hjct)a*b* cos y*

f (A:i/2 +Vi) **c* cos a* + (7^2 4- kh^c+a* cos /3*} rf^. (27)

(3) The vector product of two space-lattice vectors : Let rl and r2 be
the vectors to the points (ul9 vlt w$,(u2,v^ w2) of the space-lattice, so that

Then

rt x r2
=
(viW2

- v2wl) b x c -f(w^ - w2Wi) c x a

since a x a = b x b = c x c =0, and (a x b) = -
(b x a), and so on. Using

equation (9), we can now write (29) in the form

ri x ra
= Vp {(vi\v2

- v2\\?i) a* + (wfa - w^) b* -f (w^2
- w2z^) c*} (30)

b* C"
(

(31)r
j>

W2 Z/2 H

V, is here the volume of a primitive cell of the lattice.

(4) The scalar product of a lattice vector and a vector in the reciprocal
lattice :

r-r* = (wa +v\> + vt>cH/m* + Jtb* + /c*)

= hu+kv + lw, (32)y V /

by (2) and (5). This scalar product must always be an integer.

(5) Condition that the cell defihed by three lattice vectors shall be

primitive: Let a, b, c be the primitive translations of a lattice. There
arc an infinite number of other sets of three vectors which can be used
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as primitive translations. The necessary condition is that the volume
of the cell defined by the three vectors should be the same as that of the

cell defined by the vectors a, b, c. Consider the three vectors r,, r2 , r3 ,

from the origin to the points (wlt vl9 Wj), (w2 ,
vz , w2), (i/3 ,

t/3 , w3) of the

lattice. V, the volume of the cell defined by the vectors, is given by

*}, by (30),

l (H>2l/3
-

W2 V2 W2

M, V- Wo

(33)

If the cell defined by the three vectors is to be primitive, V = \ p numeri-

cally, so that the condition may be written

f3

(34)

The negative sign must be included, since the determinant may have a

negative value. If the determinant has the value n t the corresponding
cell contains n lattice-points.

(6) Zone rules : (i) Any row of points in a space-lattice is common to

an indefinite number of lattice-planes. All such planes, containing a

common direction, are said to belong to the same zone. Any vector

r = wa-fflb + H'c in the space-lattice defines a row of points, and so a

zone. The symbol of this zone is [uvw], and in writing it, it is customary
to use values of w, v 9 and w containing no common factor. It is required
to find the condition that a plane (AW) shall belong to the zone [wzw],

Since the plane, if it belongs to the zone, either contains or is parallel

to the vector r, any normal to the plane is perpendicular to r. But the

reciprocal vector r* to the point (A, k, /) of the reciprocal lattice is normal
to the plane (AW), and so the required condition is

r.r*=0, or by (32). (35)

(ii) Any two planes (h^l^, (A2/r2/2) define a zone. To find its symbol.
Let it be [ww]. Then, by (35),

whence u : v : w = (kJ2
- kj^ : (/^ - /A) : (A^ -

hjcj. (36)

(iii) The condition that three planes (Ai&i'i) (**/) (M^/a) shall

belong to the same zone is evidently that the three corresponding

reciprocal vectors shall lie in one plane through the origin, and shall
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therefore define a cell in the reciprocal lattice whose volume is zero.

By equation (33), the required condition is therefore

A:2 /2

&3 '3

0.

(iv) The condition that a given lattice-point lies in a given plane;
Let the plane be one of the set (hkl), and the point (it, v, w). The
normal to the plane is in the direction of r*(hkl\ or r*, for brevity.
Now if (u, v, u>) lies in any plane the projection of r(wz/w) onto the

direction of r* is equal to p, the perpendicular distance of the plane
(hkl) from the origin. If the plane is the nth of the set from the origin,

Thus r-r*/[r*|=/>-ii/|r*|,

or hu + kv + /H> = /i, by (32). (38)

(v) Layer-line conditions: The last result has a useful reciprocal

interpretation. The zone axis [uvw] of the space-lattice L, (i.e. the

vector r) is perpendicular to the plane (uvw) of the reciprocal lattice R.
If (A, fc, /) are the co-ordinates of a point lying in the nth reciprocal-
lattice plane of the set (uvw) from the origin,

hu+kv + lw = ny (39)

as above. The points fulfilling this condition are those that give rise to

the nth layer line in a rotation photograph when the crystal is rotated

about the axis [uvw]. For example, for rotation about [100], the condi-

tion is simply h = n. All points on the nth layer line have h = n, and there

is no other restriction. For rotation about [111 ],/* + + / = /?, and so on.

(vi) Change of indices corresponding to change of axes ; Let hkl be
the indices of a spectrum referred to axes with translations a, b, c.

Suppose a new set of axes with translations A, B, C, given by

(40)

to be chosen. It is required to find HKL, the indices of the same

spectrum referred to the new axes.

Let A*, B*, C* be the vectors reciprocal to the new translations, so

that

The vector to a given reciprocal-lattice point, corresponding to a given
spectrum, is the same to whatever axes the co-ordinates of the point

may be referred, and so

(42)
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On multiplying each side of (42) by A, we obtain, using (41),

HA-A* - (M!* +^b + H^Mfa* + kb* + /c*),

or H = /M! + kvv + /tv^

and similarly K=hu2 + kv2 + lwi (43)

which are the required transformations.
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TABLES FOR ESTIMATING THE CORRECTION TO BE
APPLIED TO THE SCATTERING FACTOR ON

ACCOUNT OF DISPERSION BY THE K ELECTRONS

Tables I and II of this appendix give respectively the values of

J/K and 4/*K the real and imaginary parts of the correction to be

applied to the scattering factor on account of dispersion by the K
electrons, calculated b> means of HonPs formula, equation (4.61) of

Chapter IV, p. 160. The tables show the values of the corrections as

functions of A/AK and 8K ,
A being the wave-length of the radiation

scattered, AK the wave-length of the K absorption-edge of the scattering

element, and 8K a parameter characteristic of the scattering element the

significance of which is explained in Chapter IV, 1 (n). The values of

SK for a number of elements will be found in Table IV. 1, p. 159, cal-

culated for an element of atomic number Z from the formula

where

SK = (A-911/AK)/A,

1-33 x!0-5
(Z-0-3)

4 + 3-5:

+ ll'7xlO-15
(Z-0-3)

8

x 10~10 (Z-0-3)
6

(1)

(2)

TABLE I

Af as a function of A/AK and 8K
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TABLE I Continued

609

TABLE II

r

s' as a function of A/AK and 8K

=0 for A'A>1
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If / is the scattering factor for waves short in comparison with the

wave-length of the absorption edge of the scattering element, that is to

say, the scattering factor as usually tabulated, the scattering factor /
corrected for dispersion by the K electrons is given by

/-/0^/K+/4/*K'> 0)

so that |/| W(/ + J/^)
2 + (4/*K')

2
. (4)

Equation (4) can be written quite nearly enough

JO + nJ K

whence the value of
| /| can be calculated by means of Tables I and II,

and tables of scattering factors, such as Tables XIV and XV of Vol. I.

Examples : (1) Suppose the value of /for the scattering of Cu Ka
radiation by Ni is required at an angle at which (sin 0)/A =-0*5. In this

case, A = 1-539A, AK =1-484A, the K absorption-edge of Ni, so that

A/AK
= 1-037.

From equations (1) and (2), 8K for Ni (Z =28) is 0-208, and by simple

interpolation in Table I we find J/i= -3-53.

Since A/AK>1, J/'=0.
The value of/ for Ni for (sin 0)/A -0-5 is 12-8 according to Table XV,
Vol. I.

Thus,
| /| =/ + J/K - 12-8 - 3-5-9-3.

(2) As a second example, we consider the scattering of Mo Ka
radiation by Ni. Here, A =0-710, and A/AK -0-478. From Table I,

J/K = + 0-28, and from Table II, AJ = + 1'02. Then

S/v. I/,
_
/0 =0-28 +i0.32

and |/|
= 12-8-fO-3

= 13-L
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DERIVATION OF THE FOURIER INTEGRAL

We take as an example the derivation of equation (7.96), the integral

actually used in deducing the radial distribution.

Let f(x) = [* A(p)*mpxdp. (1)
Jo

To determine the value of A(/?) for some particular value, q, of p we

multiply both sides of (1) by sin qxdx, and integrate with respect to jc

between the limits oo . Then

j-
+ oo

|M
oc

|x>
I f(x) sin qx dx = I I A (p) sin px sin qx dp dx
J -oo J -x> Jo

p+x poo

2-A(/?){cos(p -q)x -cos (p + q)x} dp dx. (2)
J _oo Jo

A(p) is a fairly slowly varying function of /?, but the cosine term

oscillates rapidly unless p is nearly equal to q. We therefore take A(p)
outside the integral, giving p the value q. Thus

p-t-oo
/+

px>
1

/|v)sin0x</.v=|A(<7)| {cos(p-q)x-cos(p ^q)x} dp dx. (3)
J 00 J 00 J

Consider first the integral

p+oo poo

cos(p-q)xdpdx. (4)

p+oo poo

Ii
=

|
J _oo Jo

We integrate first with respect to .v, but take the limits as X 1 and X ,

X l being a positive number that may be made afterwards to tend to

+ oc ,
and X a negative number that may be made to tend to - oo .

We also put M =^p
-

q, so that dM =dp, and the limits of integration

for M become -
q and + oo . Therefore,

((sin MXO/M -
(sin MX )/M} dM. (5)

Now --". rfM==7T if X>0, and -TT if X<0.

In fig. vii, (sin XM)/M is shown plotted as a function of M. The

height of the central maximum is equal to X, and the half breadth to

TT/X. As X tends to infinity, the curve becomes narrower and narrower,
the area remaining the same. For X = oo , therefore, only the regions

in the immediate neighbourhood ofM = (p = q) make any contribution
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5/n(XM)
M

FIG, vii

to the integral. M =0 is included in the range of integration -//to
+ oo , which may therefore be taken equally well as - oo to + oo . The
value of the integral (5) is therefore 2-n.

By a similar argument it may be shown that the second term in the

integrand of (3) contributes nothing to the integral. This time, we
should put M =/? + q, and the range of integration would be from + q
to + oo

, and would not include M =0.

We may note that the behaviour of the integral (5) justifies our

taking A(<?) outside the integration in (3). The final value of the

integral on the right-hand side of (3) is A (4), and so

(6)

1 f+oo
A(?) -

f(x) sin (qx) dx,
77 J_ QO

which was the result to be proved. Formula (7.92) can be proved by
a slight modification of the above method.
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THE APPLICATION OF THE FOURIER TRANSFORM
TO DIFFRACTION PROBLEMS

(a) Introductory : The idea that the diffraction patterns obtainable

from a given distribution of scattering matter may be derived from a

corresponding distribution in reciprocal space, which has been used

throughout this volume, finds its neatest and most elegant expression
in terms of Fourier-transform theory,

1 a very brief account of the

application of which to Fraunhofer diffraction will be given in this

Appendix.
Let p(r) be the density of scattering matter, expressed in electrons

per unit volume, at a point defined relative to the origin O by a vector r.

When the directions of the incident and scattered waves are defined by
the unit vectors s and s respectively, the scattered amplitude, which we
shall call T(R), is given by

fflR - r
</r, (i)

in which R is the vector (s
- s )/A, which we have previously denoted by

S/A, and is determined by the directions of incidence and scattering,

and the wave-length. The amplitude is expressed in terms of that

scattered under the same conditions by a single classical electron

situated at the origin. The integration is to be taken throughout the

region occupied by the scattering matter, supposed for the moment to

be finite, of which th is an element of volume. Absorption of the radia-

tion, and rescattering of the scattered radiation are neglected.

R has the dimensions of the reciprocal of a length, but we may con-

veniently represent T(R) geometrically as a distribution in the space
defined by a vector having the direction and magnitude of R, drawn
from the origin O. This space we call reciprocal space. The distribution

T(R) sums up the possible Fraunhofer diffraction patterns that can be

produced under any conditions of incidence and scattering, with any

wave-length, by the distribution p(r). To determine the pattern in any

given case, we draw in the distribution T(R) the so-called sphere of

reflection, more appropriately perhaps called the sphere of diffraction.

This sphere has radius I/A, passes through the origin, and has its centre

at P in the direction -s from the origin. The value of T(R) at any

point Q on the sphere, gives the amplitude scattered in the direction

PQ. (See fig. 3, p. 7.)

From eqn. (1) it will be seen that T(R), which is the structure factor,

or scattering factor, of the distribution /?(r), is, mathematically, the

Fourier transform of this distribution. To every such distribution there
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corresponds the appropriate transform, which, plotted in reciprocal

space, allows us with the help of the sphere of reflection to determine
the nature of the diffraction pattern given by the distribution under any
conditions.

The integration in (1) may be supposed to extend to infinity, even if

in practice p(r) will differ appreciably from zero only over a finite

region. Applying Fourier's integral theorem, we may write

(2)

where the integration now extends to infinity in reciprocal space, of
which dR is an element of volume. Equation (2) is the fundamental
relation upon which the determination of a distribution of scattering
matter from its Fraunhofer diffraction must depend. If we know the

transform completely for the whole of reciprocal space we can deter-

mine p (r) by carrying out the integration in (2), but only if we do know
T(R) completely is it in principle possible to determine p(t) correctly.

(b) Restrictions imposed by finite wave-length : For a given wave-

length, all regions of the transform accessible to observation lie inside

the limiting sphere (p. 15) of radius 2/A, obtained by rotating the sphere
of reflection into all possible positions about the origin. The radius of
this sphere increases as A decreases, but there will in practice always be
a region of R space, lying outside it, for which T(R) can never be
determined by direct optical observation. The distribution p'(r)

determined from that part of T(R) lying within the limiting sphere will

be one having this portion of the actual transform as its complete
transform, and this distribution will differ from p (r) unless the part of
the transform lying outside the limiting sphere is in practice negligible.
It is only when this is so that a faithful optical representation of a

distribution of scattering matter can be obtained.

Consider a very simple example, that of a spherical shell of diffracting
matter of uniform density unity, and radius a. The transform of this

distribution is very easily shown to be

T(|RD-4w2
(sin2rra |R|)/27m |R|. (3)

It is spherically symmetrical in R space, with its principal maximum at

the origin. It has nodal spheres of zero value at radii n/2a, and sub-

sidiary, alternately positive and negative, loops between the nodes. The
central maximum is much stronger than the others, which die away
rapidly in amplitude with increasing |R|, and, if the limiting sphere
includes two or three of the nodal spheres, enough information about

T(R) is available to give a fairly accurate idea of the distribution. But
if a/A is so small that the sphere of radius l/2a, containing the central

maximum of the transform, extends beyond the limiting sphere, the

sphere of reflection will always lie inside the central maximum, and
little can be inferred from the observed scattering about the nature of
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the scatterer. The apparent dimensions of the scattering region are

roughly determined by the radius of the first nodal sphere, and when a
is much smaller than A this will in effect be the radius of the limiting
sphere. The observed scattering from the shell will then be very much
like that given by a sphere of radius A/4. If a is less than this, nothing
at all can be inferred about its true magnitude. This is a well-known
result considered in an unfamiliar way.

(c) The phase of the transform : The limitations considered in the
last paragraph were those imposed by the finite wave-lengths used in

optical observations. There is, however, a second limit imposed on the

knowledge we can obtain of T(R). We shall assume />(r) to be real,
which means that there is no change in phase produced by the act of

scattering, although our argument will still apply if there is a phase
change that is independent of r. Even when p(r) is real, T(R) may be
complex, which means physically that the phase of the resultant
scattered radiation, relative to the phase scattered by an electron at the

origin, is a function of R, and so of the angle of scattering.
In evaluating the integral (2) it is necessary to take this phase varia-

tion into account. In ordinary vision, with or without optical aid, the
lenses do this automatically, but when X-rays are scattered by crystals
or other matter, we have nothing corresponding to a lens to do this

automatic integration. Nor is there any direct and generally applicable
way of observing the relative phases. What is measured is always the
scattered intensity, from which |T(R)|, and not T(R), is determined.
We can consider |T(R)|

2
, plotted as a distribution in reciprocal space,

as representing all that can be determined by direct optical means
from the scattering of X-rays. We shall call |T(R)|

2 the intensity

transform, and the type of information that can be derived from it has

already been discussed in Chapter VII, 1 (/?). We shall return to it

later in this Appendix. It can never give the actual distribution p(r),

although it may give useful information about it. The idea of the

intensity transform has also been used extensively in Chapter X, al-

though not under that name. The question of phase determination has
also been discussed briefly in Chapter VII, but will be dealt with in

greater detail by the authors of Volume III.

(d) The symmetry of the transform : When P(T) is real, we see from
(1) that T(R) and T( -R) are conjugate complex quantities, so that

|T(R)|
2 = |T(-R)|

2
. The intensity transform of a real scattering

distribution is thus always centro-symmetrical about the origin, how-
ever unsymmetrical the distribution itself may be. The well-known fact
that the Laue symmetry of a crystal, which is that of the distribution
of the intensities of its diffraction spectra in the reciprocal lattice, may
be higher than its true symmetry by the possession of a centre of

symmetry is an example of this. (See also Chapter X, p. 551).
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If />(r) is complex, so that there is a phase change on scattering

depending on r, it is no longer true that the intensity transform is

necessarily centre-symmetrical, for T(R) and T(- R) are then no longer

conjugate complex quantities. An example of this, due to the effects of

dispersion, has been considered on p. 32.

(e) The transform ofa periodic distribution ofscattering matter : The

possibility of analysing a crystal by means of X-rays depends on the

fact that the transform of a periodically repeating distribution contain-

ing a large number of repetitions of the pattern has appreciable values

only at or nearly at certain discrete points, so that the experimental
work of determining the intensity-transform is limited to measuring it

at these points. ,

Let a density-distribution occupying a limited volume, and constitut-

ing the unit of pattern, be repeated by successive translations through a

vector distance a until a row of Nt similar units has been built up.

This row is multiplied into a set ofN2 similar, parallel, rows by success-

ive translations through a vector distance b, thus forming a set of

similar units lying on a two-dimensional net with primitive vectors

a and b. Finally, by successive translations through a vector distance

c, a set of N3 parallel nets is built up, the whole forming a three-

dimensional pattern based on a space-lattice with primitive translations

a, b, c, and constituting a paralleiepipedal crystal with N1N2N3 units.

It is a simple matter to calculate the transform of this crystal.

Let F(R) be the transform of the original unit of structure. When it

is moved a vector distance a its transform becomes F(R)exp (277/a-R),

and the transform of the row of N x units in the direction a is therefore

F(R) ""V^exp (2iwm-R) = F(R)Ga (R), (4)

where Ga (R) =exp{7ri(N 1
-
l)a-R} sin (wN^-RJ/sin (wa-R), (4a)

and is the transform of a row of N! points, each of unit scattering power,

equally spaced, at a distance a apart, along a line. It is a function of

aR, and so is constant over any plane perpendicular to the direction

of a. If N A i& large, G a (R) will have appreciable values only over planes
at a distance \\a apart, one of which passes through the origin. The

magnitude of Ga (R) over these planes is N la

In the second operation, the row whose transform is (4) is turned

into N 2 similar rows by successive translations b. The transform of the

resulting net is evidently obtained by multiplying the transform of the

single row, (4), by G6 (R), in which b replaces a and N2 replaces N! in

(4a), The new transform is therefore F(R)G (R)G6(R). If N2 is also

large, G b(R) has appreciable values only over a set of planes perpendic-
ular to b with spacing I/ft, and the transform of the net has appreciable
values only over the lines of intersection of the two sets of planes,
which are of course perpendicular to both a and b. The value of
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Ga(R)G&(R) everywhere on these lines is NaN2, and they are the trans-

form of an infinite network of unit scattering points.

Clearly, the transform of the parallelepipedal crystal is now obtained

by multiplying the transform of the net by G C(R), which has appreciable
values only over a set of planes perpendicular to c with a spacing 1/c.

The final transform is therefore

T(R) = F(R)Ga(R)G6(R)G c (R) = F(R)G(R). (5)

G (R) is the transform of a lattice of point scatterers with primitive
translations a, b, c, and Nlf

N 2,
N3 points parallel to these directions

respectively. In the form in which G (R) has been given, the origin lies

at the corner of the parallelepipedal block.

If the number of points in all three directions is large, the transform

has appreciable values only at the points of a lattice formed by the

intersections of the three sets of planes discussed above, one set per-

pendicular to a with a spacing I/a, one perpendicular to b, with a

spacing 1/6, and the third perpendicular to c, with a spacing 1/c. These

points of intersection form a space-lattice, which is clearly the lattice

reciprocal to that upon which the crystal is based, as defined in Appen-
dix II, (a). The Fourier transform of an infinite space-lattice is thus

the lattice reciprocal to it. If the primary lattice is not of infinite extent,

the transform G (R) has maxima at the reciprocal-lattice points, and an

appreciable density about these points through regions with dimensions

of the order of the reciprocals of those of the finite lattice. The nature

of this distribution has been discussed in Chapter II, 1 (c).

If.X, Y, Z, are the components of R parallel to the reciprocal axes

a*, b*, c*, respectively, we can conveniently express them, as we have

done elsewhere, in terms of these translations, writing

Then a*R = a-a* =
f, b-R =

7?,
c-R = .

Plainly then, G(R) has appreciable values only when f, 17, are integers,

say h, k, I. The intensity-transform of the lattice is
j G(R) |

2
, and is

the interference function, I (, y, ) of Chapters II, V and X. It is

interesting to see how naturally the idea of the reciprocal lattice

emerges from that of the transform.

The Fourier transform of a finite piece of crystal is thus the transform

of the unit cell multiplied by G(R), or G(, 17, ), the transform of the

finite point-lattice on which the crystal is based. If the crystal has a

very large number of units, G (R) has appreciable values only at the

reciprocal-lattice points (/i, k, /), so that the transform is represented
for all practical purposes by the values of F(hkl), the structure factors

of the unit cell for the different spectra given by the crystal. We need

therefore only sample the transform of the unit cell at certain discrete

points in order to get the information needed to determine the structure.
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The transform G(R) of the point lattice is truly periodic, and extends
to infinity. F(R), on the other hand, is not periodic. The scattering
factors of the atoms of which the unit cell is composed are themselves

moreover functions of R, which decrease rapidly as
|

R
| increases, and

when
|
R

|
is large enough F(R) becomes inappreciable. We can think

ofthe transform of the crystal as the reciprocal lattice weighted at each

point with the appropriate value of F(hkl); and to get a true repre-
sentation of the structure we must be sure that all appreciable values
of F(hkl) are included in the domain of T(R) open to observation.

This can rarely be completely attained in practice, and we must there-

fore be on our guard against the occurrence of false detail in the final

representation of p(r).
f

(/) The crystal structure expressed as a Fourier integral: A real

crystal must have a finite volume, and the representation of p(r), the

actual density distribution in this fragment, involves the evaluation of
the integral (2). If (w, v H>) are the fractional coordinates of a point in

the crystal, so that x = ua, y = vb, r = wc, the transform of the whole

crystal may be written

= V
JJJpp(w, v, w)eW+"<>+Mdudvdw, (6)

p(u, v, w) being the density at the point (u9 v, w), and V the volume of
the unit cell, But, as we have just seen,

Ttf.ifcO-F&^OG&^Q, (7)

Ftf, *l> being the transform of a single cell, and G(, 77, ) that of
the basic point lattice. By Fourier's theorem, using (2), we obtain

TO

VP (u, v, w).
JJjFtf,

r,, OGtf, rj, Qe-*w+*Q tt( drift. (8)

~tj

So far there have been no approximations. The density p(u, v, w) is

given by a Fourier integral, taken throughout reciprocal space. We
now assume the number of units to be large, so that G(, 17, has

appreciable values only when f , r?, are very nearly integral. We shall

then make no appreciable error by treating the integral (8) as the sum
of a series of integrals, one over each cell of the reciprocal lattice.

Moreover, because the maxima of G (f, rj, ) are very sharp when the

lattice contains many points, and can be made as sharp as we please

by increasing the number of points indefinitely, while F(f, 17, ) varies

relatively slowly, we can replace F(f, ??, ) in the integration over each
cell

b^
its value at the corresponding reciprocal-lattice point ; and the

same is true of the factor e~ 27TlRr
, for although this oscillates rapidly

when
|

R
|
is large, by increasing the number of cells we may make G (R)

in the neighbourhood of the reciprocal-lattice points vary even more
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rapidly. Thus, in the limit, when the number of points is very large,

we may write without sensible error

VP(W, v, w)-(hkl)e-w**+*'+toG((, 17, Qdfdridt. (9)

Cell

The integral over the cell approaches unity as the number of lattice

cells increases. The proof of this follows the lines of that given on

p. 43 for I ( , T?, ), and it is true not only for a parallelepipedal crystal,

but can be generalised to one of any form. In the limit therefore, for a

truly periodic crystal,

= y; y; y;

The Fourier series discussed in Chapter VII has thus been obtained as

the limit, when the number of crystal units tends to infinity, of a Fourier

integral applicable to a finite crystal.

(g) Sections of Fourier transforms, and two-dimensional projections :

Let (x, y, z), (X, Y, Z) be the rectangular coordinates of points in real

and reciprocal space respectively, so that R-r =xX+/Y + zZ. Then
the transform T(X, Y, Z) of a distribution p(x, y, z) is

T(X, Y, Z) =
|JJ,(x,

y, z) exp {2i(Xx + \y+ Zz)} dx dy dz. (1 1)

The section of this transform by the plane Z =Zl is

T(X, Y, Zx)
=
JJe^x,

>>) exp {27ri(X* 4- Y>>)} </.v rfp, (12)

where ^(x, y)=\P (* >^ 2) exp (IrriZ^) dz, ( 1 3)

which is the density of the projection of the scattering distribution

p(x, y, z) on the plane z=0, weighted in such a way that the projec-

tion of any element of the distribution is multiplied by the factor

exp (iTTiZtz), z being the distance of the element from the plane z =0.

Transforming (12), we obtain

(14)

that is to say the section T(X, Y, Z
x) of the transform of p(x 9 y, z) is

the two-dimensional transform of the weighted projection of p(x, y, z)

on the plane z=0. If Zj^O, the weighted projection becomes the

actual projection, which can thus be calculated by integrating (14) with

Zt
=0. It is easy to generalise these results to axes that are not rect-

angular, and to apply them, by an argument exactly analogous to that
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used in (/), to a periodic distribution containing a large number of

units. If the projection is made on the ab plane we obtain

AaL (M, v)
=2 F(/*L) exp {

-
2iri(An + Jti;)}, (15)

(Tj (w, f) ==c />(w, v, H>) exp (27r/LH>)c/H>, (16)
J o

A being the area of the ab cell-face.

The coefficients F(hkL) are now the structure-factors associated with

the layer L of the reciprocal lattice, i.e., with the spectra on the Lth

layer-line of a rotation photograph about the z axis

If L =0, o-,(w, v) becomes <r(w, v) 9 the ordinary unweighted projection
of the matter in the unit cell on the ab plane, and equation (15) becomes

equation (7.21) of p. 353. *

If CL and SL are the real and imaginary parts of a
l , we may write,

in the special case in which the crystal has a centre of symmetry at the

origin, so that F(hkL) is real,

ACL (w, v)
=Vy

i F(hkL)cos27Tx(hu + kv), (17)
h k

AS L(w, v)= - V;y)F(ML) sin 2n(hu + ki), (18)

c
J

h

with Q (w, v) = c\ p(w, v
9 w) cos (27rLvtO c/w, (19)

J o

p(u, v, >v) sin (27rLw)rfu', (19a)
o

giving two different weighted projections, which may be calculated from

the Fourier series (17) and (18). If F(hkL)=F(KkL), SL (w, v) vanishes,

andaL(w, v)=CL (u, v).

As Cochran and Dyer
2 have shown, very useful information can be

obtained from weighted projections in which L^ 0. For example, if

L = l, cos 27rLw^O when w =
. Atoms in the cell which have this w

coordinate therefore make little or no contribution to the projection

Q(w, v). If w = J, cos 27rLw = -
1 , and atoms with u> = \ appear in C l

as negative hollows, instead of as peaks as they do in the a(u, v), or

L = 0, projection. By comparing a (u, v) and C l (w, v) valuable informa-

tion may be obtained about the distribution of atoms in the unit cell.

Cochran and Dyer discuss a very interesting example in which two long
molecules at different levels, crossing each other and therefore not

separable in the L=0 projection, are clearly separated by comparing
the L =0 and L = 1 projections.

(h) Projection of spherically symmetrical atoms : The scattering

factor, /(R), of an atom is the transform of the atomic density distribu-

tion. J R
| =2(sin 0)/A, and/(R) is usually assumed to be spherically

symmetrical. The projection of the atom on the plane z =0 is, by (14),

=
jJ/(X,

Y, 0) exp {
-
2irf(xX +;>)} dX </Y. (20)
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If the atom is spherically symmetrical, we may write this

Pp(r)-2p |

X

R/(R)cos(27rRrcosa)</R</a , (21)
JOJ

R and r being now radii in the plane of projection, and a the angle
between them. Integration with respect to a gives

Pp (r)
= 2*

I V(R)J (2*Rr)</R, (22)
o

which can be integrated numerically for a series of values of r if/(R)
is given. It is also possible to determine the projection approximately

by supposing the atom to form a unit of a crystal with a spacing much

larger than the effective atomic radius. Equation (20) for this periodic

structure becomes a Fourier series, the coefficients of which are the

samples of/(R) at the points of the reciprocal lattice of the assumed

crystal.

If/(R) is constant, and equal to/(0), the scattering factor is that of a

point. Assuming the limits of integration in (22) to be and Rj, we

obtain, as in equation (7.83), p. 399,

(23)

The function 2J
1(27rrR 1)/27rrR 1

is unity when rR^O, and has its first

zero value when r^O-61/R^ As R
l becomes greater, the maximum

of pv(r) becomes narrower, and in the limit, when R
x becomes infinite,

the projection tends to a region of negligible dimensions and infinite

density, that is to say, a point. The integrated value of p p(r) over

the plane of projection is/(0), and remains so in the limit. If a region

of the transform of finite radius R l is used, the projection shows false

detail in the form of rings of alternate positive and negative density,

the subsidiary maxima and minima of the function J^W^'/H.

If in (22) we interchange R and r, we may consider
/>P(R) as the

transform of a uniform distribution of scattering matter over a circle

of radius R t , and can apply it directly to diffraction by acircularaperture,
the scatterers being now the virtual Huyghens sources of optical theory.

The function pP(R) is actually the section of the transform of the aperture

by a plane perpendicular to its axis, and is the same for all such sections.

If p(r) in the atom has a Gaussian distribution it is easy to show by
direct integration of (11) and then of (20) that both the transform and

the projection of the atom on a plane are also Gaussian. If/(R) =

Zexp(-7rR2
tf
2
), the projection of the corresponding atom is pp(r)

=

(Z/0
2
) exp (

- 77T
2
/a

2
). The scattering factor and the projection fall to

e~n of their maximum values at R = I /a and r =a respectively, a result

that is sometimes useful in approximate calculations.

If p(x, y, z) =p exP (
-
*(x*!a

2
+y*/b

2 + r2
/c

2
)}, in which the surfaces

of constant density are ellipsoids, the corresponding transform is,

by (11),

/(X, Y, Z) =abc exp { -7r(<j>X
a + fe*Y* + c*Z*)} (24)
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The projections on the axial planes are easily determined from (20).

These results may be of use in considering the effect on the transform

of anisotropic thermal motion in crystals.

(/) The transform of a sinusoidal scattering distribution of infinite

extent : Let the density of the distribution be independent of y and z,

and be given as a function of x by

p(;c)=Acos277/?;c, (25)

so that there are/? cycles of density variation in unit length parallel to x.

The transform is given by

T(X, Y, Z) =AJJ
f cos 2-rrpx exp 27r/(Xx + Y>> 4- Zz) dx dy dz% (26)

which can be written as tlie product of three independent integrals,
taken over x, y, and z respectively. To evaluate the integral with

respect to x we take limits x l and -x l9 which can later be made to tend
to infinity. With these limits the integral is equal to

(sm27r(p+X)xl sin2<rr(p-X)x 1\*lA
\ 2^ + X)*,

4
2^-X)^ /

(27)

which has two main maxima, when X =
p. The first lateral zeros

accompanying these maxima occur when X = pl/2x1 . As Xj
increases these maxima become narrower and higher until, in the limit,
when the wave train is infinite, the expression (27) is zero except over the

planes X =
p. The integrals with respect to y and z are of the form

(sin w)/w, and vanish when the limits become infinite unless Y = and
Z = 0, so that the transform T(X, Y, Z) of an infinite plane sinusoidal

distribution of linear frequency p parallel to jc is zero except at the

points ( /?, 0, 0) of reciprocal space, a result we have used in Chapter
VII, 1 (d), p. 345. It is perhaps more easily seen in the converse

sense, for it is clear from (<?) of this appendix that the transform of two
points is an infinite plane sinusoidal distribution.

The transform of a linear distribution of scattering matter with a

density proportional to cos 2*px is zero except over the planes X =
p.

(j ) The convolution theorem : We consider now the transform of the

product of two functions f(x) and ,y(jc). Let F() and S(f) be the
transforms of these functions, so that

S(0 = f

J s(x)

The required transform is

j/Cv)
sW"x dx -

jJF(0
J(*)***- dx df

(29)
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The integral on the right-hand side of (29) is known as the convolution

or folding (German Faltung) of the functions F() and S(f), and the

above theorem states that the transform of the product of two functions

is the convolution of their transforms, a result that has a number of

applications in diffraction theory.

-2*

T?X)

Equation (29) can easily be extended to three dimensions. We may
write

=
Jp(t)S(R

-

and also

(30)

(31)

where u, R, r, and t are now vectors.

As a simple example of the application of this theorem we consider

the transform of an infinite row of scattering points, P in unit distance

in the x direction, and such that the scattering power of a point distant

x from the origin is/(x)=a cos 2npx. There are therefore/? cycles of

scattering power in unit length. For simplicity, we consider the problem
in one dimension only. The distribution may be considered as the

product of the function f(x) and a second function g(x) that is zero

except when x = w/P. Let F() and G(f) be the transforms of/(:c) and

g(x). Then, by the convolution theorem, the required transform is the

convolution of F and G, or I G()F(X - d . The integral vanishes

unless G() and F(X - f) are simultaneously different from zero. As
we have seen in (0, F(X-) will vanish unless X-=

/?, while

G(), the transform of a row of points, will vanish unless = mP. The
transform is thus zero unless X = /wP p. The coincidences of the non-
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zero values of F and G may be understood graphically from fig. (viii),

by supposing one transform to be displaced relative to the other through
different distances X.

It is easy to extend this to three dimensions. The transform of a row
of points varying sinusoidally in scattering power plainly consists of

pairs of planes p distant from the planes X =mP that are the trans-

form of a row of points of equal scattering power. It is illustrated by

fig. viii c. Had the scattering power been/ + a cos 2-rrpx, the planes
X = /?iP would also have occurred in the transform, flanked by the
'

ghost
'

planes at X =mP p.

(k) The transform of a helix : An interesting example of the use of

the convolution theorem tq calculate the transform of a set of points
on a helix, which is of importance in the X-ray analysis of certain bio-

logical substances, has been given by Cochran, Crick, and Vand3
.

Consider first a continuous linear helix of pitch P, the axis of which is

the z axis of coordinates. Any point on the helix is fixed relative to

an origin by an axial vector z and a radial vector r. Let Z and R be

corresponding axial and radial vectors fixing a point in reciprocal space.
The transform of the helix is then

T(R, Z) = fexp {2iri(R-r + Z-z)} dv, (32)

dv being an element of volume of the helix.

Let r make an angle <f>
with a fixed axial plane containing the radius

of the helix that passes through the origin, and let R make an angle </>

with the same plane. Then
<f> =27rr/P and R.r = Rr cos

(</>
-

/>), r being
constant. Apart from a constant factor relating dz and dv, the trans-

form of one complete turn of the helix may now be written

F(R, Z) - P'exp [27rf {Rr cos (<
-

</r) + Zz}} dz. (33)
J o

The whole helix is produced by repetition of this unit at intervals

P parallel to z, and, as in (e) of this appendix, the transform is obtained

by multiplying F(R, Z) by GP(Z), the transform of a row of points of

spacing P parallel to z. If the number of turns of the spiral is large,

GP(Z) has appreciable values only over the planes Z=/*/P, and the

required transform is thus given by the values of F(R, Z) when Z = /?/P.

Thus

T(R, </s /i/P)
=

f

l

exp [2W {Rr cos (27rz/P
-
0) + wz/P}] dz. (34)

Jo

By making use of the identity

f2w
2iri

nJn (x)
= exp (ix cos 0) exp (inO) d&,

J
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J n(.v) being a Bessel function of integral order /i, we may write T, again
apart from a constant factor,

T(R, ^ n/?) - Jn(27rRr) exp {in (0+ i")}- (35)

The amplitude of T, which is a function of R only, is given by the

Bessel function.
|
T

|
has a maximum value at R=0 when w=0, but

for all the other planes Z =
/i/P it is zero when R =0, and its values for

small R diminish rapidly as n increases.
|
T

|
has maxima for certain

values of R, the radii of corresponding circles of maximum amplitude
increasing, and the amplitudes themselves diminishing, as n increases.

For the behaviour of J,,(v) for small values of .v reference may be
made to fig. 205, p. 567.

T is not real, for a helix has no symmetry centre. The phase factor is

unity for n=0. For other values of n it varies with the azimuth </<>

but is independent of R.

(/) The discontinuous helix : We now consider the transform of a set

of points lying on the helix at a constant axial interval p. Such a set of

points may be represented as a product of two functions, one of which,

H, is zero everywhere except on the helix, and the other, G, zero every-
where except over a set of planes of spacing p, upon which its value is

unity. The transform of the discontinuous helix is the transform of the

product HG, and this, by the theorem proved in (j) above, is the con-

volution of the transforms of H and G. The transform of H we have

just calculated : it is the function T, and has values different from zero

only on the planes Z =n/P. The transform of G, g, is a row of points
of spacing I//?, with Z^m/p. The convolution of the transforms may

be written

C(X, Y, Z)-
JV(X

-, Y-iy.Z-Ogtf, 17, f)/f<M. (36)

T(X -, Y -TJ, Z -
) vanishes unless Z -

{ =// P, but with this restric-

tion X -
f and Y -

rj may have any values. The function g(f , T?, ) van-

ishes unless = 0, ^ =-0, = m!p. C(X, Y, Z) will have a value different

from zero only if both factors of the integrand are simultaneously
different from zero, or when

Z = C+H/P-w/p+H/P. (37)

IfZ has one of these values, X and Y may have any value. The required

transform is therefore zero except over the set of planes given by (37),

and its value over any such plane is proportional to Jn(2irRr). For

m =0 there is a set of planes identical with that giving the transform of

the continuous helix. For m =
1, there is an exactly similar set of planes

based on Z =
l/p as origin; and similarly, every one of the points

Z = mlp serves in its turn as the origin for a similar set of planes of

spacing 1/P. The whole transform is the totality of these planes.
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If ?/p cannot be expressed as a ratio of whole numbers, the totality

of planes will in principle form a continuous distribution
; but in fact

it is only for small values of n that the amplitude |

T
|

is appreciable for

small R, and only a few planes of each set n/P will make much contri-

bution. If P/p can be expressed as a ratio of whole numbers there will

be coincidences between certain planes of the different sets, and the

total number of planes in a finite region will be finite.

For an example of the application of the theorems outlined above to

an actual problem reference may be made to the paper of Cochran,
Crick, and Vand.
The formal similarity between the results just considered and those

discussed in Chap. X, 3 (c), p. 563, in connection with periodic errors in

lattices, should be noted. Jhe discontinuous helix is in fact a row of

points subjected to a certain type of periodic distortion, and the groups
of planes n,P associated with each plane m\p are the corresponding

optical ghosts accompanying the spectra of the undistorted row.

(m) The auto-correlation coefficient and the Patterson series : We
now put/(r)=p(r), and ,s(r)=/o*(-r). Then, if T(R) is the transform

of />(r), F(R) = T(R) and S(R) = T*(R). Equation (31) now becomes

f|

(38)

If we apply this result to a periodic distribution, as on p. 617, putting

T(R) = F(R)G(R), we get at once Patterson's series, equation (7.48),

p. 373.

In studying the statistical characteristics of fluctuating quantities use

is made of the so-called auto-correlation function, which, for a function

f(x) 9
is defined as p(() =

J/*(,v)/(*
+ ()dx I

J
f*(x)J(x)dx. Itwill be seen

that the function P(u) of equation (38) is proportional to the auto-

correlation function of the distribution of scattering matter, and is the

transform of the intensity transform of that distribution. The Patterson

series gives the auto-correlation function of the scattering distribution

in the crystal unit, and contains all the information about that distri-

bution that can be obtained directly from diffraction experiments when
the phases of the diffracted waves are unknown, Booker, Ratcliffe,

and Shinn4 have applied the auto-correlation function to the study of

the scattering of electric waves by the ionosphere, and reference may be

made to their paper for a further account of its use.

(n) The use of molecular transforms in structure determination : As
we have already seen, the transform of a crystal structure is the trans-

form of its unit cell sampled at the points of the lattice reciprocal to that
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upon which the crystal is built. Suppose the unit cell to contain a

group of points the configuration of which is known, which may for

convenience be called a molecule, and that its orientation in the unit

cell is to be determined from the X-ray spectra. Let M(R) be the trans-

form of the molecule, plotted as a distribution in reciprocal space. The

operation of obtaining the best agreement between observed and
calculated structure factors may be thought of as that of rotating the

reciprocal lattice relative to the transform M (R) into such a position
that the closest agreement between the observed amplitudes and the

values of the transform at the positions of the corresponding reciprocal-
lattice points is obtained. 5 If the molecule has a symmetry centre,

which is used as origin, the transform M (R) is real, but, if not, it will be

necessary to plot | M(R) |

2
, and to obtain a fit between observed and

calculated intensities. Once the best fit has been obtained, the phases
of the spectra corresponding to this orientation of the molecule in the

cell can be calculated from the real and imaginary parts of the transform.

This method is most easily applied when the molecule itself is flat,

and of fairly simple known configuration, a benzene ring, for example.
Axes X and Y would then be chosen in the plane of the molecule, and
Z perpendicular to it. The transform is independent of Z, and its

sections by all planes Z= constant are the same. If the projection of

the molecule on the ab plane is being considered, only the points of the

plane Z =0 of the reciprocal lattice are relevant. The rotation of this

plane in the transform may be accomplished in effect by a suitable

distortion of the reciprocal net in the plane Z =0 of the transform.

The unit cell will usually contain not one molecule, but several,

related by the symmetry operations of the space-group, and the resultant

transform for any relative positions and orientations of the molecules

could be built up from those of the constituent molecules, due regard

being taken of their phase differences for each value of R, but this

would as a rule be a complicated process. It may, however, happen that

the projections of the molecules on a plane must, by symmetry, be

identical and parallel, and we shall for the moment suppose this to be so.

If there are two molecules, distant d apart in the projection, their

two-dimensional transform will be T (R) =M (R) { 1 + exp (27r/R-d)}, with

the intensity transform I(R) = 4| M(R) |

2 cos2
(:rR-d). The intensity

transform of the pair of molecules will be that of a single molecule

modulated by a set of interference fringes, the zero lines of which form

lines of zero intensity, or nodal lines, in the transform, perpendicular
to the direction d of the relative displacement of the molecules, and at a

distance \jd apart. Although certain spectra, which would have been

strong had the unit cell contained only one molecule, may now be

weak or absent, we can still be sure that strong spectra correspond to

strong regions of the transform of the single molecule. If the transform

of this molecule is characteristic and known it may still be possible to

recognise it when the array of spectra on the net Z =0 of the reciprocal
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lattice is considered as a whole, and perhaps also to identify the interfer-

ence fringes, or nodal lines, and so to get an idea of the relative dis-

placement and orientation of the molecules.

If the unit cell contains four molecules, related in such a way by the

symmetry elements that they appear in the projection as four identical
and parallel molecules, lying at the corners of a parallelogram of sides
u and v, their intensity transform in two dimensions is 16

| M(R) |

2

cos2
(TrR-u) cos2

(^R-v), which is that of a single molecule multiplied
by the transform of a net of four points. The latter has broad maxima
at the points of the net reciprocal to itself, which must have a wider

spacing than that of the reciprocal net of the crystal. The array of
spectra on the reciprocal net will thus tend to show groups of stronger
spectra in the regions of these broad maxima, separated by nodal lines
of weaker or zero intensity. It may be possible in this way to obtain
information about this pattern within a pattern. Even if the elements
of the subpattern are not related by symmetry, it may happen that the
unit cell contains a regular repetition of certain simple units or groups
of atoms, which will give rise to a corresponding set of reciprocal
maxima in the transform. An interesting example of the application
of this idea has been given by Vand.6

(o) Nodal surfaces in transforms of symmetrical distributions : The
transform of a molecule with no centre of symmetry, referred to any
origin, may be written in the form

M(R)~A(R) + /B(R). (39)

If the molecule is inverted about the origin as centre, and if its scattering
distribution is everywhere real, the transform of the inverted molecule
is A(R)-/B(R), and that of the original molecule and its inversion

together is 2A(R), which is real and centro-symmetrical. Now suppose
the molecule and its inversion to be moved apart through distances

d/2 and -
d/2 respectively from their initially coincident origins. They

will still form a centro-symmetrical distribution, with a transform

T(R) = M (R) exp (/VR-d) + M*(R) exp (
-
/VR-d)

= 2 {A (R) cos (TrR-d)
-
B(R) sin (vrR-d)} (40)

This is a general expression for the transform of a centro-symmetrical
distribution, which may ajways be thought of as consisting of two
halves, themselves either symmetrical or unsymmetrical, related by
inversion across a centre.

It will be seen that T(R) is real, and has certain nodal surfaces, given
by the equation

tan(irR-d)-A(R)/B(R), (41)

upon which it must vanish. These surfaces are not usually of any very
simple form. The choice of d may at first sight seem arbitrary, but
it should be noticed that both A(R) and B(R) depend on this choice,
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which is a matter of convenience and does not affect the surfaces given

by (41).

As a simple example, consider four scattering points at the corners of

a rectangle of sides a and b. The points at the ends of one diagonal
have equal scattering powersflt those at the ends of the other diagonal

scattering power/2 . Taking X and Y parallel to a and b, we may write

for the transform of one pair of points/! and/2 , referred to an origin at

x = a/2, y =0 midway between them,

(42)

M(R) =/j exp (frrfrY) +/2 exp (
-

i

=
(/I +/2) COS (rrbY) + I (/i -/) Sin (irfcY).

By (41), the nodal surfaces are given by

tan (nXa) =(A +/2) cos (nb\)/(A -/2) sin

or tan TT tan^ =
(/, +/,)/(/; -/2),

ifX =
/0,Y =

77/6. The points =h,rj=k are those of a net reciprocal to

one with primitive translations a and b.

If /2=0, so that there is only one pair of points, the transform is

2/i cos TT( -f TJ), which is zero when 4-
17
=/i + . The nodal lines are

(43)

^ss

i

FIG. ix. The curves tan * ~p cot ny. Straight lines, p= I ; full-line curves,

p=4; dotted-line curves, p-100. The dots indicate points of the

reciprocal net. Each curve separates a positive from a negative region of
the corresponding transform.

parallel to that set of diagonals of the reciprocal net perpendicular to

the line joining the two scatterers/i, and passing through points lying

midway between adjacent reciprocal-net points. They are shown by
the diagonal straight lines in fig. ix. In this case, equation (43) becomes
tan TT= cot 7717, which is satisfied when f -J-^=w-ht, and so gives the

same result. If now/^0, the equation becomes tan n =p cot TTIJ, with
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p> 1 , which is satisfied by $ = /?, i?
= k +

, or = // + i 7?
- k. These are

the points on the sets of diagonals discussed above that lie midway
between adjacent reciprocal-net points. The nodal lines still pass
through these points, but are no longer straight. They have a wave-like
form lying alternately on one side or other of the diagonals. As /a

approaches/2 , the waves approximate to rectangular zig-zags, and when
/i =s

/2 so that p is infinite, fuse together to form the two sets of nodal
lines, intersecting at right-angles and passing through the mid-points
of the reciprocal-net cells, which are characteristic of the transform of
four equal points at the corners of a rectangle. The nodal lines for

p = 4 and p = 100 are shown in fig. ix,

(p) Comparison of the transforms of symmetrical and unsymmetrical
distributions : If the distribution is not centro-symmetrical, the trans-
form is not real, but I(R), the intensity transform, is always real for a
real distribution, and it is always of the form A (R)

2 + B(R)
2

, which need
not be zero except by chance, if A(R) and B(R) should happen to
vanish for the same value of R. We may look at this rather differently.
The phase of the transform of a centro-symmetrical distribution,
relative to that of a wave scattered by a point at the origin, must be
either or TT. The nodal surfaces separate regions in which the phases
have these values, and correspond to a change in sign of the transform
from positive to negative, so that the transform consists of a series of
positive and negative loops, separated by nodal surfaces.

If the distribution is not centro-symmetrical the phase will not in

general vary discontinuously, but may have any value, depending on the
nature of the distribution and the way in which A(R) and B(R) vary
with R; and there is no necessity for a system of surfaces of zero value
in the intensity transform.

This essential difference in the nature of the two types of transform is

the optical basis of Wilson's7 method of determining statistically, from
the distribution of the intensities of its X-ray spectra, whether the unit
cell of a crystal has or has not a centre of symmetry. Since there are

necessarily nodal surfaces, or surfaces of zero intensity, in the intensity
transform of the unit cell of a centro-symmetrical crystal, the relative

probability that a spectrum from such a crystal has a low intensity is

rather greater than it would have been if the crystal had had no sym-
metry centre

; for in this case there would be no such necessary surfaces
of zero intensity. The distribution curve showing the fraction of the
total number of spectra which have intensities between any given limits
is thus of a different shape for the two types of crystal, and tends to be
higher for the lower intensities when the crystal is centro-symmetrical
tha&when it is not.

(q) Optical representations of Fourier transforms : The calculation
of the transforms of even relatively simple atomic distributions is a
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very tedious operation and methods have been devised to produce the

intensity transform of a given trial distribution of atoms optically, for

comparison with the observed spectra. One of these, the method of the
'

fly's eye
'

due originally to W. L. Bragg,
8
produces by means of a

multiple lens a repetition of negative images on a photographic plate
of a set of black discs, arranged on a white sheet of paper to form the
assumed projection of the unit cell. The photographic negative so

produced is now used as a grating to form the Fraunhofer diffraction

pattern of a point source, which is the required intensity transform of the

projection.

Lipson
9 and his fellow-workers have modified and simplified the

method. Even if the grating consists of quite a small number of

repetitions, for example four, it will give spectra sharp enough to allow
the distribution of intensities in the transform to be compared with
observation. By means of a special drilling machine, fitted with a

pantagraph arrangement, very fine holes are drilled in a metal plate
to represent the atoms, and in this way a grating is constructed, con-

sisting of perhaps two repetitions of the pattern in each axial direction.

This grating is now used to produce the Fraunhofer pattern of a bright

point-source of light, which can be viewed in an eyepiece, or photo-
graphed ;

and by varying the pattern of the holes the transform may
be made to approximate to that actually given by the crystal. Many
most interesting optical effects can be studied with this beautiful

device, but the consideration of the method belongs properly to the

volume on techniques.
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APPENDIX VI

THE DYNAMICAL THEORY OF ABSORPTION AND
PROPAGATION OF ENERGY IN PERFECT CRYSTALS

(a) Introductory: In this appendix the treatment of the dynamical

theory given in Chapter VIII is extended to crystals that absorb X-rays.
As early as 1941 Borrmann 1 discovered that the absorption coefficient

of a perfect crystal was abnormally small for X-rays incident upon it

so as to fall on the atomic planes at or near the Bragg angle. The in-

tensities of Laue reflections in perfect crystals were discussed by
Zachariasen in 1945,

2 and fnore fully by von Laue3 himself in 1949, and
the theory was extended to Bragg reflection by Wagner

9
in 1956. The

experimental verification of the theoretical results by Borrmann, 4>5 -

and others has done much to confirm the general correctness of the

dynamical point of view, and to show that it is essential in considering
the propagation of waves in perfect crystals. The treatment given
here is based for the most part on the work of von Laue and Wagner.
References to a number of relevant papers are given in the bibliography
at the end of the appendix.

It is easiest to consider absorption by supposing formally that the

dielectric constant of the crystal is a complex quantity, and this in

its turn implies that the quantity </, defined in equation (#.4), and its

Fourier coefficients, defined in (8.5), must also be complex. By (#.8)

p being the electron density at any point in the crystal, now of course

also complex, which can be taken as equal to
| </ |

2
, where ^ is the

electronic wave-function, suitably normalised, at the point considered.

The quantity <f>
is a lattice-function, that is to say it is a function of the

coordinates repeating itself at corresponding points in each unit cell

of the crystal, and its Fourier coefficients are given by

(2)

where F(w) is the structure factor of the unit cell for the spectrum m,
and

^(e2
/wc*)(A>V), (3)

a constant for a given crystal and radiation. If therefore the structure

factor is complex, so are ^ and
<j>m .

A structure factor may be complex simply because the origin of co-

ordinates of the unit cell is not a centre of symmetry, but this does not

of course lead to absorption, which occurs only if the scattering factors,

/, of the atoms themselves are complex. So long as we may consider
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the atomic electrons as free Thomson electrons the /-factors are real

and positive, and the coherent radiation is scattered with a lag of

phase TT, but a complex scattering factor/'+//" corresponds to scatter-

ing with a phase in advance of that characteristic of free electrons, and

this, as we have seen in Chap. IV (c), p. 137, leads to absorption of

the primary wave. The phase advance is not large unless the frequency
of the radiation is near an atomic absorption frequency, but it is never

entirely negligible, for a non-absorbing crystal is an ideal body that

does not exist in nature. In what follows, to avoid complications, we
shall suppose the frequency of the radiation not to lie close to an

absorption edge.

(b) The complex Fourier coefficients: We now suppose the quantities

<f>, <f>m and
<[>Mfa,i which occur throughout the expressions of Chap.

VIII,* to be complex, putting

^ (f> r
4- /<,, (4)

in which <
r and <t> t

are by definition real. We also write

1 f
fa = v Wf + '^) *Xrr 'w)

(tv=<f> ntr + i<f> wi . (5)
VJ on

The quantities <,,, r and < m ,
are given by the two terms of the integral,

and are real only if the origin of the cell is a centre of symmetry; but

<mr> <t>mr and </>,, , fan ,
if complex, are pairs of conjugate quantities,

which follows at once from (5), since
<f>,

and
</>,

are real, and rw
* = - C.

Generally therefore,

where j] m and w tn represent phases. By (5) and (6) then,

<,<, =
P,,, r + /P,,,, , (7)

where

PmrH far\*
~

I fa, |
I P,H, =2| fa r \ \ fa, \

COS Vm , (8)

and vm^-nm-um- W
Pmr and Pmt are both real, and if the cell has a symmetry centre, as

will be assumed in what follows, cosv,M = 1, since if
<f>mr and

<f> )ttt

are real 77 w and cow are either or XT.

(c) The absorption coefficient and the complex wave-vector: Let a

progressive wave, travelling in the direction of x, be represented by

U(x, f) -a exp {2ni(vt
-
Kx)}. (10)

Now suppose the wave-vector K to be complex and equal to K r + /K,.

Equation (10) may then be written

* We here, for compactness, write ^ instead of fa.
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U (x9
= a exp (27rK,x) exp {l*i(vt

- K ,.*)}, (H )

which represents a progressive wave of wave-vector K r propagated in

the direction of x with an amplitude varying exponentially with .v.

If K, is negative, the amplitude decreases with increasing x, and there

is in effect a linear absorption coefficient p for intensity given by

ft- -47TK,. (12)

Consider now radiation passing through a crystal in a direction such

that no appreciable diffracted waves other than the direct beam are

set up. The field can then be represented by a single wave-train, and

by (.36) its wave-vector may be written

,K =*(l+^o)V (13)

SQ being a unit vector in the direction of the wave-normal. When <

is complex, KO,. and K0t , the real and imaginary parts of the wave-vector,
are

Kor=*d+^Or)So
Ko,-i*&*. (14)

In all actual examples < 0r and <
0i are negative, and so therefore is

KOJ, and, using (12), we may write for the linear absorption coefficient

of the wave-train

/i-2ir*|*0t |. (15)

This will be the ordinary linear absorption coefficient of the crystal

for the radiation, when no diffracted wave-trains are produced.
The measured value of p. may now be used to determine the magnitude

of
| <f>oi |

; and if the frequency of the radiation is not too near an
atomic absorption frequency the value of

| <f>Qr \ may be calculated

with fair accuracy from the formula applicable to the non-absorbing

crystal, certainly so far as order of magnitude is concerned. By (8.31)

therefore, we write approximately

|^0r |=(e
2
/mc

2)(AF(0)/V. (16)

The values of the linear absorption coefficient for rock salt for Mo Ka
(A -0-71 A), and CuKa (1-54A) are respectively 16-4 cm- 1 and
160 cm- 1

, giving values 1-85 x 10~ 8 and 3-92 x 10~ 7 for
|

<
0t |. The

corresponding values of
|

< r| calculated from (16), are 2-84 x 10
~6

and 1-33 x 10~5
, so that the ratio

|

<
, |/|

< r I
has the values 6-5 x 10~ 3

and 2*92 x 10~2 for rock salt for Mo and Cu K radiation respectively.
It is less easy to estimate accurately the values of

| <f>mi |/| ^mr |
when

other waves are excited, but we may assume it to be of the same order

of.magnitude, and that little error will be made in neglecting the squares
of Such quantities, so long as dispersion effects are not of importance,
and in all that follows it will be assumed that we may do so. To this

degree of approximation therefore, by (8),

, PtnrH^rl 8
. (1?)
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(d) Absorption when diffracted wave-trains occur: We shall consider

the case discussed in Chapters II and VIII, when only two reciprocal-
lattice points lie near the Ewald sphere, and two wave-trains are asso-

ciated with each wave-point on the hyperboloidal dispersion surface.

For Case I (Transmission) fig. 38, p. 85, applies, and it should be con-

sidered in conjunction with fig. 148, p. 424, which, although drawn for

Case II (Reflection), is relevant generally to the discussion in the present

paragraph.
In fig. 38, the straight line LPM represents within the limits of the

figure a circle of radius /:(
=

I/A) and centre O passing through L, the

centre of the Ewald sphere. We may conveniently call it the circle of

incidence. The vector PO is the incident wave-vector ko. The distance

PA to a wave-point is equal to kg, g being the quantity we have called

the accommodation (see p. 424). We consider two states of polarisa-

tion, (a) in which D lies perpendicular to the plane containing the

vectors K and Km , and (b) in which D lies in that plane. For each

state of polarisation there are two possible values of g for any angle
of incidence, each of which gives a wave-field that is an independent
solution of the wave-equation holding in the crystal. The two fields

for a given state of polarisation are, however, coherent, and the

relation between them is determined by the boundary conditions.

By fig. 148, K = ko-sA'Z
Km =ko + r;,,-A:z, (18)

where z is a unit vector in the direction of the normal to the surface.

The accommodation g is a function of < and < m<m, and will now be

complex, and so consequently will be the wave-vectors K and K,,,.

Since, however, their difference is the real vector r,*,, the complex

components of the two vectors are equal, and each lies in the direction

of z. Putting

g=g r + ig 09)

we have therefore, using an obvious notation,

Ko^K^-Arg.z, (20)

so that, by (12), each wave-train suffers the same absorption in depth
and a, the relevant absorption coefficient, is given by

a= -4ir|Ko,| =47T*,. (21)

The determination of the relevant absorption coefficient thus reduces

to the determination of the imaginary part of the accommodation g,.

Since g differs for the two wave-points that correspond to any state

of polarisation we may expect the absorption coefficients for the two
fields to differ. The physical reason for such an effect is not difficult

to understand. Within the crystal, the two wave-trains corresponding
to a single wave-point give rise to a pattern of stationary maxima and

minima of intensity, not related to the wave-length, but repeating
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themselves in each unit cell. If an atom lies at a maximum or a mini-

mum of intensity in one cell, the corresponding atom will do so in all

cells. The maxima of intensity will be stronger and the minima
weaker than the average uniform intensity in the progressive wave that

would pass through the crystal in the absence of diffraction, and since

the absorption is proportional to the average intensity to which the

atoms are exposed, it may be much greater or much less than the

ordinary absorption, according to the positions of the atoms relative

.to the maxima and minima. Since these positions differ for the two

fields, the absorption coefficients may well differ considerably. Marked
maxima and minima will appear only in that range of angles of in-

cidence in which diffracted beams are excited, and the most marked
anomalies of absorption nfay therefore be expected to be confined to the

same narrow range, an expectation confirmed by experiment.

(e) The complex incidence-parameters: By (S.71), the accommodation
is equal to

(22)

and on substituting the value of .v from (#.47) we obtain

where 17
= 2am -

< {1
-
(yw/y )}. (24)

Equation (8A1) refers to state (a) of polarisation alone, in which D
lies perpendicular to the plane of incidence, and equation (23) has

been made more general by the insertion of the factor
| C|, which is

equal to unity for state (a) and to
|

cos 20
|

for state (b). The equations

apply to both Case 1 and Case II if we remember that in transmission

y,,,
=

| yw |,
and in reflection, y,n

= -
1 ym |.

The quantity y is an incidence parameter. Its value is discussed in

Chap. VIII (g), but its geometrical meaning may be more easily under-

stood from fig. 38. As P moves along the circle of incidence LM, the

angle of incidence alters, and the parameter rj becomes zero when P is

in such a position that the perpendicular drawn through it to the crystal

surface passes through Q, the point of intersection of the asymptotes
of the hyperbola. We denote this position of P by PQ, The angle of

incidence referred to that corresponding to PQ as zero we denote by

J^Q. Then, as in (5.51), in which, however, A^^ -J0Q, since it

denotes a change in the glancing angle of incidence,

(25)

and is positive if P lies to the right of PQ. The quantity 2 m in (24) is

the corresponding incidence parameter referred to the Bragg angle as

zero. For most purposes, 77
is the more convenient parameter.
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It is, however, often better to use a parameter /?, proportional to
77,

and defined by an equation analogous to (8.64) as

)*P. (26)

where fe =2|C|^h^v (27)

Both
T? and p are now complex quantities. Using (24), we write

fyv with

(28)
707

(29)

since <
,
and < 0r are always negative quantities. By (7) and (26),

p =pr + iPl
=
--JL= fo r 4- fyXl 4- /Q)-*, (30)

where Q-P,/P* r , (31)

and is always small in comparison with unity, as also is
rj t

. On ex-

panding (30), neglecting terms of second order in Q and 17,,
and equating

real and imaginary parts, we obtain, using (17),

lr
b\<f>mr \

'

To this degree of accuracy therefore pr is still a linear function of am ,

and can be used as an incidence parameter in place of the parameter

p used in the theory of the non-absorbing crystal.

(/) The calculation of the absorption coefficients: Equation (23)

may be written

where W - >Af *V*i. (34)

In equation (33) the positive sign gives the value of g l and the negative

sign the value of g2, corresponding respectively to fields (1) and (2),

associated in Case I with wave-points on the lower and upper branches

of the hyperbola. In equation (34), the positive sign inside the square-
root refers to Case I, in which ym = | ym |,

and the negative sign to

Case II, in which yw = -
1 ym |.

Using (31), (32), (7) and (29), we write

W =Wr + /W, = VOTr + *,)' OTmr(l+/Q)

/B)*(l+Q), (35)

if

fc I ('-) (36)

B is a small quantity whose value can be estimated numerically in any
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given case. It becomes zero in transmission if the relevant crystal

planes are perpendicular to the surface, so that ym = y , and

I ^oi/^mr I/I
C

|

in reflection if the planes are parallel to the surface.

By (31), (8), and (17),

**<
Q-iT1^

where A-

cosvm -2

COS v

(37)

(38)

and is always numerically less than unity, although not as a rule much

less, since the imaginary part of the structure factor does not depend

greatly on the order of the spectrum.

In (35) we now neglect B2 in comparison with unity, and obtain

Case I : W = b
\ <(>mr \ {pr

* + 1 + 1 (2Bpr + Q)}*, (39)

Case II : W =b
\ <f>mr \ (pr

2 -
I + /(2Bpr

-
Q)}*, (40)

where B differs in the two cases, since ym = | ym |

in Case I, and -
1 ym |

in Case II.

By (29) and (33), the real and imaginary parts of g may now be

written iti i

(41)

(42)

The positive sign applies to field (1) and the negative to field (2). By

(15) and (21), if a is the absorption coefficient in depth,

and so, by (42),

A* f 1 1 W, I
. ' J _. i __ _l_

*
\,

i "^ ^
"^~ r " 31 || if*.

\)

(43)

If (jj and or2 are the absorption coefficients for fields (1) and (2) respec-

tively,
/i 1 \

a (44)

(45)

and the absorption coefficients may be written

orlf2
=aK, (46)

a convenient form, since a does not depend on pr and is the same for

both fields.
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(g) The absorption coefficients in Case I (Transmission): In (39),

the term (2B/?r + Q) is always small in comparison with pr
2 + 1, for both

B and Q are proportional to |^ </^mrl- We therefore expand the

square-root, and neglecting terms of the second order obtain

W r -fc|#mr |Vp7Tl (47)

W ^l<mr|(2B/>r + Q)

2
'

and hence, by (36), (37), and (45),

_!_ 0/ym"*/yom ***!> l^/^rol 7m I I

^ ^Q)

which gives the absorption coefficients for the two fields as functions

of the angle of incidence, and is valid over the whole angular range.

If the reflecting planes are perpendicular to the crystal surface, so that

ym = yo, equation (50) takes the simpler form

(51)

and since A is less than but not very different from unity, while
|
C

|

is

equal to unity in state (a) of polarisation and
|
cos 20

1

in state (A), it

is clear that both ^ and <r
2 are positive, which can also be shown to be

true in the more general case. It is clear too that when /v = one

coefficient may be only a small fraction of the normal absorption

coefficient, while the other may have nearly double its value. Which
of the fields has the larger coefficient of absorption depends on the

sign of A, and so on the phase of the scattering.

It will be seen that equation (50) is not symmetrical in pr . We may
write

(T =lt(<T 4-<r ^ (a' 4-cr"^ (52)

where <,'=$( -}^j= (53)

(54)
+ 1

The term a" is symmetrical in p r> but a', which vanishes for symmetrical

transmission, changes sign with pr when the crystal planes are inclined

to the surface. It is zero for pr =0, and tends to (/x/2)(l/ym -
l/y )

when pr has large positive or negative values.

In fig. x, (?! and a2 are shown plotted as functions ofpr for rock salt
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200 when the surface of the crystal is parallel to (111). The planes
(200) then make an angle 52 42' with the surface. The figure is drawn
for CuKa radiation (A = 1-54A, /A

= 160 cm- 1
), and the value of

I <l>mi/<f>mr \

has been taken as 0-95. The numerical values are based on
those given in Chap. VI (j), p. 325. In this case, cos vm = 1, and so
A = 0-95, and is also positive. We thus find

a = 213 cm-1
,

a'
42-7/y cnr

198
:cm-i

300

213 D.5-

200

100

-6 -5 -4 -3-2-1 01 2 3 4 5 6 ~^~^

FIG. x Absorption coefficients in depth for transmission for NaCl 200.
Cu Ka radiation, n =- 160 cm- 1

. (Ill) parallel to surface.

The figure shows clearly the asymmetry due to the inclination of the

reflecting planes to the surface. The curves A and B for a
l and o-2 are

mirror images of each other in the line D, which gives the constant
value of a. It should be remembered that the whole range ofpr shown
in this figure corresponds to an angle of 12 or 15 seconds of arc on
either side ofpr

= 0, so that the angular range of the abnormal absorp-

tioa,is very small.

It is interesting to consider a few actual figures. The intensity of
Cu Ka radiation passing through a slice of crystal 0-1 cm in thickness

would be reduced by the average absorption 5=213 cm-1 to

*-" s = 5-6 x 10""
10 of its surface value. The maximum value of o

l is
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415 cm- 1
, which corresponds to a reduction factor of about 10~18

;

but the minimum value of a2 is about 12 cm-1
, for which the reduction

factor is only 0-30. Over a very small range of angles therefore, the

slice, while virtually opaque for field (1), is relatively transparent for
field (2). The abnormal transmission is less marked for state (b) of

polarisation. In the example we are considering |

C |A is about 0-81
for state (fc), and the numerical coefficient in a" is 168 instead of 198,
as in state (a). This leads to a minimum value of a

2 equal to about
40 cm- 1

, which while still much smaller than the normal coefficient is

yet considerably greater than the minimum value of <r2 for state (0)
If the crystal slice is more than a millimetre or two in thickness the
transmitted radiation in the range of abnormal transmission will

consist of field (2) almost entirely in state (a) of polarisation.
The existence of this abnormal transmission has been conclusively

demonstrated by the beautiful photographs obtained by Borrmann4

and his fellow workers in Berlin, which show the sharp traces of the
Kossel cones of reflection and transmission when radiation from a

copper anticathode passes through crystal slices of calcite and german-
ium, in some cases more than 3 mm in thickness. The photographs
show with beautiful clarity not only the existence of the phenomenon,
but the smallness of the angular range over which it occurs. Very
perfect crystals are of course necessary to show this effect satisfactorily.
For experimental details, the reader must be referred to the original
papers.

(h) The absorption coefficients in Case 11 (Reflection): The relevant

expression for W is now that of equation (40), and an expansion of the

type used in Case I is clearly no longer valid ifpr lies in the neighbour-
hood of 1 . We must distinguish moreover between range (i) p r< -

1
,

range (ii)
-

1 <p r< + 1 , and range (iii) pr> 4- 1 .

In ranges (i) and (iii), in both of which p r*>\, we put

JL
CI (55>

so that W^I^Kx + jy)! (56)

W.-ftl^UK^T^-*)}*. (57)

By (44) and (45), since now ym = -
1 ym |,

-
I/I ym |), (58)

and K = J(oj -<72)= -

"/y.1 y Oi
{!(</*'+>'-*)}*, (59)

an expression that is valid over the whole of ranges (i) and (iii), and
is easy to evaluate as a function of pr if the numerical value of y is

known.
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When pr
=

1, x = and W-6| <j>mr |/(yT By (55), since
|

C
|
and

|
A

|
are both less than unity, while y +

1 /m !>2>/y | Vm | y is positive
when /?r>l and negative when p r< - 1. Using the result that the

imaginary part of V
i| y \

is equal to >/J| y |,
we therefore find for

the value of * when pr
= 1

where

(60)

(61)

In those parts of ranges (i) and (iii) in which y*<x*, (59) may be

expanded in the form ,

HC

In range (ii), /?r
2 - 1 <0, and we write

where x' = 1 -pr
* and y has the same value as before. Then

(H**/?
1*? +*)},

(62)

(63)

(64)

(65)

which is valid over the whole range. In that part of the range in which
'2

, and this in practice may be a considerable fraction of it,

ymr

<f>Qi

(66)

by (15). The numerical value of * is here virtually that of the primary
extinction coefficient in the range of total reflection for the perfect

non-absorbing crystal. (See eqn. (.74).)

(i) Symmetrical reflection: The detailed numerical discussion will

be confined to the case in which the reflecting planes are parallel to
the crystal surface, so that y =

| ym I

= sin
, and a = 0, by (58). Then

*M-*, (68)

and the absorption coefficients for the two fields are equal in magnitude
but opposite in sign. By (55),

2
0>r-|C|A). (69)
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In ranges (i) and (iii)

I S~\ i t

f

-*)}*, (70)
sin

or, if the expanded form is valid,

Since, as we have seen, >> is negative in range (i) and positive in

range (iii) * must be positive in range (i) and negative in range (iii),

and so, by (68), a^ is positive and a2 negative in range (i) and a
v negative

and or2 positive in range (iii). If the crystal is indefinitely thick, since

only a positive absorption coefficient is then physically possible, only
field (1) can exist in range (i) and field (2) in range (iii); and since, by
(60), the same results are true when pr

= 1 they will clearly apply
throughout the ranges (i) and (iii). A similar argument applied to (67)
shows that in range (ii) only field (2) is possible in a thick crystal.

When the slice has a finite thickness we may not draw these con-

clusions, for there may then be reflected wave-trains travelling from the

lower to the upper surface, diminishing in intensity as they do so, and
for these a negative absorption coefficient is appropriate.

917
They

must therefore belong to field (2) in range (i) and to field (1) in range
(iii).

If we put ^/sin^ = aw , (72)

the absorption coefficient in depth if only the normal linear absorption
were active, and consider only the numerical value

|

a
|
of the coefficient

a, we may write

MJ/>rHC|A|
n V/>r

2 -l
*

If A is positive, as it is for example for rock salt, this is greater than

unity in range (i) and less than unity in range (iii), but tends to unity
for large | pt \

in both ranges.
When /?,.= 1, we may use (60) and (61) and write for symmetrical

reflection

ltil)J.4-Cl{|^||u|C|A|y.
(74)

The smaller value will apply to pr
= + 1 when A is positive.

We apply the results to rock salt 200, for which we may take

I ^mr/<oi I

=25 and A= +0-95. In state (a) of polarisation |

C
|

* 1.

Equation (74) then gives |
a |/a r,

=6-98 and 1-12 for p r
= - 1 and + 1

respectively. When pr becomes a little greater than +1, \a\jan falls

away rapidly to about 0-31 at pf
= 1-05, and thereafter rises, tending to

unity from below as p r becomes large. Below pr
= -

1,
|

a |/an falls
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steadily from a value about seven times that for normal absorption at

pr
= - 1 as the negative value ofpr increases, tending again to unity for

large negative values, this time from above. In the example con-

sidered, equation (73) may be applied in range (i) when pr is less than
about -

1-75, and in range (iii) when pr is greater than about 1-04.

In range (ii), which corresponds closely to Darwin's range of total

reflection, the values of
| a\/an can be calculated for the example

considered with enough accuracy from the expression

(75)

which follows at once from (66), if pr lies between -0-7 and +0-95.
Over the rest of the range ^65) must be used. When ^r

=A the two
formulae agree. The curve of fig. xi was calculated from (65).

FIG. xi
|

a
|/

an for symmetrical Bragg reflection from rock salt, 200.

Cu Ka radiation, /A- 160 cm" 1
, an 586 cirr 1

.

In that part of range (ii) in which (75) is valid the absorption differs

very little from the primary extinction; but extinction becomes zero
at both ends of the range, and here there is a definite absorption effect,

much greater when pr is near - 1 than when it is near + 1. The reason
for this may perhaps be understood from the discussion in Chap.
VIII (/), in which the nature of the stationary distribution of intensity
in a non-absorbing crystal was considered. It was there shown that the

intensity of the field on the atomic planes was a minimum for p = 1 , and
that it rose as p passed through the range of total reflection, reaching a
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maximum at />
= -1. (See fig. 150, p. 433.) True absorption can

occur only if the atoms that produce it lie in an appreciable field, so

that we should expect the greatest absorption to occur near p r
= -

1 .

The unsymmetrical shape of Prins's reflection curves for absorbing

crystals, illustrated in fig. 27, p. 65, is due to the same cause. It should

be noticed that in the curves there illustrated, due to Renninger,

T?
=-= + 1 corresponds to our p,

= - 1.

As pr passes through the range of large extinction the field penetrates
so slightly into the crystal that the atoms have little opportunity to

cause absorption, and the reduction of the field-strength with depth

depends virtually on extinction alone, whether or no the crystal is

absorbing. At the edges of the range the extinction becomes small
and the radiation penetrates to depths that are governed by true

absorption.

(j) The propagation of energy in perfect crystals: The complete

group of wave-trains associated with a wave-point is a solution of the

equation governing wave propagation in the crystal, but its constituent

trains, taken alone, are not. The direction and magnitude of the energy

current-density due to such a group of waves may be calculated from

Poynting's vector

xH, (76)

in which E and H are the resultant electric and magnetic fields at the

point considered due to the whole set of waves. When radiation in a

given state of polarisation is incident on the crystal the fields associated

with the wave-points on different branches of the dispersion surface,

the positions of which are determined by the boundary conditions on

incidence, are coherent. For extended wave-trains, the fields to be

used in (76) are then the resultant fields due to all the wave-points, and
we shall first consider this case, but it must be remembered that the

energy current associated with any one wave-point can, under suitable

conditions, be propagated independently.
In calculating the direction and magnitude of the energy current, we

may without appreciable error replace E by D in (76). The time

average of S, which is the physically measurable quantity, is equal to

S
<

=(r/87r)R(DxH*) > (77)

where R denotes the real part of the expression that follows it.

Let a and b refer to wave-points and m and n to reciprocal-lattice

points that correspond to wave-trains in the field. Then, by (8.12) and

(#.120), we may put

(78)

H* = exp ( -yfrr KJfc-r)} HJf* exp { jXrt-r)! ,
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whence

D x H* S2cxp{y(K& -Ko*)-r}2D.* H&cxpO'(r; -rD-r). (79)

We take absorption into account by using equations (18), (19) and

(21), from which

K& - Ko fl
= -

fe?
- gn ) kz={(gor ~gbr) + i(gat + gbf)} A-z

=
(gar

~
*6r) kl + 072") <7,,,,Z, (80)

where Srt6
= J(aa +ab), (81)

aa and <76 being the absorption coefficients in depth associated with

fields (a) and (b).

Substituting (80) in (79), we obtain

D x H* = V
exp {jk(gar

_
gtr).}

a b

x exp (- anbz) 22 Dm, * H,% exp [j(r*
-

rl)-r}, (82)
m n

where r = z.r, and is the actual depth below the surface of the crystal.

The first periodic factor in (82), and the absorption factor, vary very

little in the depth of a single cell, and the last double sum varies in the

same way in all unit cells. To obtain the mean value of the energy

current-density in any unit cell we therefore treat the first two factors

as constant, and take the average of the last exponential factor over the

cell, which is equal to unity if m=n, but otherwise vanishes. Taking
the real part of (82) and using (77), we obtain for the time average of

the energy current-density in a unit cell at depth z in the crystal

i 22 cos {2"k(g (,,-gttr)z} exp(- aahi) 2 D w ,,x H;,,. (83)

Let sn i,
be a unit vector in the direction of the wave-vector K,,,,.

Each constituent plane wave-train is transverse, so that s,, ft , D,,,, and

H Nb are mutually perpendicular; and with the units used here the

numerical values of D and H associated with any wave-train may be

taken with sufficient accuracy to be equal. We may therefore write

H H j,
= s w i,

x D W b,

and so

Dwa x H wl,

=Dwa x (sw& x Dnb) =swb(Dna-D n6) -(sn&-Dna)D ttb .

In state (a) of polarisation the scalar product snb
* Dna vanishes, and

in state (b) it is always very small, so that (83) may be written

S = (c/87r) 22 cos {2nk(gor -*6r)z} exp(- oal)z) 2 (D,m-Dtt

*
6)s,,,, (84)

a b

The typical term in this summation is a vector in the direction of the

wave-vector K,, fr , from the wave-point (b) to the reciprocal-lattice point
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n, and the resultant energy current-density is the vector sum of all such
terms over all wave-points and all reciprocal-lattice points. The corres-

ponding formula for a non-absorbing crystal was given by von Laue. 10

(k) The energy current-density when there are two relevant reciprocal-
lattice points: We shall confine such detailed discussion as space
permits to this case, and shall further restrict it to state (a) of polarisa-
tion, when the electric vector is perpendicular to the plane of incidence.
We now have to consider two reciprocal-lattice points, o and m, and

two wave points, (1) and (2), on the lower and upper branches of the

hyperbola respectively. It will be accurate enough to replace both snl
and sn2 by the unit vector sn in the direction of the radius of the Ewald
sphere to the reciprocal-lattice point n. The directions of SQ and sm are
those of incidence and reflection for a Bragg reflection at the relevant
lattice planes. In its expanded form, (84) for this case becomes

S (*/8irX-.'(| D01 1 so + 1

Dml |

sm) +*-<v (|
D02 1> so + D,,, 2 1 s,n)

(85)

where ^,~-.=
~

(86)- ^ }

by (41), (47) and (27). In state (a) of polarisation
|
C

|

= 1.

The first two terms on the right-hand side of (85) represent the energy
currents due to the fields associated with wave-points (1) and (2)

respectively, each multiplied by its appropriate absorption factor.
Either of these energy currents could be propagated independently in

the crystal, but because the two fields are coherent their interaction
must be considered when extended wave-fronts are dealt with, and this

is given by the third term, the interference term, which gives rise to a beat

phenomenon, periodic in depth J, which will be discussed later. The
interference term has an absorption coefficient a, the mean of <r

l
and <7...

(/) The energy current-density associated with a single wave-point
when absorption is negligible: The values of the induction vectors in

(85) are fixed by the boundary conditions on incidence, given by (.83),
p. 435, from which, if Dj is now the induction vector in the incident

wave, and

*i =D ml/D01 , .r2 -Dm2/D02 ,

we deduce

Using (5.47), (8.62) and (8.21) it is easy to show that

_ x--G(pJfF+l), (88)

where G >/y /l yJV'"', as in Chap. VI II (j). The positive sign of the

square-root applies to field (1) and the negative to field (2). Then
from (87) and (88),
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(89)

(90)

The energy current S2, due to field (2) alone, is given by the second

term on the right-hand side of (85), the absorption factor being now

unity. Its two components lie in the directions SQ and sw , as indicated

in fig. xii. Equations (89) and (90) show that when p is large and

positive only D02 of the four Fourier coefficients has appreciable value.

Virtually the whole energy current is carried by field (2) and its

magnitude is
|
S

|, given by

|SJ-(c/8ir)|Di|, (91)

the average energy current-density in the incident radiation.

As p becomes smaller
|

D02 1 diminishes, and the diffracted wave

|
Dm2 | grows. The two components of S2 become equal whenp = 0,

if the atomic planes concerned are perpendicular to the surface, and the

resultant energy current is in the direction j in fig. xii, perpendicular to

the surface and parallel to the atomic planes. The magnitude of S2 is

then \\ S |

cos , half the normal energy current-density in the incident

beam. The other half is of course now carried by field (1).

As p becomes negative both
|

D02 1
and

|
Dm2 1 diminish,

|

D02 1

much the more rapidly, and, for large negative values of p, S2 is in the
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direction sw , but is very small. The range of angles of incidence in-
volved is very small, and

| p \

=
10, corresponding to a change of angle

of incidence of perhaps 30", is in this context a large value. Within a
range of angles of this order on either side of that corresponding to the
diffraction maximum the energy current due to field (2) swings in
direction from SQ to sm . The curve in fig. xii shows the locus of the

extremity of the vector S2 as p varies, and some of the corresponding
values ofp are indicated. The range of variation of angles of incidence
is too small to show in the figure.

From (85), we see that when absorption is neglected^2 (-/?)
= S1 (/?),

so that the extremity of St has the same locus as that of S2 . The energy
current for field (1) is, however, in the direction sm for large positive/?,
and is very small. It swings across to s for large negative/?, when it carries

virtually the whole energy current, since S2 has here become very small.
The directions of both 5t and S2 are shown in fig. xii for NaCl 200 when
p~= -hp-2

and the atomic planes are normal to the surface. The two
directions coincide when p-0, but a change of angle of incidence of
about 0-8 seconds of arc is enough to make them diverge by about 6 ,

The two energy currents differ in magnitude, and their resultant lies

between j and ^ for all values of p.
Ewald12 and Kato11 have shown generally that the direction of the

energy current associated with any wave-point is normal to the dis-

persion surface at that point, and it is easy to see in this way how the

directions of S
x and S2 vary as the wave-points move along the branches

of the hyperbola of fig. 38.

(m) The interference term and EwaWs pendulum solution (Pendel-
Idsung): We now substitute the values of the induction vectors given
in (89) and (90) in (85), and using (91) obtain for the resultant energy
current in a crystal with negligible absorption

(92)

The last term of (92), which is periodic in depth J, is a vector parallel
to the crystal surface. This can be seen at once from fig. xiti, in which

AB is the unit vector s and BC is parallel to the surface. Since

y = cos^ and ym = cos^, AC is the vector (y/ym)sm =
|

G
|

2 sm , and
BC is therefore the vector

|
G

|

2 sm -%
Whenever z=wJ, n being an integer, the periodic term in (92)

vanishes, and

sHSois,,
The energy current at these depths is entirely in the direction of the
incident beam, whatever the direction of incidence. When z = (/i + )J

2T
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the periodic term has its greatest value, and the direction of the energy

current is that of the vector AT in fig. xiii, where

Af =AB + BTT, and BT = BC/(/?
2 + l).

As the depth below the surface of the crystal increases the resultant

energy current swings backwards and forwards between the direction

of the incident beam SQ, when z = nA , and AT, when z = (n + \)A . The
variation of direction is greatest when p = 0, for then BT=*BC, and

FIG. xiii

the energy current oscillates between the direction of incidence SQ and
the direction of reflection sm . A closer investigation shows that the

actual directions are those of the vectors i(K<,i + ^02) and i(Kml + KOT2),

the difference being due to the approximations made in deducing (85).

For our purpose it is negligible.

When /?=0 the beam emerging from the lower surface of a slice of

crystal will lie entirely in the direction of incidence, SQ, when the thick-

ness is nA and entirely in the direction of reflection, sm , when it is

(m-J)J. For intermediate thicknesses there are emergent beams in

both directions. This is Ewald's well known pendulum solution,

(Pendelldfung), considered from the point ofview of energy transmission.

We may call the depth A the beat period in depth in the crystal. By
(86) it is greatest when /?=0, and diminishes quite rapidly as

\ p \

in-

creases. AtJhe same time, the range of variation in the direction of S
decreases. S is always in the direction SQ when z=/*J, and deviates

less and less from that direction with changing depth as
\ p \

increases.

The actual value of the beat thickness is small, about 32 x 10-
3 cm.
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for NaCl 200, with Mo Ka radiation, but this is some tens of thousands

of times the depth of the unit cell.

It is difficult to check these results experimentally. A very small

angular spread in the direction of the incident beam, such as is almost

inevitable in practice, will cause the direction of energy transmission

to vary over a fan of directions between s, and sm , and since at the

same time the beat period itself varies the oscillatory effect will be

largely smeared out. Reference should, however, be made to recent

work by Kato and Lang.
13

(n) Incident beams of limited width: Suppose now a beam of limited

width and sharply defined direction to be incident on the crystal, and
for simplicity let the atomic planes concerned be normal to the surface.

Then, when the two energy currents B! and S2 follow the same

path, also normal to the crystal surface. For any other value of p,

however, their directions will differ, and since each can be propagated
independently, it will be only in the region of their overlap, near the

crystal surface, that the type of interference field we have just considered

will be set up. The two beams will be propagated in directions lying
one on each side of the normal, and in neither will there be any separa-

FIG. xiv
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tion into primary and reflected wave-trains. For both beams such
separation takes place only on emergence from the lower surface of the

crystal. Here there will be four emergent beams, one parallel to s and
one to sm , from each area of exit. Since by (25), (26) and (27) the value
ofp for a given angle of incidence depends on the state of polarisation,
and is

largejr formate (A^than for state (a), there will be two close pairs
of beams, Slrn Slb and S2a , S 2ft , in the crystal, and eight beams in all

on emergence if the incident beam contains radiation in both states of
polarisation, and this is represented diagrammatical ly in fig. xiv.

On the geometrical theory, we should expect the incident beam to
travel through the crystal in the direction s

, giving rise along its whole
path to diffracted radiation in the direction s

lfl ; and this does in fact
occur with crystals of ordinary imperfection.

(0) Limited beams in absorbing crystals: In a perfect crystal with
negligible absorption the effects discussed in the last paragraph would
be largely masked by the spread in direction of the beams Sj and S.,

due to the unavoidable small divergence of any actual incident beam"
Some of the results can, however, be confirmed by making use of the

absorption effects that occur in all real crystals, which were discussed
in the earlier part of this appendix. The absorption coefficients for
fields (1) and (2) may differ considerably, and over a small range of
angles in the neighbourhood of the diffraction maximum the crystal
may be abnormally transparent for one of them. Suppose that field (2)
has the smaller absorption coefficient. Then it will be clear from fig. x
that if the crystal is thick enough only the second term of (85) need be
considered, and that, too, over only a very small range of angles. The
abnormal transparency in this range will in effect select a slightly
divergent beam for transmission, belonging to a single energy current,
in this case S2a . In this way, Borrmann8 was able to show that the

divergence of primary and reflected beams does occur at the lower
surface of the crystal.

The principle of the experiment may be understood from fig. xv, in
which the atomic planes are assumed to be perpendicular to the crystal
surface. The incident beam S gives rise to an energy current S within
the crystal, propagated in this case normal to the surface and parallel
to the crystal planes. On emergence, this gives rise to the transmitted
and reflected beams T and R, which fall upon a photographic film.
Because the incident beam is not entirely monochromatic, radiation
that takes no part in the interference phenomena is transmitted directly
through the crystal and gives rise to a spot marked O on the film, which
serves as a reference point. The variation in the separation of the

points O, T and R when the distance of the film from the crystal is

altered enables one to determine the point of divergence of the rays T
and R, which is found to lie in the lower surface of the crystal. Very
good crystal material is necessary for success in experiments of this
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kind. In some experiments with a calcite crystal 3*2 mm in thickness

Borrmann and Hildebrandt17 found that a temperature difference of

0-6 C. between the two sides of the crystal produced enough distortion

of the lattice to destroy the effect.

Fitm

FIG. xv
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ABBE'S theory of image formation, 390

Absorption,
allowance for in powder method, 48, 333,

337

atomic, variation of with frequency, 147

calculation of dispersion terms from, 148

effect of on measurements of critical

angle. 168, 173

effect of on reflection by perfect crystals,

64, 429
effect of on wave-field in perfect crystals,

428,632
elimination of by method of mixed

powders, 185. 337

in medium containing dipole oscillators,

137,139
line, width of in relation to damping, 138

relation of to complex refractive index,

62, 138, 168

relation of to photo-electric effect, 140

treatment of by means of complex ampli-
tudes, 62, 138

Acoustic waves in lattices, 203, 226

Aluminium,
atomic scattering factor of, 303

integrated reflection from, 281, 286, 303

mean-square amplitude in, 238

state of lomsation in, 303

zero-point energy in, 303

Anomalous dispersion of X-rays (see

Dispersion)
Anomalous scattering, 180, 181, 182, 184,

187. 188

in Hcusler alloys, 185

of tungsten for L edge, 1 87

Argon, scattering by r 472, 473

Atomic scattering factor (see Scattering

factor, atomic)

BASIS, of lattice structure, 27

Benzil, diffuse scattering from, 241, 243

Boundary conditions,
1n dynamical theory of reflection, 83, 427
for vibrations of a finite lattice, 197

Boundary waves, 68

in semi-infinite crystal, 80, 84

Bragg's reflection law,

deviations from 52, 54, 168, 426, 436

deviations from, measurement of refrac-

tive index from, 168

Brcit-Dirac correction factor, 260, 463

CALCITE,
refractive index of for X-rays, 170. 179

test of Pnns's formula for, 330

width of reflection curves from, 306,

332

Carbon tetrachlonde.

amplitude of thermal motion in, 492

scattering by, 486

temperature correction for, 491

Cerussite, refractive index of, 171

Characteristic temperature, 218
as a function of the crystal temperature,

225, 235

calculated from the elastic constants, 222
determined from specific heats, 220
relation of to compressibility, 223
table of, 221

value appropriate to temperature factor,

219,220, 222

Charge-density,
in crystals, determination of by Fourier

series, 342

Schrodinger, 102

Schrodinger, in many-electron atom,
113

Charge-distribution, atomic,
contribution of to different parts of

/-curve. 125

Hartree's calculation of, 117

Pauling-Sherman, 123

Thomas-Fermi, 123

Close packing, irregular, in liquids, 476
Coherent scattering,

by assemblages of atoms, 463

Compton-Raman theory of, 98, 100

Wentzel-Waller theory of, T03

Composite lattice, diffraction by, 27

in perfect crystals, 65, 325

Compton-Raman theory of scattering, 99
100

Critical angle (see Total reflection)

Crossed spectra, application of method of
to X-rays, 174, 176

Crystal-form factor, 548

as a line integral, 552
as a surface integral, 550

symmetry properties of, 551

Cybotaxis, 460, 481

DAMPING due to radiation, 136

influence of on scattering factor, 1 54

Darwin-Prins formula,
derivation of, 55, 62, 428
test of for calcite, 330
test of for rock salt, 322, 325

Debye-Scherrer rings, widths of,

in terms of reciprocal lattice, 529

integrated line breadth of (q.v )

Laue's treatment of, 529, 537

Stokes-Wilson formula for, 531. 534

Debye temperature (set Characteristic

temperature)
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Debye-Waller temperature factor, 24, 210
effect ofexpansion of crystal on, 225, 234

experimental tests of,

for aluminium, 232, 233

for diamond, 231
for rock salt and sylvine, 232, 233

for crystals wfth non-cubic symmetry,
227

formal representation of for complex
crystals, 226

influence of variation of characteristic

temperature on, 234
limitations of, 225

measurement of at low temperatures, 233

numerical evaluation of for cubic crystals,

215
relation of to elastic constants, 238

Deficiency lines in divergent beam photo-
graphy, 453

Diamond,
as perfect crystal, 318

characteristic temperature of, 224, 232
extra reflections from, 240, 252
forbidden reflections from, 253, 321

integrated reflection from, 320

scattering factor of carbon in, 322

temperature factor for, 232

types of, 252

widths of reflections from, 305, 318
Diffraction effects in Fourier projections,

396

Diffraction of electrons,

by gas molecules, 493

by small crystals, 545, 547

Diffraction of X-rays,

by distorted lattices, 560

by fibrous materials, 459, 571

by linear crystallites, 518, 573

by parallel chains of atoms, 572

by parallel elongated crystallites, 578,
580

by parallclcpipedal lattices, 1 ,
4

by periodically distorted lattices, 563

by regular lattices with non-identical

cells, 555

by space-lattices,

dynamical theory of, 66, 413

geometrical theory of, 1

when source lies inside crystal, 438
Diffuse maxima,

bridges between, 244, 256
contribution of different elastic waves

to, 209
distribution of intensity in, 207, 210

dependence of shape of on crystal struc-

ture, 248

intensities of, 257
Diffuse reflections,

considered as optical ghosts, 205

dependence of on elastic type of crystal,

214, 250
effect of temperature on, 247

experimental study of, 239

Faxin-Waller theory of, 195, 201, 207

from aluminium, 241, benzil, 241, 243,
rock salt, 246, sodium, 250, 251,
sorbic acid, 247, 250, sylvine, 242,

tungsten, 251, urea nitrate, 247, 249

radial streaks in, 239, 244
relation of to Bragg and Laue spectra, 246

relation of to elastic waves in crystal, 208

shape of, for chain structures, 250
for layer lattices, 248

study of on Laue photographs, 241

Diffuse scattering,

dependence of on temperature, 257

from sylvine, 261, sodium fluoride, 263,

zinc, 264

investigation of with ionisation spectro-

meter, 253

Jauncey's theoiy of, 258

Diffusion, surfaces of equal, 210

for cubic crystals, 210, 213

dependence of form of on elastic type,

213

dependence of form of on order of spec-

trum, 214

Dipole oscillator,

scattering by, 135

scattering factor for, 137

virtual, in dispersion theory, 140. 143

Dipole terms in scattering factor, 163

Dipole-waves in dynamical theory, 66

amplitude of accompanying wave, 69

description of m terms of reciprocal

lattice, 70

electromagnetic field due to, 67

in semi-infinite crystal, 80
relation of to interference wave-field, 72

resonance error of, 70

Dispersion equation, 75

Dispersion formula,

experimental verification of, 167

from refractive indices, 167

from scattering factors, 1 80
for many-electron atom, 143

Kramers-Heisenberg, 143

oscillator strengths in (q v.)

Dispersion of X-rays, 135

calculated from absorption coefficients,

148

calculated from atomic wave-functions,
157

Dispersion surface in dynamical theory, 75

for two waves, 76, 419

relation between phases on different

sheets of, 422

significance of, 421

transition from one to two waves, 79

Dispersion terms in scattering formulae,
for bound electrons, 112, 140

for many-electron atom, 143

Displacements, root-mean-square,
of atoms in crystals, 236, 238

Distortion of crystals,

effect of on scattering, 560
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Divergent-beam photography, 452
with gamma rays, 455

Double-crystal spectrometer.
effect of polarisation in, 315

integrated reflection from, 316

parallel setting for, 308

absence of dispersion in, 312
reflection curve for, 310, 312

(1, 1) setting for, 314

principle of, 306

reflection curves from diamond, 318
test of Darwm-Pnns formula with, 322
use of in measuring refractive indices, 180
widths of double and single reflection

curves, 317

Dynamical theory of reflection, 66, 413

boundary conditions in, 83, 427

dipole wave in, 66 '

dispersion surface in, 75

interchange solution in, 86
in terms of continuous charge-distribu-

tion, 413
Laue's form of, 413

solution of for two waves in finite crystal,
422

symmetrical reflection in, 86

unsymmetncal reflection in, 88
wave-field in (q.v.)

ELASTIC spectrum of lattice,

contribution of different frequency
ranges to, 223

dependence of on temperature, 224
discontinuities in for real crystals, 226

Electrons,

diffraction of, by gas molecules, 493, by
small crystals, 545, 547

scattering by, on classical theory, 29, on
quantum theory, 101

Electron density, radial, in atoms, 97
false detail in, 408
Fourier series for, 408
from scattering factors, 404
numerical determination of, 117, 123, 125

Electron spin,
effect of on exchange terms, 1 16

Energy propagation in perfect crystals,

632, 645

Ewald's construction, 8, 9
use of in dynamical theory, 72

Ewald's dynamical theory, 66

Exchange,
effect of on /-factor for Cl~, 122
in incoherent scattering, 1 16

Exclusion principle, 114, 117

Extinction, primary, 60, 268
calculation of in range of total reflection.

H30
correction for, 270

dependence of on wave-length, 330
effect of in divergent beam photography,

454

effect of on measurement of temperature
factor, 232

estimate of for rock salt and diamond, 61

Extinction, primary and secondary,
simultaneous existence of, 294

Extinction, secondary, 49, 268, 274
coefficient of, 292
correction for in mosaic crystal, 276
correction of absorption for, 282
Darwin's theory of, 270, 276
in crystal powders, 332
methods of estimating, 292
value of for rock salt, 290

Extra reflections,

primary & secondary, from diamond, 252

/-CURVES (see scattering factor, atomic)
comparison of for atomic models, 1 29

correction of for dispersion, 154, App. Ill

limitations of applicability of, 132
False detail,

in Fourier projections, 385, 395, 396, 401
in radial electron distributions, 409

Faults in lattices,

effect of on diffraction spectra, 555

periodic, 563

Wilson's theory of, 557
Fibrous materials,

diffraction by, 459, 571

diffraction by, general remarks on, 588
Finite lattice,

normal modes in, 197

Fourier integrals,

application of to radial density in atoms,
403

application of to radial distribution in

powdered crystals, 503, 504

application of to scattering by liquids,

477, 496
derivation of, App. IV
limitations of, 406

Fourier projections,
considered as optical images, 385
diffraction effects in, 385, 396

equivalent numerical aperture of, 397
false detail in, 396, 401

of unit cell, 351, 360
of phthalocyanmes, 363

of slice of structure, 355
relation of to two-dimensional grating,

386, 388, 392
Fourier series,

application of to crystal analysis, 342

double, application of to centrosym-
metncal structures, 360, 361

double, application of to polar struc-

tures, 365

double, method of handling, 356
form of for crystal with symmetry centre,

347
for radial distribution in atoms, 408
interference function expressed as, 522
in terms of reciprocal lattice, 348, 356

one-dimensional, 369
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Fourier series,

Patterson's application of (see Patterson

series)

phases of terms in, 346, 365

physical interpretation of terms of, 345

stability of solution by, 366

triple, derivation- of, 343

triple, evaluation of coefficients of, 345

triple, use of, 349, 355, 384
Fourier transforms, application of, App.

Frequency limit of lattice vibrations, 197
Fresnel's reflection law, application to

X-rays, 172, 177

Fnedel's law, 33

GASES, scattering of X-rays by, 458
Geranylamine hydrochlonde, analysis of,

384

Ghosts, optical,
due to thermal movements, 205
due to periodic distortions, 563

HARTREE'S method of self-consistent field,
117

Helium, scattering, by, 472
Heusler alloys, structure of, 185

IMAGINARY part of /-factor,
effect of on scattered phase, 151

Imperfections of crystals, 284
evidence of from intensities of spectra,

285

Incoherent scattering,
allowance for in scattering experiments,

478
Brcit-Dirac correction for, 463
calculation of from Thomas-Fermi distri-

bution, 462

Compton-Raman formula for, 99, 462
exchange terms in, 116, 46 1

numerical estimation of, 462
Wentzel-Waller theory of, 103, 110

Integral Ime-breadth (pee also Line-breadth)
calculation of in special cases, 536
definition of, 529
from strained lattices, 562
from structures with faults, 558
Laue's theory of, 529
Stokes and Wilson's calculation of, 531

Integrated reflection, 38, 41

comparison ofexperiment and theory, 285
correction of for primary extinction, 270
from aluminium crystals, 303
from crystal slab without absorption, 37
from diamond, 320
from mosaic crystal face, 44, 269
from mosaic crystal slice, 45, 287
from mosaic of small blocks, 281
from perfect crystal, 55, 59, 62, 269
from powdered crystals, 46, 48, 332
from rock salt, 287, 299, 302
from small crystal of any form, 39

from sylvine, 302
measurement of by double-crystal spec-

trometer, 316
measurement of by ionisahon spectro-

meter, 268

summary of formulae for, 50
treatment of in terms of reciprocal

lattice, 41

Intensity,

integrated (see integrated reflection)
of reflection of X-rays by crystals, 27

effect of thermal movements on, 20,
193

maxima, subsidiary, from parallelcpi-

pedal lattice, 10

Interchange solution in dynamical theory.
86

Interference,

conditions, in terms of reciprocal lattice, 6

external, 98, 459, 481, 582

internal, 459, 481
Interference function,

definition of, 8, 9, 201,514
effect of crystal form on, 548

expressed as Fourier series, 522
for crystal with faults, 557
for lattice in thermal motion, 203

optical analogy to, 555
Iron pyrites, refractive index of, 170
Iso-diffusion surfaces (see Diffusion, sur-

faces of equal)

JAUNCEY'S scattering formula, 258

experimental tests of, 261
relation of to Compton and Dcbyc

formulae, 259
Woo's modification of, 260

KIKUCHI lines, 455
Laue's theory of, 455

Kosscl lines, 439

complementary cones for, 444
composite cones, 445
diffraction cones in, details of, 441
excited by X-rays, 447

experimental production of, 446
geometry of, 448
intersection of cones, 448

spacing measurements from, 45 1

Kramers-Heiscnberg dispersion formula,
143

LADENBURG'S absorption formula, 139

Lattice,

basis of, 27

irregularities of, effect on diffraction, 20,

555, 560, 563
normal modes in finite, 197

parallelepipedal, diffraction by, 1

phase, 198

Laue,
form of dynamical theory, 413

method, 19, 244
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Laue,

point, 78, 421

theory of diffraction by lattices, 1

theory of Kikuchi lines. 455

theory of line-breadth, 529

Layer lines. 16

Limiting sphere. 15

Line-breadth,
for colloidal gold, 544
influence of structure factor on, 531.

545

integral (see also Integral line-breadth)
experimental determination of, 540

generality of expression for, 535
Stokes-Wilson formula for, 534
Scherrer constant for, 536
use of approximation functions in

calculating, 537 '

relation of to crystal size, 8, 12, 528
Linear crystallite,

interference function for, 5 1 8

diatomic molecule as special case of, 520
Liquid crystals, 460

MATRIX elements of perturbing field,

calculation of, 106
Maximum frequency of lattice vibrations,

calculation of by Debye's method, 217
calculation of from elastic constants, 222
for rock salt and diamond, 223, 224

Mercury, scattering by liquid, 477, 478
Mixed powders, method of, 185, 187, 337

precautions necessary in, 337
Momentum in electromagnetic problems,

104

Mosaic crystals, 21, 43
reflection from (see Integrated reflection)

Mosaic formulae,
derivation of, 44

quantitative tests of, 299, 302

summary of, 50

NICKEL,
interference of X-rays in film of, 175
total reflection of X-rays from, 174

Normal co-ordinates,
of lattice vibrations, 195

root-mean-square displacement in terms
of, 198

Normal modes,
Debye's approximation to for cubic

crystal, 216
in a finite lattice, 197
in silicon-tetrachloride molecule, 489,

492

OCTOPOLE terms in scattering factor, 163

Optical frequencies in lattice vibrations,
226

Optical images, relation of to Fourier

projections, 385

Oscillating-crystal method, 15

Oscillator-density,

determination of from photoelectric
absorption, 146

for continuum of positive energy states,
144

of K continuum for hydrogen-like
electron, 157, 159

Oscillator strength,
calculation of from atomic wave-func-

tions, 157

effect of forbidden transitions on, 143

expression of in terms of matrix

elements, 142
for hydrogen-like electron, 144, 157
from photoelectric absorption, 146
table of for K and L continua, 159, 160
Thomas-Reiche-Kuhn rule for, 143

total, of K continuum, 159
values of for K electrons of iron, 146 r 174

PARALLELEPIPEDAL lattice,

intensity scattered by, 4
interference function for, 9

subsidiary scattering maxima from, 10
Path difference,

vector expression for in scattering, 2
Patterson series, 371

analysis of pentaerythritol by, 380
Harker's application of, 377

properties of, 373
resolution of, 376

two-dimensional, 374
use of in preliminary analysis, 383

Pentaerythntol, structure of, 380
Perfect crystals, reflection by (see Dynami-

cal theory and Integrated reflection)
Perfection of crystals,

artificial alteration of, 295, 297, 298
classification of, 296
effect of thermal strain on, 298
effect of piezo-electnc vibrations on, 298

Periodically distorted lattices,

diffraction by, 563

experimental evidence of, 568
in Cu4FeNi s , 568
in felspars, 568
in organic molecular compounds, 569

Perturbed wave-functions, calculation of
for electromagnetic waves, 105

Phase,
difference of between points in vibrating

lattice, 196
difference of for sheets of dispersion sur-

face, 422
of terms in Fourier series, 346
lattice, 198

Phase-change on scattering,
effect of on structure factor, 32, 151

expressed as a complex amplitude, 32
151

Photoelectric absorption,
determination of oscillator strengths

from, 146

Phthalocyanines, Fourier projection of, 364
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Plane waves,
m lattices, 196

velocities of in cubic crystals, 21 1

Polarisation factor, 31

in perfect crystal formula, 59, 65
with double-crystal spectrometer, 315, 327

Polarity of crystal;

effect of on structure factor, 33, 65

Potassium hydrogen phosphate,

application of Fourier series to, 361

Powdered-crystal method, 18

focusing condition for, 335

integrated reflection for, 46

intensity measurements by, 332
mixed powder method, 185, 337
reflection method, 334

substitution method, 337, 338

transmission method, 48, 333

(see also Debye-Scherrer rings)

Primary extinction (see Extinction, primary)

Probability function for intermolecular

distances, 460, 469, 474
determination of for mercury, 477
for irregular close-packing, 476
in liquids with polyatomic molecules, 495

QUADRUPOLE terms in scattering factor, 161

for iron, 164

for Zn Ka scattered by copper, 166

RADIAL distribution, average,
of atoms m powdered crystals, 501, 502,

504, 508
of charge in atoms,
determination of by Fourier integrals,

404, 408
Random distribution, impossibility of for

real molecules, 458

Reciprocal lattice,

analogy between, and grating spectra, 1 1 ,

386

definition of, 6
interference conditions in terms of, 7

Laue pattern in terms of, 19, 244

properties of, 6, App. II

scattering function in terms of, 202

thermal scattering in terms of, 203

use of m describing dipole waves, 71

Reciprocity theorem, 439

application of to ICossel lines, 440

Reflecting plane, 2

Reflection,

condition in diffraction, 5

integrated (see Integrated reflection)

multiple, 25, 339

sphere of, 8, 15

Reflection of X-rays,

angular range of for real crystals, 282

examples of, 283
relation of to crystal perfection, 284

by crystal mosaics, 44

by infinite slab, 36

by perfect crystals, 52, 452

with absorption, 62, 428

by sheet of atoms, 35

dynamical theory of (see Dynamical
theory)

total, at critical angle (see Total reflec-

tion)

total, from perfect crystal, 58, 87, 425

unsymmetrical, from crystal mosaic, 278
in dynamical theory, 88, 425, 428

Refractive index,
of calcite, 179

of crystals for X-rays, 53, 74, 79, 167

of medium containing dipole oscillators,

137

measurement of,

from critical angle, 171

from deviations fiom Bragg's law, 168

from deviations produced by prisms,
177

from unsymmetrical reflection, 169

relation of to scattering, 137

Resonance error, 70
Reststrahlen frequencies,

relation of to acoustic frequencies, 226
relation of to characteristic temperature,

220, 226
Rock salt,

as a perfect crystal, 325

determination of scattering factors from,
287

diffuse reflections from, 246

integrated reflection from, 299, 325

maximum frequency for, 223

primary extinction in, 61, 273, 328

secondary extinction in, 287

surfaces of equal diffusion for, 213, 215

temperature factor for, 232, 236
tests of mosaic formula from, 299

thermal motions in, 237

Rotating crystal method, 15

Rotations of groups of atoms in crystals,

229
criterion of possibility of, 229
effect of on apparent symmetry, 230
effect of on structure factors, 230
in ammonium nitrate, 230
in long-chain compounds, 231

Root-mean-square displacements,
calculation of in lattice, 198

measurement of in crystals, 236
relation of to temperature factor, 23, 193,

219

Row-lines, 18

Rubidium bromide, anomalous scattering

by, 181

SCATTERING factor, atomic,

calculation of,

theoretical, classical, 94, 95, 101

quantum-mechanical, 101

numerical .

by Hartree's method, 117, 121

by Lenz and Jensen's method, 131
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Scattering factor, atomic (contd,)
calculation of, numerical,

by Pauling-Sherman method, 123

by Thomas-Fermi method, 1 23

comparison of for different atomic
models, 129

contribution of atomic electron groups
to, 125

correction of for dispersion, 154, App. Ill

definition of, 30, 93

dispersion terms in, 112, 140, 145
effect of quadrupole terms on, 161

effect of on scattering by diatomic mole-

cules, 484

experimental determination of,

from monatomic gases, 472
from powdered crystals, 332
from rock salt, 287, 299 '

for dipole oscillator, 137

for many-electron atom, 113

imaginary part of, 148
effect of on amplitude and phase, 151

influence of damping on, 154

limitations of tabulated values of, 132

methods of calculation from charge-
distributions, 125

test of dispersion formula by measure-

ment, of, 180

total, 149, 164

variation of with frequency, 149

Scattering moment, for coherent radiation,
108

Scattering of X-rays,

anomalous, 33, 135

by assemblages ofatoms of finite size, 469

by bound electrons,

Compton-Raman theory of, 99

quantum theory treatment of, 101, 107

by classical electron, 29

by dipole oscillator, 135

by fibrous materials, 459, 571

by gases, 458

diatomic, 483

effect of temperature on, 488

monatomic, 469

polyatomic, 480
with point atoms, 465

by liquids, 458

monatomic, 475

polyatomic, 494

by single sheet of atoms, 35

by vitreous solids, 508
diffuse (see Diffuse, maxima, reflections,

scattering)
incoherent (see Incoherent scattering)

in terms of fictitious dielectric constant,
415

total, Hartrce-Waller formula for, 116
Scherrfrr constant, 536

Schrodingcr charge-density, 102

for many-electron atom, 1 1 3

Schrodingcr current-density,
calculation of scattering from, 103, 108

Self-consistent field, method of, 117
with exchange, 121

Silicon tetrachlonde,
normal modes in, 489

scattering by, 486, 492
thermal vibrations in molecule of, 492

Size of crystals, effect *of on widths of

spectra, 8, 13, 528 (see also Integral

line-breadth)

Sodium, scattering by liquid, 479, 507

Space-lattice, diffraction by simple, 1

diffraction by composite, 27

Spacing, generalised interpretation of, 5, 6,
603

Specific heats, Debye theory of, 193, 216,
218

Spectrometer, double-crystal (see Double-
crystal spectrometer)

Sphere, limiting, 15

Sphere of reflection, 8, 15

use of in dynamical theory, 71, 72
Structure amplitude, 28
Structure factor, 31

as Fourier amplitude, 345
effect of polarity of crystal on, 33

geometrical, 32

in diffraction by fibres, 585
influence of on intensity function, 514
influence of on line-breadth, 545
in terms of fictitious dielectric constant,

415

Sulphur, rhombic, radial distribution in,

506
Summation rule, Thomas-Reiche-Kuhn,

143

Superlattice structure,
diffuse lines due to, 556, 560
in alloys, 556

Sylvine,

Debye factor for, 233
diffuse reflections from, 242, 261

integrated reflection from, 302

zero-point energy in, 302

TEMPERATURE,
characteristic (see Characteristic tem-

perature)
relation of root-mean-square displace-

ment to, 199

Temperature factor (see Debye-Waller
temperature factor)

Thermal vibrations, amplitude of, 236
Thomas-Fermi charge-distribution, 123

calculation of incoherent scattering

from, 462
Thomson scattering formula, 29
Total reflection,

at critical angle, 171

effect of absorption on sharpness of,

172

from nickel, 174

measurementof refractive index by, 171

in dynamical theory, 58, 87, 425, 430
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Transmission coefficient for perfect crystal,

435

UMWEGANREGUNG, 26, 339

Unsymmetrical reflection,

dynamical theory of, 88, 428

measurement of.refractive index by, 169

VECTOR formulae, summary of, App. I

Vitreous silica, structure of, 508

Vitreous solids,

radial distribution in, 509

scattering by, 501, 508

WATER, structure of, 497

Wave-equation,
derivation of for scattering problems, 103

numerical solution of, 117

Wave-field in dynamical theory, 73, 416

complementary, in transmission prob-
lems, 437

details of for crystal with small absorp-
tion, 429

equations of in crystal, 416
for two waves, 76, 427, 431

in absorbing crystal, 428

intensity of in reflection problem 431
relation of to dispersion equation, 419

Wave-function, atomic,

approximate form of for many-electron
atom, 114

calculation of by self-consistent fields,

117, 121

calculation of oscillator strengths from,
157

calculation of perturbed, 105

interpretation of, 102

Wave-point, 73. 75

determination of from boundary condi-

tions, 83, 422, 425
Wentzel-Waller theory of scattering, 103,

110

Widths of diffraction maxima,
dependence of on crystal size (see Line-

breadth)
from calcite crystals, 306, 332
from diamond, 305

in dynamical theory, 58, 64, 426

X-RAY analysis, parallel with microscopic
vision, 385, 390, 396

X-rays,
anomalous dispersion of (see Anomalous

dtspeision)
interference of in thin films, 175

refractive index of matter for, 53, 75, 79,

167, 171. 177

total reflection of (see Total reflection)

ZERO-POINT energy,
allowance for in temperature factor, 219
contribution of to Debye factor, 223
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for diamond, 225
for rock salt, 236, 300, 302
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Zmcblende, effect of polarity on reflection

from, 33, 182,429
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